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ON THE PROBLEM 
OF COLORING MAPS IN FOUR COLORS, I.* 


By C. N. Reynoxps, Jr. 


Introduction. The problem of coloring in four colors the map of a 
simply connected closed surface has been reduced to the problem of coloring 
maps in which certain configurations, known as reducible configurations, 
are absent.t In this paper we shall develope some methods of so analysing 
the known geometric reductions of our problem as to discover and to 
prove some of their more important implications. 

We shall use the reductions due to Kempe, Birkhoff and Franklin 
together with Errera’s reduction of pairs of adjacent pentagons surrounded 
by hexagons. The reductions of Kempe, Birkhoff and Franklin are sufficient 
hypotheses for our final theorem that any irreducible map has at least 
twenty-eight regions. The use of one of Errera’s reductions simplifies the 
proof of that theorem by eliminating much of the case making which would 
otherwise be necessary. 

Our fundamental method will be a systematic study of a set of geometric 
operations which suffice to build any connected configuration of pentagons 
which may exist in an irreducible map. Under these operations certain 
numerical topological characteristics are found to undergo well defined 
increments. Linear relations between these increments imply homogeneous 
linear difference equations which yield certain homogeneous relations between 
our topological characteristics. These relations were originally found 
inductively from a study of particular configurations. 

Secondly we shall prove synthetically certain inequalities between the 
topological characteristics of an irreducible map, making use of the linear 
relations mentioned above to reduce them to more serviceable forms. 

We shall then apply these inequalities to the proof of the theorem that 
any irreducible map must have at least twenty-eight regions. 

Finally we shall describe: (a) A map of twenty-eight regions which is 
irreducible with respect to the reductions of Kempe, Birkhoff and Franklin, 
but reducible with respect to the reduction due to Errera which we 
mentioned above. This map proves that what we may call the pre-Errera 





* Presented, in part, to the American Mathematical Society, Feb. 28, 1925. 
tcf. Franklin, The four color problem, Amer. Journ. of Math., 44 (1922), p. 42; also 
A. Errera, Une contribution au probléme des quatre couleurs, Bull. Soc. Math. de France, 
53, (1925), p. 42. Most of our references will be to these two papers. 
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hypotheses for our final theorem that any irreducible map has at least 
twenty-eight regions. The use of one of Errera’s reductions simplifies the 
proof of that theorem by eliminating much of the case making which would 
otherwise be necessary. 

Our fundamental method will be a systematic study of a set of geometric 
operations which suffice to build any connected configuration of pentagons 
which may exist in an irreducible map. Under these operations certain 
numerical topological characteristics are found to undergo well defined 
increments. Linear relations between these increments imply homogeneous 
linear difference equations which yield certain homogeneous relations between 
our topological characteristics. These relations were originally found 
inductively from a study of particular configurations. 

Secondly we shall prove synthetically certain inequalities between the 
topological characteristics of an irreducible map, making use of the linear 
relations mentioned above to reduce them to more serviceable forms. 

We shall then apply these inequalities to the proof of the theorem that 
any irreducible map must have at least twenty-eight regions. 

Finally we shall describe: (a) A map of twenty-eight regions which is 
irreducible with respect to the reductions of Kempe, Birkhoff and Franklin, 
but reducible with respect to the reduction due to Errera which we 
mentioned above. This map proves that what we may call the pre-Errera 





* Presented, in part, to the American Mathematical Society, Feb. 28, 1925. 

t cf. Franklin, The four color problem, Amer. Journ. of Math., 44 (1922), p. 42; also 
A. Errera, Une contribution au probléme des quatre couleurs, Bull. Soc. Math. de France, 
58, (1925), p. 42. Most of our references will be to these two papers. 
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reductions do not imply that the number of regions in an irreducible map 
is greater than twenty-eight. 

(b) A map of thirty regions, reducible only by means of a reduction of 
Errera’s which we do not use in our paper. This map proves that, under 
the reductions which we use in the proof of this paper, we have come 
within two units of determining the minimum number of regions in an 
irreducible map. 

(c) A map of thirty-six regions, irreducible with respect to all of the 
reductions now published (May 1926). 

1. Notation. Since Birkhoff has shown that a boundary completely 
surrounded by pentagons is reducible,* no pentagon may be in contact 
with more than three other pentagons. Therefore every pentagon of a 
connected configuration of pentagons must have at least two “exposed’’ 
sides, i. e. sides in contact with non-pentagons. This implies that a 
connected configuration of pentagons may be treated, in some respects, as a 
linear graph and, like linear graphs, such a configuration or set of confi- 
gurations will have a cyclomatic number, m, in the sense defined by Veblen.7 
In addition to the symbol » we shall use certain other symbols to be 
defined below. In general we shall use capital letters to denote certain 
types of configurations and the corresponding small letters to denote the 
number of such configurations in an irreducible map. 

A _ shall denote a region of our map. 
An shall denote a region of n sides. 
Eman shall denote a boundary between an m-sided region and an n-sided 
region. 
P, shall denote a pentagon in contact with no other pentagon. 
P. shall denote a pentagon in contact with one other pentagon. 
P; shall denote a pentagon meeting two other pentagons at a point. 
P; shall denote a pentagon meeting two other pentagons along non- 
consecutive edges. 
shall denote a pentagon in contact with three other pentagons, 
no edge being surrounded by four pentagons. 
shall denote a point where three pentagons meet. 
shall denote a 7' where n P;’s and (3 —n) P,’s meet (n = 0, 1, 2, 3). 
shall denote a pair of P;’s in contact with one another. 
shall denote a contact between a non-pentagon and the edges of 
m consecutive pentagons of a connected configuration of pentagons. 
shall denote an £;,5 joining a Y,(m > 3) to another Yy(n’ > 3). 
Js,,5 shall denote a J lying between two P,’s. 


* cf. Franklin, l.c. Reduction number 4, p. 225. 
7 “Analysis Situs”, Cambridge Colloquium Lectures, p. 9. 
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Jg,s shall denote a Js,5 lying between two 7;’s. 

Ps,4,5 Shall denote a P, lying between two P;’s. 

P45 shall denote a Ps,45 lying between two 7;’s. 

c shall denote the number of connected configurations of pentagons 
in our map. 

A shall denote the expression: 3p, + ps+2ys + y, —2(c—p). 

With the exception of the last two, these definitions are arranged 
approximately in the order in which the symbols appear in this article. 

2. The systematic construction of sets of irreducible connected 
configurations of pentagons. Any set of c connected configurations 
of pentagons can be built up by some, not uniquely defined, sequence of 
Operations of the types given below, each operation X, being repeated x» 
times during the process. 

X,: The initial operation of taking a P, with which to start our con- 
struction. This operation must be performed c times. 

X,: The adjunction of a P; to a given P,. This operation must follow 
X, if our configuration is not to be an isolated pentagon. 

X;: The adjunction of a P; to a pair of P,’s. This operation cannot 
occur later than the third step in the construction of any con- 
nected configuration of pentagons. 

X,: The adjunction of a P, to a Py. 

X;: The adjunction of a P, to a P;. 

X,;: The adjunction of a P; to a pair of P,’s. 

X;: The adjunction of a P; to a P, and an adjoining P,. 

If we are building a simply connected configuration the other conceivable 
adjunctions are precluded by the reducibility of an edge surrounded by 
pentagons.* If, however, we are building one or more multiply connected 
configurations then other operations are, at times, necessary. Any con- 
figuration of cyclomatic number w may be rendered simply connected by 
means of mw cross cuts which may always be taken between two /P,’s 
between a P, and a P;, or between two *P;’s. After this cutting process the 
P's become P»’s and the P;’s become P;’s in a simply connected configuration. 
The inverses of these cutting processes will be the following operations: 

X, : The reunion of two P,’s. 

X, : The reunion of a P, and a P;. 

Xio: The reunion of two P,’s. 

For any set of configurations we obviously have 23 + 2% +20 = #. 

Under each of our ten operations, X,(m = 1, 2,---, 10), the previously 
defined numbers C, Pi» Pe, Ps; Pa, Ps, BP; Ws, &5,55 t, "1; ZYn; and Znyn will 





* Franklin, |. c. Reduction number 4, p. 225. 
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take on certain increments, indicated by the symbolic operator An, which 
are given in the following table: 


n|\Aac An pr Sn ps An ps An DM An ps Ay ps An as An 5,5 A, t Any An Syn An Sn Yn 


 @ 0 0 5 

wok ¥ 0 O ~~ % 
0 —2 3 -—1 
ee ee 1 
0 1 +1 0 
0 0 i —? 
0 —1 2 —1 
0 —?2 0 2 
QO --1 —1 1 
o 06 3 0 
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These increments follow immediately from the definitions of our operations 
and symbols. In a series of operations of these ten types we will have 
10 


a total increment indicated by the symbolic operator 4 = >S2nAn. In 


1 
our table we have a matrix of ten rows and thirteen columns. The last 
seven columns are each linearly dependent upon the first six columns. 
This linear dependence gives rise to the following set of difference equations: 


6A(c—w) = 6Apit 3Ape+ 2Aps — ADs, 
Aas Apit Apst+ Aps+ Apst+ Aps, 
2 Aéss Ap:+2Aps+2Aps+3Aps, 
BAt Aps + APs; 
An = 5Api+ 2Aps+ Aps, 
AD yn 5Apit3Ap+24ps+ Ap, 


AQ nym = 5Ap,+4Ape+ 3Aps+34p,+2Aps. 


Since any set of one or more configurations of pentagons can be formed 
by means of a sequence of the operations, X,, we may therefore sum our 
difference equations over such a sequence of operations. The initial values 
of each of our variables being zero, the constants of summation will vanish, 
and we have: 

(1) 6(c—w) = 6p,+ 3p, + 2ps —— 2s 

(2) as = Pit pot pst pat Ps, 

(3) 2655 = po-+ 2ps-+ 2p, + 3ps, 

(4) 3t Ps + ps, 
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(5) y. = Sp,+2pet ps, 
(6) Dyn = 5pit3p2+2ps+ mi, 


1 
(7) 2nyn = 5pit 4ps+ 3ps+ 3p,+ Qpz. 


Whence we have: 
(8a) t= (c—p)— as+ 65, 
(8b) Dyn = B(c—p)+2as— 5, 


1 
(8c) 2 nyn = 5das— 255. 


There also exist four linear relations between the rows of our matrix, 
which is of rank six, the first five and the eigth rows being linearly in- 
dependent. These four relations may be written in the form: 


As— Aa == Ac—4; = 4:—As = Aro— 4g = Ay— As. 


The total increment due to any set of x, operations of the types X, 
(n = 1, 2, 3,---, 10) will then be 


A= Din An = 2 Art 22 Ast (3+ 6+ 2) As + (x4 — 2Xg— 2, — ay — 2240) As 
+ (x5 + 226+ 2; + 2 +2 219) As + (2% -+ % + X10) As. 


By properly restricting the order in which our ten operations are performed, 
it would doubtless be possible to restrict ourselves to six linearly in- 
dependent sequences of them. I have not done this. 

Soiving equations (1), (2), (3) and (5) for pe, ps, ps and ps in terms of 
(c—"—p), (ds — pr), @s and (y,—5p,), we have: 


(9a) pe = —3(c—e—pi)+ (45—p)— es + (y—5p,), 
(9b) Paes 6 (c—u—pi)— 2 (as —pr) + 2655 —(y — 5p,), 
(9¢) Ds 3 (as — p,) — 2¢55 —(y. — 5p), 
(9d) ps = —3(c—e—p)— (As5—p~i1)+ ¢35+ (yi —5p,). 


This set of relations will be found useful later in reducing inequalities to 
convenient forms. 

3. Derivation of inequalities, applicable to all irreducible maps. 
In this section we shall derive, synthetically, a group of inequalities which 
hold between the topological characteristics of an irreducible map. It will 
be found convenient to write inequalities in the form x = y+ ca, where cp 
is an integer, positive or zero, defined in relation number (n). In this way 
any inequality which is a linear combination of two ore more fundamental 
inequalities will indicate its own derivation in the linear combination of 
c’s which is involved. These will be marked (A), (B), etc. 
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We shall have occasion to apply Euler’s theorem concerning the vertices 
edges and faces of a simply connected polyhedron with simply connected 
faces, and also Kempe’s reduction of our problem to maps in which three 
edges meet at each vertex. These may be expressed by means of the 
equations :* 

(10a) a=  12—2,(n—6)an, 


(10b) ~ = a—12— D>), (n—5) an. 


We shall use these to eliminate a; and a, from future relations. 
Franklin has proved two inequalitiest which may be rewritten, by 
eliminating a; and ag, in the form: 


(11) 4a = 72+5D>).(n—6) an+en, 
(12) 3a = 84+ D>. (6n—-37) ant cv. 


If in the construction of an irreducible map we suppose that the connected 
configurations of pentagons are constructed before any non-pentagons are 
introduced, then the pentagons may be so arranged as to impose restraints 
upon the non-pentagons. For example, Franklin has proved that a boundary 
of a hexagon surrounded by the hexagon and three pentagons is a reducible 
configurationt, and that a polygon of m sides in contact whith more than 
n—2 pentagons is reducible§. These reductions imply that polygons 
making Y; or Y, contacts must have at least seven sides, and that one 
making a Y, contact (mn > 5) must have at least n+ 2 sides. It may be, 
however, that a single polygon makes two or more contacts, Yn, Yn’, 
Yn, +++, (n', n,n”, .--, > 3), with different configurations of pentagons, 
or with non-consecutive portions of the boundary of a single configuration 
of pentagons. In this case our polygon could not have fewer than eight sides. 

Thus these reductions of Franklin’s impose minima upon the number of 
sides which a region making given contacts with configurations of pentagons 
may have. These minima will be called simply or multiply imposed minima 
according as they are derived from one or more than one Y,. Therefore 
no multiply imposed minima may exist in a map unless the map contains 
at least one region with eight or more sides, and no octagon may be 
required by a multiply imposed minimum unless it makes two Y; contacts; 
that is to say, in a map having no multiply imposed minima the reductions 
mentioned above may be satisfied by completing our map with a set of 





* Franklin, 1. c., (5), p. 226. 

+ Franklin, 1. c., (22) and (23), p. 235. 
t Franklin, 1. c.. p. 229. 

§ Franklin, 1. ¢., p. 233. 
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non-pentagons provided that the number of heptagons is at least equal to 
Ys + Ys+ ys and the number of polygons of more than seven sides is at 
least equal to Dyn. 

If we examine the connected configurations of pentagons for which 
Ys + yst+ys is at most equal to four and y, = 0 (m > 5), then we find 
empirically that in all cases except the 7, configuration, formed by three 
pentagons meeting at a point, ¢5 does not exceed 3(ys+y,+y;)+1. 
We may prove a generalization of this from relations (1), (3), (5), (6), (7) 
and our defirition of 4. These imply that 


e5 = (c—u) + 3(yst yet ys) + dg (m—2) yn —A. 


Then, since each Y,(m > 4) must be associated with a polygon of at least 
n-+-2 sides, since Y;’s and Y,’s are associated with polygons of at least 
seven sides, and since in a map having no “multiply imposed minima” 
the replacement of a polygon with the minimum number of sides imposed 
by these restraints by some other type of polygon increases >),(n— 4) an, 
we have the theorem: 

In any irreducible map involving no “multiply imposed minima’, 


(13) @s5 = (c—w) +2 (n—4) an—A4— Gas. 


The total number of contacts made by the non-pentagons of any irre- 
ducible map will include the exposed edges of pentagons, >,yn, and also 
those edges, lying between non-pentagons, which terminate on pentagons, 
>iYyn. These edges would be each be counted twice, once for each of 
the two polygons on either side of it, were it not for the possibility that 
an edge might have both ends at vertices of pentagons. Hence the most 
that we can conclude is that >,nan is at least equal to > (m-+1)ym, 
or, upon applying our earlier identities as before, 


(14) ess = 52+(c—w)+4D) (m—6)an+ es, 


We shall now define a type of association between polygons of more 
than six sides and £,,’s (edges separating pentagons) by imposing restraints 
upon our idea of association. Associated with a given assortment of 
polygons of more than six sides there shall be only a limited number 
of Es5’s. Whenever a connected configuration of pentagons makes a contact 
of the type Y,(n = 3) with a polygon of more than six sides the m pentagons 
making such a contact are separated by n—1 E,’s which are to be 
associated with the non-pentagon making the Y, contact, The configuration 
of three pentagons meeting at a point (a 7) in a our notation) must be 
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so placed that each of its pentagons touches at least one polygon of more 
than six sides.* Such a contact may be made in either of two ways. 
A polygon of more than six sides may touch one, or it may touch two 
pentagons of the configuration. It shall accordingly be associated with 
one, or with two, of the three £;,’s of the configuration provided that 
this may be possible without associating an E;; with more than one polygon 
of more than six sides. Furthermore, Errera has provedt that a pair of 
adjacent pentagons (a D in our notation) surrounded by hexagons is 
reducible. In an irreducible map the £;, lying between the pentagons of 
our D will be associated with one of the polygons of more than six sides 
which must touch such a D. Using these restraints as an effective definition 
of the word “association”, when used in this connection, and remembering ~ 
that no n-sided region of our irreducible map may touch more than »—2 
pentagons,t we see that no more than »—3 £;,’s may be associated with 
any A, (n= 7) in an irreducible map. Therefore 


>, (n—3) an = €A+3t0+ > (M—1) yn + C15 


In reducing this relation to a more useful form we first remind the reader 
that the definition of t, implies that 


t= f+ 4+ &t+ &, 
Ps = 36+2t4,+ ts, 
Ps i+244+3¢,. 


We also see from the definition of a J that there are no J’s in D’s nor 
in 7,’s. Again, no J may terminate in a 7,(m = 1,2,3) nor in a Yj. 
Therefore j is equal to the number of £;,’s in configurations other than D’s 
and 7J,’s, minus the number of £;,;’s radiating from 7',’s (n — 1, 2, 3), 
minus the number of Y,’s in configurations other than D’s and Z)’s, plus 
a term added to correct a double subtraction viz., ¢,, the number of E;,’s 
joining Y.’s and 7;,’s (n = 1,2,3). Hence, 


J = 55 +. d—2t, —3t,—3 ts — yo. 
The last five relations, identities (6) and (7), and the identity 
é D3 (n—1) yn = > (n—1)yn— ys, 
imply that 


(15) 65 = > (n—3)an+ 4 —Jj— Gs. 


* Franklin, 1. ¢., p. 231. 
+ Errera, |. c., paragraph (2, 4, 2), p. 49. 
; Franklin, 1. c., p. 233. 
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Except for cases where two P,’s bound one another we have m J’s in 
the immediate neigborhood of each 7T,(n = 0, 1, 2, 3) with no J’s shared 
by two 7’s. Since js; denotes the number of J’s lying between two P,’s 


we have: 
(16) J = 4424436 —Jsst+ cc. 


On the other hand we may in no case have more than two J;;’s for 
each 7>, three for each 73, and one apiece for each Js configuration. 


Therefore, 
(17) jos = 2t2+3t+j55— ar. 


From the last four inequalities we may prove that for all irreducible maps, 


(A) 2a = 52+¢e—w+3D.(n—1) dn—jos + cut cs + e168 + cnr. 


If it were possible for a map with fewer than twenty-nine regions to 
contain polygons of more than eight sides then (A) would imply that the 
cyclomatic number, #, of our map is at least equal to c—jis+2. Since 
a Js; is a simply connected configuration of pentagons, ¢ must exceed 
jss by at least one if there are to be any multiply connected configurations. 
Since configurations for which ~ — 1 contribute a unit increment to c as 
well as to w they are not effective in satisfying our inequality. Therefore 
# exceeds the number of configurations for which ~ = 1 by at least three. 
Hence, there is either a configuration for which # > 3 or there are two 
or more configurations for each of which « >2. In either case our map 
will be divided into at least four parts by rings of pentagons. 

As one travels around such a ring one turns to the right or to the left 
in crossing each pentagon, since pentagons do not have opposite sides. 
In going around a ring of pentagons on a simply connected orientable 
surface one may cross an even number of “flex J’s” each of which 
separates a pentagon in which one turns to the right from a pentagon in 
which one turns to the left. If such a ring had no flex J’s it would 
surround a single polygon, thus forming a reducible configuration.* If 
there are any flex J’s, then any polygon with more than six sides making 
a Yn (mn => 3) contact with our ring will be the terminus of at least two 
of the flex J’s. If there are two and only two flex J’s in a ring, then 
our map would contain a ring of four polygons, two pentagons of our ring 
alternating with two polygons of more then six siedes, which would be 
reducible.t If our ring had more than two flex J’s and only one polygon 
of more than six sides on either side of the ring, then our flex J’s would 


* Franklin, 1. « l.c., Reduction number 5, p. 225. 
7 Franklin, 1. c., Reduction number 2, p. 225. 
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all terminate in the boundary of this polygon and one side of our ring 
would make one Y,(n > 3) contact and several Y, contacts. On the opposite 
side of the ring, directly opposite the sequence of Y,’s, we would have a 
single polygon making a Y, contact, thus forming a reducible ring of four 
regions as before. Therefore, in each section of our map bounded by a 
closed ring of pentagons there must be at least two polygons of more 
than six sides. 

Applying this result to the preceding paragraph, we find that in an 
irreducible map for which a < 28 and >a, = 1, there would have to be 
at least eight polygons of more than six sides. This result is incompatible 
with (11). Therefore, 

No irreducible map having fewer than twenty-nine regions may have polygons 
of more than eight sides. 

4, Derivation of inequalities applicable to irreducible maps in 
which no region is in contact with more than eight other regions. 
If, in an irreducible map, a, = 0 (n > 9), then there may not be more 
three pentagons between any two flex J’s of a ring of pentagons*. If 
there were two or four flex J’s in our ring, then we would be restricted 
to twenty-seven homeomorphically distinct rings which may classified by 
the cyclic permutations, admitting repetitions, of the numbers 1, 2 and 3, 
taken two or four at a time, which give the number of pentagons between 
consecutive flex J’s in all rings of the type described. Constructing each 
one of these rings and such adjoining polygons as may be required by 
our reductions, we find, in each case either a ring of fewer than five 
polygonst, or a ring of five regions including three pentagons}. Birkhoff’s 
reductions reduce the entire list of twenty-seven rings. From this it follows 
that if ~ = 1 then the boundary of each of the «+1 sections into which 
our multiply connected configurations of pentagons divide our map must 
be the terminus of at least six J’s. Two such sections, however, share 
each J. Hence the multiply connected configurations of pentagons, if any 
exist, contribute at least 3(u#+1) to 7. We have one minimum for 7 in 
(16). The 3(¢+1) contribution to 7 just established may overlap the 
terms 2¢,-+ 3¢; of (16) but it will have nothing in common with the term 
4, nor with that part of j;, (denoted by 755) which arises from the simply 
connected configurations formed by two 7;’s, one on either side of a Jss. 
Therefore, 


(18) 7 = 3(¢+1)+4—jis+ 4s, whenever uw > 1 and a, = O(n => 9). 
* Franklin, 1. c., p. 233; Errera, 1. c., Paragraph (2, 2, 2), p. 48. 
7 Franklin, 1. c., Reduction number 2, p. 225. 
t Franklin, 1. c., Reduction number 3, 4, p. 225. 
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If an irreducible map has no more than twenty eight regions then it 
contains no region of more than eight sides. If such a map has one or 
more multiply connected configurations of pentagons then the hypotheses 
of (14), (15) and (18) are satisfied and we have 


(B) 2a = 55+ 26 +c—Jjss + Bas + cra + C15 + Crs 


Here the J¢s’s are simply connected and there is a least one multiply 
connected configuration. Hence c—y5s is at least equal to one and (B) 
contradicts our hypothesis. Therefore 

No irreducible map with fewer than twenty-nine regions may have multiply 
connected configurations of pentagons. 

Any 7), T;, Tz, JT; of our map may contribute to our map portions of 
not more than 0, 2, 3, 3 distinct Y,’s (n > 3). Whenever we have a Js; 
each of two pairs of these Y,’s coalesce. Whenever we have a Ps, then 
one pair of Y,’s coalesce. Whenever a, = 0, n=>9, we have y, = 0, 
nm = 6, and no two 7’s may be so separated by P,’s as to cause any 
Y,’s to coalesce except under the conditions just mentioned. Therefore 


(19) Dyn = 2h, +3 +3t —2Qjss— pssst Grs- 


All connected configurations of pentagons in an irreducible map with 
the exception of the P,’s, D’s and 7,’s consist of one or more P,’s and 
one or more sequences of zero or more P,’s included between two P,’s, 
a P, and a P; or two Ps’s. The number of these sequences will be one 
half the number of their termini, i. e. }(y2-+p;—2d). If the map contains 
no region of more than eight sides then reductions due to Franklin* and 
Errerat imply that yn = 0(m=6). Therefore we cannot have a sequence 
of more than three P,’s lying between consecutive J’s, nor may we have 
more than three P,’s between a terminal P, and the nearest J. Therefore 
we will have at least 4p,—1 J’s between the first and last P, of a 
sequence. It will be noted that, if», — 0 in a given sequence, this gives 
a lower limit of minus one for the contribution of this sequence toward 
the value of 7 for the whole map. This, in turn, justifies us in summing 
j over a map by counting the contributions of the 7;,’s, and the sequences 
of P,’s separately; since a J;; may be counted once for each of the neigh- 
boring P;’s and negatively once for the “sequence” of zero P,’s between 
them. Hence 7 must be at least equal to one third the number of P,’s 


* Franklin, 1. c., p. 233. 
+ Errera, |. c., Paragraph (2, 2, 2), p. 48. 
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minus the number of sequences of P,’s plus the number of P,’s which 
serve as termini of sequences of P,’s, or 


. 1 1 1 
j= 3M — 9 (pat Ps — 2d) + ps + 3g (0 


On applying equations (9) and the value of ps in terms of the ¢,’s we have 


(20) 37 = 12+a,+2a,+4p, + 3d—5(c—w)+ 26+ 4 —ts+ C20, 
whenever a, = 0, n > 9. 


In defining simply and multiply imposed minima for the number of sides 
a polygon making given Y, contacts might have, we showed that no 
heptagons may be multiply imposed nor are octagons except when in 
contact with two Y;’s. Therefore 


(21) a; +2a3 = Dy yn+en, whenever an = 0, n> 9. 


When there are no polygons of more than eight sides in an irreducible 
map then neither 7,’s nor 7;’s may have more than one adjoining J;;, 
nor may a Z, (73) have more than two (zero) adjoining Ps,,’s. If a T: 
has an adjoining J;,; than that displaces a Ps,; which would otherwise 
be a possible neighbor. Therefore 


(22) Qjss + psss = 3 to-+ 2 tg +2755 + pias — Coo, Whenever ad, = 0, n> 9. 
Combining several of our inequalities we now have 


(C) 4765+ phos = 272 —10a + 15ag+ 4pi1+ Bd+ 2to + Sera + Beis + 2ere + err 
+ C19 + C20 + C21 + C225 


an inequality which is valid whenever a, = 0, n= 9. 

In each Js there are six pentagons and in each Ps; there are seven 
pentagons. (C) implies, therefore, that if an irreducible map of not more 
than twenty-seven regions contained even one octagon our map would 
contain at least five of these configurations and, therefore, at least thirty 
pentagons, which contradicts our hypothesis. Hence 

An irreducible map of fewer than twenty-eight regions may contain no 
polygons with more than seven sides. 

From the definition of the 2 occurring in (13) and from our identity (1) 
it follows that 

i = p—2h—t4+s -+- 2y3 + Y- 


Hence 4 = —2 fora Jy. If 4 is to be negative for any other configuration 
of pentagons, then it must be negative because of the presence of T7;’s 
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whose effect is uncanceled by 7;’s, Y3’s or Y,’s, If a 7, were to adjoin 
a P,, then its effect would be canceled by the accompanying Y;. If two 
T,’s lie on opposite sides of a J;;, then the two accompanying Y,’s cancel 
the effect of both 7,’s. If the 7; and a 7; lie on opposite sides of a J5s, 
then there will be an accompanying Y, to cancel the effect of the 7’ 
If a 7, and a 7; lie on opposite sides of a Js, then, unless there are regions 
in our map having more than eight sides, it will be impossible for any 
second 7; to be similarly related to this same 7;, and the 7; cancels the 
effect of our 7,. Hence 40 for every configuration of pentagons except 7)’s 
in an irreducible map containing no regions with more than eight sides. 
Hence 
(23) 2t) = —A-+ 3, Whenever a, = 0, n= 9. 


When an irreducible map contains only twenty seven regions, it must 
consist of pentagons, hexagons and heptagons. Therefore all minima are 
simply imposed and the hypothesis of (13) is satisfied. Under these conditions 
each Js; requires the presence of two and each P,, requires the presence 
of three heptagons. Hence 


(24) a; = 2755 + 3psas-+ cou, Whenever a, = 0, n> 8. 


Combining some of our inequalities linearly we now have: 


(D) 2765 = 2 piss + 324— 12a+4p.+ 3d+ crs + 6 erg + 5e15 + 2ere + Zea 
+ ¢19 + C29 + C21 + C22 + C23 + C24, Whenever a, = 0, n= 8. 


(E) 2t = 52—2a+a, + 44g + Cis + Cra + Cos, 
whenever a, = 0, n>9 and no octagon makes two Y; contacts. 


The inequalities in sections three and four of this paper which are 
marked numerically are independent propositions. Those which are marked 
with capital letters are linear combinations of these more fundamental 
inequalities which are important only because of the uses which we make 
of them in sections three, four and five. 

5. THEorEM. Any irreducible map must contain at least twenty 
eight regions. 

Proof: Let a be less than or equal to twenty-seven. Then (C) and (D) 
are applicable since we have already proved in the preceding section that 
any irreducible map with fewer than twenty-eight regions may have no 
polygons with more than seven sides. Since (C) and (D) contradict each 
other when jes = 0 we conclude that our map must contain at least one Jj. 

One Jgs, with its two Y4’s requires the presence of at least two heptagons. 
These, by (10a), imply the presence of at least fourteen pentagons. (A) 
now implies that we have at least eight pentagons to be distributed 
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between not more than two configurations of pentagons. This cannot be done 
without providing at least two additional Y,’s (n > 3), and so at least 
two additional heptagons and, by (10a), at least two more pentagons. 
With at least four heptagons in our map (E) implies that at least one of 
our non-Jgs configurations must be a 7). If é% = 1 then, by (A), there 
must be at least seven pentagons in a third connected configuration of 
pentagons. If there are not to be more than four heptagons, then this 
third configuration cannot have more than two Y;,’s (n = 3), (14) and (8a) 
imply that it must have at least two 7”s, and these requirements are 
easily seen to be incompatible. If & = 2, then we have only twelve 
pentagons in one Js, and two Tvs, (10a) and the presence of at least four 
heptagons rendering this situation impossible. If there are more than four 
heptagons then (A) and (E) lead immediately to this same contradiction. 

Two Jgs’s with their four Y,’s(m > 3), imply the presence of at least 
four heptagons. These with (E) imply the existence of at last one 7, 
and therefore of at least five heptagons since four heptagons making Y, 
contacts with two Js, connot be so arranged as to make contacts with 
each of the three pentagons of a 7, wihout making our map reducible.* 
If we have five or more heptagons, then (A) and (E) imply that we have 
f¢ = 2. Then a; = 18, and, by (10a), a, 6. Under these conditions 
(14) implies that we have at least twenty-six E;;’s whereas, in fact we 
only have twenty. 

Three or more J,’s bring at last six heptagons with them, and also, 
by (A) and (E), two 7)’s. The twenty-four pentagons of these configu- 
rations must, by (10a), be accompanied by twelve heptagons, contradicting 
our initial hypothesis that our map was to contain not more than twenty- 
seven regions. 

The assumed falsity of our proposition having lead to a sequence of 
contradictions, our proposition is proved, and may be restated as follows 

Any map of a simply connected closed surface containing not more than 
twenty-seven regions may be colored in four colors. 

6. Conclusion. Relations (C), (D) and (E) suggest that the configu- 
rations whose reduction would be of greatest value in raising the minimum 
value of a are the 7», Js, and Pss5 configurations. They also suggest that 
Jgs’s and Pys5’s might be most serviceable in constructing irreducible maps 
with comparatively few regions. Actually we find it possible to form irre- 
ducible maps of only 28, 30 or 36 regions according as we use (1) the 
reductions of Kempe, Birkhoff and Franklin, (2) the reduction used in this 
paper, or (3) the reductions (1) plus all of the reductions published by Errera. 





* Franklin, |. c., p. 231. Reduction number 2, p. 225. 
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As I have already indicated, the theorem of the preceding section may 
be proved without using any of Errera’s reductions. Such a proof involves 
a considerable amount of case-making. Under such a restricted hypothesis 
our theorem establishes as high a minimum value of a as is possible, since 
there exists a map of only 28 regions which is irreducible under this 
hypothesis. One such map may be constructed from 12 pentagons and 
16 hexagons by startig with four sets of three hexagons, the three hexagons 
of each set meeting at a point. Then six D’s and the four remaining 
hexagons are so arranged that each hexagon of the “sets of three hexagons” 
makes one Y, and one Y; contact with pentagons. 

Upon introducing one of Errera’s reductions* the number of undetermined 
integers in (C) and (D) might lead us to suspect that more might be 
proved from our reductions by other and better methods. It is not possible, 
however, to raise the number 28 of our theorem more than two units, 
since there exists a map of 30 regions which is irreducible in this sense. 
One such map contains three pairs of adjacent heptagons. Each heptagon 
makes a Y, and a Y, contact with two of three Jjs’s in our map. The 
remainder of the map is filled in with two sets of three hexagons each, 
the three hexagons of each set meeting at a point. 

Applying our inequalities to this map we find that the hypothesis of 
(18) is not satisfied, that c,; = 18, q, == 18, 4 = cs = 0, Cy = 2, Gs = 6 
and that all of the other c,’s vanish. Since the linear combinations of 
the c,’s occurring in (A), (C) and (D) are, for this map, equal respectively 
to 4,4 and 3.5 times the coefficients of a in these relations, we again 
suspect that these reductions may imply that the number of regions in an 
irreducible map is at least thirty. The strengthening of (14) and (15) 
may enable someone to prove this. 

Turning now to the third set of reductions which includes all of Errera’s 
published reductions, we find that although he has published? a map of 
52 regions as a suggestion of the progress which he has made, there 
exists a map of only 36 regions which is irreducible in this sense. One 
such map contains three triads of heptagons, each triad meeting at a point, 
and each triad making two Y3; and one Y;, contact with two of three 
Pias’s in our map, the remainder of the map being filled in with two 
triads of hexagons, the hexagons of each triad meeting at a point. 





* Errera, |. c., paragraph (2, 4, 2). 
t Comptes Rendus de l’Association Francaise pour l’'Avancement des Sciences, Liége 
1924, p. 96. 
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SOME THEOREMS ON DEDUCIBILITY.* 


By C. H. LANGForp. 


This paper is concerned with a form of the problem of categoricalness 
in connection with sets of defining properties for types of dense series. 
Sets of defining properties for serial relations are given on the base K, Rg. 
All of the properties which occur in the determination of dense series are 
first-order functions. A first-order function is a function whose values are 
first-order propositions, and a first-order proposition is a proposition which 
contains variable individuals but does not contain any variable functions.t 
Given any function f(z, y,---,m), such that when values are assigned 
to f, x, y, ---, n the expression becomes a proposition containing no variable 
constituents, if we quantify the variable constituents x, y, ---, m as in 
(x) (Hy) ---(n)- f(a, y,---, ), the result is a first-order function, and 
for any value of f this becomes a first-order proposition. Sets of postulates 
for three sorts of dense series are to be treated: (1) series having neither 
a first nor a last element, (2) series having a first but no last element, 
and (3) those having both a first and a last element. 

The class of all first-order functions on the base K, R, is the class of 
all such functions which are formulated solely in terms of K and R. 
These functions may involve any finite number of variable constituents. 
It will be shown for each set of postulates that the truth-value of any 
first-order function on the base K, R, is determined. Given any first-order 
function F(a, y,---,) on K, R,, then any one of the sets is such that 
F follows from it or else the contradictory of F follows; no first-order 
function can be independent of the set. 

It will be necessary, as a preliminary to the analysis to be undertaken, 
to exhibit in some detail the general properties of first-order functions.t 
We are concerned here with quantifications as applied to the variable 
constituents of a construct which denote individuals and not with variable 
predicates. In this case it will be shown that any proposition has either 
the form 
(a, y, «++, 2 :: Ge, w, +--+, r):. (@, ¥, +++, m):--- 

Stig te y (x, Yy +**, t; ee ee ee 
or the form 
(Ax, y, «++, Os: (2 wy eee, rT). (Uy Y% «++, m) see 

eww (x, Y,*°*; +} 2, W, +++, TS fy Vy ee 


t+ Compare Principia Mathematica, second edition, vol. 1, p. xxiii. 
tSee Principia Mathematica, vol. 1, pp. 127-160. 
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In the simplest case such functions reduce to 
(x, y; = t). 9 (x, y, ---,@) or (Aa, y,---, t).9(x,y,---, t) 


in which only a single quantifier “some” or “every” is applied. Propositions 
involving a single applicative “some” or “every” will be called singly- 
quantified propositions, whereas those involving more than one applicative 
will be said to be multiply quantified.* There are two factors in the 
structure of a general proposition which are of especial importance, namely, 
the applicative which attaches to a given variable and the scope of the 
variable. The scope of a variable is indicative of a mode of bracketing 
in the proposition. In a proposition of the form “For every x some y or 
other is such that g(a, y)” which would be written (x) : (Gy). (a, y), 
x is said to have a wider scope than y; whereas in “For some one and 
the same y every x is such that g(z,y),” which would be written 
(ay): (x).¢(a, y), y is said to have a wider scope than z Wider to 
narrower scope is indicated by successive parantheses, those variables 
appearing in the first paranthesis having the widest scope. Variables which 
appear in the same paranthesis have the same scope. Thus 


(x, y, ++, m): Hz, W, +--+, m)- 9 (x, Y, +++, 0; 2, W, +++, m) 


is to be read “For every x, y,---,, some or other z, w,---, m is such 


that 9 (x, y,---,; 2, w,---,m)”. In this point we are deviating from 
customary usage in which each variable is assigned a different scope. 
Thus we should have 


(x) (y) --- (m) (Hz) (Hw) --- (Am) . (a, y, --+, 2; 2, w, +++, m) 


which may be read “For every «x every y, etc. is such that for some z 
some w, etc. is such that 9 (a, y,---, n; 2, w,---,m)”. These two formu- 
lations are clearly equivalent and the latter will be said to be reducible 
to the former. Such a reduction will be carried out frequently in the 
present treatment because the classification of general propositions to 
be used here does not depend upon the number of variables in the 
propositional form but upon the number of changes in applicative which 
occur. A_ singly-quantified proposition involves only one applicative, 
“some” or “every”, though it may involve any number of variables. 
A proposition which involves a change from “some” to “every” or from 
“every” to “some” in the quantifier, will be said to be doubly-quantified, 
and a proposition which involves n—1 changes of applicative will be 

*The terminology is due to Mr. W. E. Johnson who has used it in a slightly different 
sense. See Mind, N.S., vol. 17, 1892, p. 26 ff. 
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called an n-tuply quantified proposition. It will be seen subsequently that 
propositions having the same degree of quantification have properties very 
much alike while those differing as to degree of quantification differ in 
important respects. 

The force of the “scope” of a variable is precisely the same as that 
of the “order” of a parameter, and a comparison here is of interest 
because in the parameter we have the factor of “scope” dissociated from 
the use of the applicatives “some” and “every”. Roughly, the order of 
a parameter in a function is the “degree of fixity” of it as a variable 
constituent of the function. To use the simplest illustration, y = kx-+-l, 
as referred to the cartesian plane, will denote systems of parallel lines if 
k is fixed relatively to 7, while if 7 is fixed relatively to k the expression 
denotes any pencil of lines on a point on the y-axis. If neither of these 
conditions is involved, then the expression denotes individual lines in the 
plane. In the latter case k and 1 are parameters of the same order. The 
three cases may be represented by y% = ker +h, y = ha+le, and 
Yo == kya +1, respectively, where the highest suffix denotes the parameter 
or parameters of highest order and a zero suffix the parameters of lowest 
order, or the variables. This situation, obvious geometrically, requires 
analytic interpretation and the following analysis seems to be what is 
needed. The use of parameters involves the notion of a denotative 
hierarchy. This is seen by asking for a typical value of a given expression. 
In the first place it is clear that any value of such an expression as 
y = za, which involves no parameters, is a definite proposition such as 
6 = 2-3. y = zx denotes 6 = 2-3 asa value. But y= kz does not 
denote propositions. It denotes, for example, y = 2x which in turn denotes 
definite propositions. Again, y= k,x-+/, has as a typical value y = k,x+ 5, 
while y = kex-+ 1, has as a typical value y = 42-+/, and this in turn 
has for value y = 4x+ 5 for example. But y=—=k,x+1, has y=4x2+5 
for a value though it is not a value of y= k,x+1,, nor is y = 4x+4, 
a value of it. If we use—»>to denote “has as a typical value”, then the 
following represents the significance of these expressions: 


y = 2x—> 6 = 2-3; 
y = ku—y = 22-6 = 2-3; 
y=hethoy = 3844+5—->11 = 3.2+5; 
y= he+hoy = het5—>y = 3844+5-—->11 = 3-2+5; 
y = kathy = 8a+h—oy = 3824+5-> 11 — 3-2+5. 
To return to the comparison with the notion of “scope”: following the 
notation just used, we may have (zs, yz, 2) in which the suffixes denote 
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parametric order. Values of this function are (a, yz, 2), (b, ye, 21;), 
and so on, while each of these latter expressions has a separate set of 
values, and so on. Now when an applicative, “some” or “every”, is 
applied to (x3, yz, 2) it is to be applied to the parameter of highest 
order x. If the applicative is universal it makes an assertion about every 
one of the values of (xs, yz, 2,) and if it is particular it makes an assertion 
about at least one of these values. The second applicative applies to the 
values of these values, while the third applicative applies to the values 
of these values of values. Thus (x) :. (qy):(z)- (a, y, 2) asserts that for 
any value of (2s, ye, %), Say (a; y2, 2), (Ay): (2)- (a, y, 2), and this 
in turn asserts for each such function that there is at least one value, 
say (a, b, 2), such that (z)- g(a, b, z), and this latter function entails for 
any one of its values, say (a, b, c), that g(a, b,c) holds. The scope of 
a variable indicates the point in the hierarchy of values at which sub- 
stitutions for it are to be made. 

In the foregoing illustrations the scopes of any two variable constituents 
of a proposition are given as either wider, narrower, or the same. In many 
general propositions, however, there are variables which have independent 
scope. For example, we may have (x) :. (dy): A(@,y): @ .A(a,2 
Sly, 2): (Aw). fi (a, y, w). In this expression z and w have independent 
scope. (z) applies to f(x, 2). fs (y, 2) alone while (@w) applies to f(z, y, w) 
alone. It has been pointed out by Russell* that it is always possible to 
give each variable a scope covering the entire function. This may be seen 
as follows. There are two ways in which two functions may be connected, 
conjunctively or disjunctively. All other modes of connection are defined 
in terms of these. We have accordingly six possible cases: 


(1) (x). pax.V.(y) .wy; 
(2) (x). px.V. (Hy). wy; 
(3) (Ax). gr.V. (ay). vy; 
(4) (x).gu: (y) .Wy; 
(5) (x).gx: (Hy). wy; 
(6) (Hx).px: (Hy). py. 


(1) is clearly equivalent to (2, y):gx.V.wy; (2) is equivalent to 
(x):.(Hy):px.V.wy and to (Gy):.(x~): px.V.wy;t (3) is equivalent to 


* Principia Mathematica, vol.1, p. 135 ff. 

t Under the premise that there is at least one element within the range of significance 
of the variables. If this condition is not present a more careful formulation is required. 
These relations are to be used in connection with a condition for the existence of at least 
n elements, so that existence conditions will be presupposed here. 
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(qx, y):yx.V.wy; (4) is equivalent to (x, y).yx.wy;. (5) is equivalent 
to (x): (Gy). px. Wy and to (qy):(x).gx. wy, and (6) is equivalent to 
(Az, y).yx. Wy. Also, 

gc .V. (Hy). py: =: Gy). gxVyy, 


gx.V.(y).py:=:) .yxVyy, 
gx. (Ay). Py: =: (Hy). 9x. wy, 
px. (y).Wy:=:y) .gxr. Wy. 
Thus 


(x):.(Hy): fila, y): (2). fe (a, 2) Ss (y, 2): (Hw) . fa (x, y, w) 


(x).px.==.~(Gx).~@a and (qx). px .=.~(e).~92 
Hence, 
~(x).px.=. (Ax).~gx and ~(Gz).9r.=. (a2).~ 92. 
Also, 
~(grV Wy) .=.~gr.r~wy and =~ (gx. Wy).=.~9rV~ wy. 


By the use of these equivalences the sign of negation can be removed from 
before any quantifier. Accordingly, any proposition can be expressed in 
terms of “some” and “every” alone, provided, of course, that ~ be applied 
within the function itself. It follows that any proposition involving variables 
having independent scope can be expressed as a proposition all of whose 
variables have interdependent scopes. 

To get the contradictory of a general proposition which involves a single 
complex quantifier change every universal variable into a particular and 
every particular into a universal and take the negative of the function. 
Thus (x, ---, n):. (Gy, ---, m): +++. p(x, «++, yy, +--+, m) and (Ga, ---, m):. 
(y, -++, M):+++.~p(a,--+, m5 y,+++, m) are contradictories. 

In formulating sets of defining properties for abstract systems in many 
cases we have a single class K and an n-adic relation R in terms of 
which all of the properties belonging to the set are formulated. Every 
postulate is a logicai construct on K and # alone. Now the use of a 
class K is equivalent to the use of a predicate yz and the use of an 
n-adic relation R is equivalent to the use of a predicate w(z, y, ---, 7). 
The set is then a logical function, f(y, W), of these two predicates, and 
if we are confined to this base no other predicates can be used except 
those definable in terms of g and w. We are concerned in what follows 
with the class of all first-order functions which can be formulated in terms 
of a simple case of such a pair of predicates, namely, yz and Wz, gy. 
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The simplest set of properties of any importance on the base K, R, is 
the set for a dense series without extreme elements: 


(1) (@).~Rez. 

(2) (a, y):.a4¢y.a,yeK:3: Ray.V. Ryz. 

(3) (a,y):.at¢y.a, yeK:3:~Rey.V.~Ryz. 

(4) (a, y,2):.ct¢y.ytz2.xct¢z.2z,y, 2e€K:3:Rery. Ryz.3. Rez. 
(5) () :.(qy):reK.D. Ray. 

(6) (@) :.(qy):2eK.D. Ryz. 

(7) (a, 2):.(ay):Raez.5.Rery. Ryz. 

(8) (Gx). xeK. 


These properties, with some modifications, are the ones usually assigned 
for this type of order. They are, however, with the exception of (1), 
confined to assertions relevant to elements in the class K, and it is customary 
to omit any mention of properties belonging to elements not in K. But 
it is necessary in the present case to consider such properties— otherwise 
some important theorems break down. The following properties are to 
be added to the list. 


(9) (@, y):.x4ty:~xeK .V.~yeK:3:~Rey. 


(10) (Gax,y,-++)). eyo. VEN. YEN, wrER wyeK,,---,.~neK.* 


If « and y do not both belong to K, then Rey fails. Also, there are 
at least » elements not in K. (9) and (10) are properties which are usually 
tacitly understood. The ten properties may be classified as follows. 
(1), (2), (3), (4), (8), (9), and (10) are singly quantified functions. They 
involve the use of a single applicative, “some” or “every”. (5), (6), 
and (7) are doubly quantified. They involve a single change from “every”’ 
to “some”. Also, (1) and (8) are functions of one variable; (2), (3), (5), 
(6), and (9) are functions of two variables; (4) and (7) are functions of 
three variables, while (10) is a function of m variables. (1) and (7) are 
functions on R& alone while (8) is a function on K alone. It is proposed 
to study the consequences of (1)-(10) in relation to the class of all first- 
order functions which can be formulated in terms of K and R,. 

Properties (1)-(4) have for values singly quantified propositions in which 
all of the variables are quantified universally. These four properties will 
be treated first. R’(abc---n) is to mean that any two terms x, y which 
occur in the order xy in R’ are such that Rzy holds. Thus R’(abc) means 


*It is to be noted that existence propositions are always empirically significant and 
that the existence expressions which occur in logic are properties, not propositions. 





22 C. H. LANGFORD. 


Rab. Rbc.Rac. Also, R’’(abc---lmn) is to mean that R’(abe --- lmn) 
holds and that any two elements y,x which occur in R” in the order 
from right to left are such that Ryz fails. This is equivalent to saying 
that R’(abc---lmn) means R’(abc---lmn) and R’ fails for any other 
permutation of these elements. It will be shown that, as a consequence 
of (2)-(4), every set of m elements in K (n> 1 and finite) is such that for 
some permutation of the elements, a, b, c,---,, R’(abc---n) holds. 

TuHeoreEM I. (x, y):.xt+y.a,yeK:3D: R'xy.V. RR yz. 

This follows from (2) and (3). 

THEOREM II. (2, y,2):.x$+y.x42.yt¢z.a,y,2¢K:5:R'ayz.v. 
R'yzx NV. R'zxry .V.R zyx .V. R’xzy .V. R’yex. 

That is, for some permutation of any three elements in K, say abc, 
R’abec holds. It is to be noted that if R’ abc holds the form of the 
elements with respect to R is completely determined for distinct dyads 
since R” assigns a determinate validity value to every dyad of distinct 
elements. When for some permutation of a triad of elements R’’ holds 
the elements will be said to have the form R’ (xyz). Similarly, when for 
some permutation of an n-ad of elements R” holds the n elements will be 
said to have the form R’(xyz---n). We have to show that every three 
elements in K have the form R’ (xyz). Since Rry.=.~ Ryzx for every 
distinct x,y in K, any three elements must be such that R# holds for 
three of the six ordered dyads of distinct elements which can be formed 
of them. There are two possibilities: we may have the form Ray. Ryz. Raz 
for some permutation of the three elements, or the form Rxey.Ryz. Rez. 
The latter is contrary to postulate (4). Hence R’xyz, which implies R’zyz, 
by (3). 

THEOREM III. Any n distinct K-elements have the form R'' (abc --- n). 

If this property belongs to every subclass of m elemets (m> 2), then 
it belongs to every subclass of m-+1 elements. For consider any m+ 1 
elements. Some one of these elements, a, is such that Raa holds for 
every other element x. Omitting a from the subclass, we have R” (bc --- m) 
for some permutation of the remaining elements. But Raa holds and Rax 
fails. Hence R’ (bc --- ma). 

In view of (1) ~ Rez for every x in K. Accordingly, when R’’(abc --- n) 
holds we have also ~ Raa.~Rbb.~ Rec., ---,.~Rnn, and, by (9), 
aeK.beK.ceK ,.neK. Wemay denote R” (abc---n).~ Raa.~ Robb. 
~Ree.,--+,.~Rnn.aeK.beK.ceK.,---, neK by R(abc --- n). 
Then for some permutation of every n elemets in K, R° holds. We may 
say that such a set of elements has the form R°(xyz--- n). Note that 
R° is significant for a single element. R°(a) means ~ Raa.aeK. Now 
every m elements not in K are such that R fails for every ordered dyad 
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formed of them. Let S(de --- m)mean~ Rde.~Red., ---,.~Rdm. 
~Rmd.,---,.~Rem.~Rme.,---,-~Rdd.~ Ree.,---,.~Rmm. 
~wdeK.~eeK., ---,.~ mek, and d, e, --- m are all distinct. Then 
for every m elements not in K, 8 holds, and we may say that such a set 
of elements has the form S(ryz--- m). S is of course significant for 
a single element. If a, b, ---, neK and d, e, ---, me not-K, then R fails 
for every ordered dyad which can be formed so as to consist of one element 
from each of these sets. Thus ~ Rad.~Rda.~ Rae, etc. We may 
denote the failure of R for these dyads by writing T’(ab --- n; de --- m). 
As a consequence of (1)-(4) and (9) any +m elements are of the form 
R°(xy --- n). S(ew --- m). T(lxy +--+ n; zw--+ m). When m is zero 
this becomes R°(ay --- m) and when » is zero, S(zw --- m). 

We now define what will be called the expanded form of a function 
F(a, y, +++, n). Let W(p, q, r, ---, w) be an elementary function of the 
propositions p,q,7,---,w. Then w is a construct on p,q,7r,---, w built up 
in terms of “and”, “or”, and “~”’. By a well known procedure in the 
logic of propositions, which will be given presently, w can be expressed as a 
disjunctive function of conjunctive functions of the constituents yp, q, 7, ---, w. 
For example, let W be p.D.qVr; p.D.qVr: =:~pVqVr: =:~p. 
q.7.Vivp.rgr.Vi~p.g.~r.Vi~p.~g.~r.V.p.g.r.Vi ping. 
r.V.p.q.~r. This is a disjunctive function of conjunctive functions of 
p,q,v. It excludes one possible alternative, viz, p.~q.~r. Note that 
every conjunctive function involves ali of the propositional constituents p, q, r. 

In an elementary function f(z, y, ---, ») on K, R, the only elementary 
propositional constituents which occur are constructs of 2, y, ---, on 
K, R, and “=” — such as Rey or ~ Rey, and xe K or ~ xe K, and 
x=yor~x=y. These constituents of f(z, y, ---, m) correspond to 
POT) 11) WYP ~g~r;, -+-,;~w. It may happen that f(z, y,---, n) 
is a function on # but not explicitly on K. For example, (x+y) .D. 
RayVRyzx. This function is a case of the function p.5.qVr in the 
example just cited. Let («+ y) = p and (Rxy) = q and (Ryz) = r. 
Thenzt+y.D.RaeyVRyx: =:x4=—y.Rey.Ryz.V.c=y.~Rey. 
Ryz.V.c=y.Raey.~ Ryt.Vic=—y.~Rry.~ Ryz.V.xty. 
~Raey.Ryx.V.ct+y.Rry.~Ryz.V.xt+y.Rrey.Ryzx. In this 
case some of the alternatives, for example x = y.~ Ray. Ryz, are 
impossible and may be dropped from the disjunctive function. Note that 
in each alternative of the function any construct of x, y on R and “=” 
occurs or else its contradictory occurs. The function is in expanded form 
with respect to R and “=”. 

A function on # in expanded form involves the condition x= y or 
«x + y for any two variables in any constituent conjunctive function. Any 
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R-function can be put in expanded form with respect to R and “=” by 
the following procedure, which also, of course, establishes the existence 
of an equivalent function in expanded form. Let f(a, y,---,m) be any 
function which is formulated on FR alone. In general f is a function 
which involves “and”, “or”, negation, and identity (“=”). Some of these 
may, of course, be lacking. The constituent constructs connected by “and” 
and “or’’ and affected by ~ will be such as Ray or ~ Ray andx=—y or 
~a=y (x + y). Since~(pVq).=.~p.~qand~(p.g).=.~pV~9q, 
the sign of negation can be removed from before any conjunctive or dis- 
junctive constituent function, so that ~ will appear before constituents of 
the form Ray and x = y only. To put f(z, y,---, m) in expanded form 
first remove ~ from before every conjunctive or disjunctive constituent 
function in f. Now it may happen that some disjunctive function p V q is sub- 
ordinate to a conjunctive function, as in pVq.s. But pVq.s:=:p.sV.q.s. 
Hence the function f (z, y,---,) can be so expressed that no disjunctive 
function is subordinate to a conjunctive function. This is the second step. 
We have then a set of conjunctive functions Ci, Co, ---, Cs and fis a dis- 
junctive function C,.V.C,.¥,...,V.Cs; of these conjunctive functions. For 
example, we may have ~(~p.q:~@-s).V.s.t.u.V.p.q.r:v.w, which 
is equivalent to p.q.V.q.s.V.s.t.u.V.p.q.r:v.w, which is equivalent 
to p.q.v.w.V.g.s.v.w.V.s.t.u.v.w.V.p.g.r.v.w. 

Let f (a, y,---, ) be expressed as a disjunctive function of conjunctive 
functions of its propositional constituents, Ray, « = y, and the like. Now 
it happens in general that for some of the conjunctive functions in such 
a set of disjunctions some propositional constituent is such that neither it nor 
its contradictory appears in these conjunctive functions. In the example 
just given there are three conjunctive functions in which neither r norr 
appears. But p.V.qg:=:(pVqg)(rV7r):=:p.(rV71r).V.¢.(7V7r):=: 
p.r.V.p.7.V.q.r.V.q.7, so that the function may be multiplied by 
(rVr). We getp.g.v.w.r.V.p.q.v.w.r.V.qg.8.v.w.r.V.g.8.v 
.w.r.V.s.t.u.v.w.r.V.s.t.u.v.wP.Vip.g.r.v.w.r.Vip.ger.v.t. 
Those conjunctive functions in which both r and 7 occur are impossible 
and may be dropped, so that we have p.q.v.w.r.V.p.q.v.w.7r 
.V.g.s.v.w.r.V.q.s.v.w.7r.V.s.t.u.v.w.r.V.8.t.u.v.w.7, 
and in this function either r or y appears in every conjunctive constituent. 


Accordingly, in f (x, y,---, »), if some propositional constituent p does 
not appear in every conjunctive function, introduce p by multiplying by 
(pV p). 


With f(z, y,---,) in this form it may still happen that some function 
of z, y,---,m on R or “=” does not occur in f at all. Consider, for 
example, the function Rxy.V.Ryzx. Here neither « = y nor x + y occurs. 
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Ray.V.Ryx:=: Rry.~ Ryxz.V. Rey. Ryxz.V.~ Ray. Ryx. In 
this function we may introduce x = y and x + y by multiplying by (2 = y 
Vz2+t+y). This gives Rry.~ Ryx.c=y.V.Rey.~ Ryxz.xty.V.Rry 
_Ryx.c=y.V. Rey. Ryx.xcty.V.~ Rey. Ryxz.x=y.V.~ Rey 
.Ryx.x + y. In this form the function is expressed in such a way that in 
each conjunctive function any propositional construct of x, y on R, “=” 
occurs or else its contradictory occurs.* 

It has been shown that every general proposition can be so expressed 
that all of the variables have interdependent scopes. This means that 
any general proposition can be expressed by the use of a single complex 
quantifier applied to a function f(z, ---, r). Thus every general proposition 
has either the form 


(x, ---, 1) (Ay, ---, m) (2, ---, m), SF (a, +++ 50; Yr etry My Zee, Ns ees 
or the form , 
(Aa, ---, 0 (y,---, m) (Gz, --+, nm), «fe, +++, U5 yy e+, m; 2, rer, MN; vee), 


In general f (x, --- 7) in these functions is, of course, not a construct 
on #& alone, but a construct on R and K. Such a construct will involve 
propositional constituents Ray or ~ Rxy and x =y or x + y and in 
addition x« K or ~xeK. Any function can be put in expanded form 
with respect to K, R, and “=” by the procedure which has been used 
to expand functions in terms of R and “=”. For the argument there 
does not depend on what the elementary constituents are. As an example, 
consider Ray .V.Ryx which has been expanded into Rry.~Ryx.xcx=y 





* And not both. If a constituent and its contradictory both occur in the same alter- 
native, then clearly that alternative may be dropped without altering the truth-value of 
the function; and we shall consider a function in expanded form to be one from which 
all such alternat’ves have been discarded. This gives rise to a limiting case which we 
take account of here and dismiss from further consideration. It may happen that when 
a function is put in expanded form every alternative Vanishes. (To express such a function 
positively we should have to write a function involving conjunctively the denial of every 
possible alternative.) Now any function from which every alternative vanishes and which 
demands existence (e.g.,(Ga).xeK.~xeK) is selfcontradictory. Its truth-value is 
determined; and since we are only concerned with showing determination of truth-value, 
these functions may be dismissed from further consideration. Any function from which 
every alternative vanishes and which does not demand existence (e.9., (x).xeK.~ xe K) 
fails if there is at least one element within the range of significance of its variables. 
But (1)-(10) imply that there is at least one element in the system and therefore that 
every such function fails. We may, then, confine attention in what follows to functions 
which when put in expanded form involve at least one alternative. 

Another limiting case is that in which a function involves every possible alternative. 
All functions of this kind which do not demand existence hold. Any function of this 
kind which does demand existence holds if there is at least one element within the range 
of the variables. Hence all such functions hold in view of (1)-(10). 
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Ve. Ray.~Ryc.x ty Vi. Rey. Ryx.x=—y NV. Ray. Ryx.xty 
Vi~ Rey. Ryx.x=y.V.~ Rey. Ryx.x+y. This is in terms of R and 
“-——” and it is sufficient to multiply the function by (@¢ KV~ze K) and 
by (ye KV~yeK). In a function so expanded any conjunctive con- 
stituent involves, for any two variables z, y, Ray or it involves ~ Rey, 
and it involves Ryx or else ~ Ryz, and xe K or ~xeK, and yeXK or 
~yeK, and x=y or x+y. Postulate (1), (7).~ Rez, is a function 
of one variable on R alone. ~ Raz is equivalent to x*¢§K.~ Rax.Vv. 
~axzeK.~ Raz, so that the postulate becomes (x):2¢K.~ Raz.V. 
~axzeK.~Rax. It may, of course, be expanded as a function of two 
variables, since (7). ~ Rax:=:(2,y):c=—y.3.~ Ray, or as a function 
of three variables, since (v).~ Raw: =: (a, y,2):a=y.y=2.2%=—2 
._2.~Rary.~ Ryz.~ Rez, or as a function of n variables. 

It is easily -seen that any singly quantified function in two variables 
has its truth-value determined by (1)-(10). These functions are of two forms, 
(x, y). f(x, y) and (G2, y). f(x, y). Put any function of the form (2, y) 
. J (x, y) in expanded form with respect to K, R, and “=”. If this function 
is to hold f(a, y) must involve the alternatives R° (xy), R° (yx), R° (2), 
R® (x). Sty). T (x;y), R°(y).S (x). Ty; x), S(xy), and S(x). The con- 
dition is necessary and sufficient. With regard to functions of the form 
(ax, y). f(a, y), it is necessary and sufficient that a function of this form 
involve at least one of these alternatives. Functions of one variable occur 
as special cases of these two types of function, so that the argument 
includes them. 

A similar analysis is applicable to doubly quantified functions in two 
variables. Such functions are of the form (x):(qy)./(a, y) or the form 
(Hy) : @&) .f(@, y). 

Consider the first case first. Let f(x, y) be put in expanded form. Such 
a function might be (x) :(qy). R° (xy) VS (xy), for example. Consider the 
following alternatives which may be involved in f(z; y): (1) R°(xy), R°(yzx), 
R° (x), R°(x).S(y). T(x; y), and (2) S(x). R°(y). Ty; x), S (ay), S (x). 
Alternatives (1) have to do with values of x which belong to K and alter- 
natives (2) have to do with values of x not in K. There are at least 
n elements in K and at least m elements not in K. From postulates (1), 
(5), (6), and (9) it follows that any function (x): (qy).f(a, y) which 
involves at least one of the alternatives (1) and at least one of the 
alternatives (2) is true. Conversely, any function which does not involve 
at least one alternative from (1) and at least one from (2) is false. The 
condition is equivalent to the function. 

In the case of functions ( y):(~).f(#,y), for some one and the same 
y every x is such that f(z, y), let f(x, y) be expressed in expanded form. 
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Consider the possible alternatives (1) R°(xy), R°(yx), R°(y), S(z).R°(y) 
. Ty; x), and (2) R°(w).S(y). T(x; y), S(xy), Sty). From postulates (1), 
(2), (3), and (9), if either all of the alternatives in (1) or all of the 
alternatives in (2) are involved in f(z, y), then (qy):(x).f(x,y) is true 
and if this is not the case the function is false. Since the truth-value 
of every singly quantified function in two variables is determined by 
(1)-(10), it follows that every function in two variables is determined by 
the set. 

Let F(a,---,m) be any multiply quantified propositional function so 
expressed as to involve a single complex quantifier affecting the function 
F(x, -++,). Let f be put in expanded form. Then f(z, ---,m) is a dis- 
junctive function f, (x, ---, n).V.fo(z, ---, n).V.--- ete, where f,(z, ---, n) 
is a conjunctive function of z,---, on K, R, “=” and such that it 
involves the assertion or denial of every propositional construct of z, ---, n 
on K, R, “=”. Thus f(a, ---, ) involves Ran or it involves ~Rzn; 
it involves x¢K or else ~xeK; it involves x = n or else x + n. Denote 
by f(z, ---, n) a function in expanded form which involves every possible 
alternative which can be formulated of the variables z,---,m. As pointed 
out above, F’ (x, ---, n) is true whatever complex quantifier F’ may involve. 
In general f differs from /” in that certain alternatives belonging to / 
are excluded from /. 

Suppose that F(z. ---, ) is a function constructed by excluding certain 
alternatives from F’ (x, ---, n) in the following way. If x is any variable 
in F” to which the applicative “some” attaches, then every alternative 
in f which involves the constituent ~z«K is excluded in forming f. Also, 
all other alternatives in / for which at least one variable z is such that 
~zeK is asserted are to be retained in f. Any remaining alternatives, 
i.e., those all of whose elements are assigned to K, may either be retained 
or excluded. Such propositions F(z, ---, 2) place no restriction on elements 
not in K and, in this sense, may be said to be about K-elements only. 

There are two theorems which are important in connection with pro- 
positions involving a single or higher quantification. 

THEOREM IV. (a, b,c,--+,2):: R°(abe---n):.3:.(m):.meK-m + a,b,c,---,n 
>:D: R°(mabc.--n) .V. R°(ambc.--n).V. R°(abmc---n).V.,---, .V. 
R°(abc---mn).V. R°(abc---nm). 

If R°(abc---n) holds, then every m in K other than a, b, c,---n is 
such that some permutation of it with the elements a, b, c,---m is such 
that R° holds. This follows immediately from Theorem III. 

THEOREM V. (a, b,c---,n):. R°(abe---n): D (Gaz). R*(wabe---n): (Ay) 
, R*(aybe---n) : (Gz). R°(abec---n):, ---, :(Qw). R’(abe--- wn) : (Ge) 
.R°(abe--- nt). 


















28 ; C. H. LANGFORD. 


If R°(abc---m) holds, then there is at least one element x such that 
R°(xabc---n) and at least one element y such that R°(aybe---n), and 
so on. The theorem follows from (1), (5), (6), and (7). 

We may determine in a particular case of doubly a quantified function, 
say (x, y):.(@z, w):a2, yeK-xt+y.D.R*(xyzw) V R°(yxzw), whether its 
truth-value is determined by (1)-(10). When put in expanded form this 
function may be written (a, y): (@z,w). R°(xyzw) V R°(yxzw) V P(z, y,z,w), 
where P(z, y,z,w) is a set of alternatives involving (a) all possible alter- 
natives in which zeK and weK occur and in which ~xzeK or ~yeK occurs, 
and (6) all possible alternatives in which 2, y, z, w are all assigned to K 
and in which z = y. No limitation is placed on these cases by the 
function. [1]: (x, y): (Gz, w). R°(xyzw) V R°(yxzw) V P(2, y, 2,w) implies 
[2]: (x, y): (dz). R° (xyz) V R°(yxz) V P(z, y, 2). Here we simply drop the 
variable of narrowest scope w and consider those alternatives in the 
function which involve permutations of the remaining variables. By 
Theorem V, R°(xyz).D.(@w). R°(eyzw) and R°(yxz) .D. (qw). RR (yxew) 
and P(x, y, 2), of course, implies (qw). P(x, y, z,w). Hence [2] implies [1], 
so that [2] is equivalent to [1]. We have then a function in three variables 
equivalent to the original function in four variables. [2] implies [3]: 
(x, y). R° (xy) V R° (yx) V P(«, y), and [3] implies [2], by Theorem V. Hence 
[1] is equivalent to [3], and we have a function in two variables equivalent 
to the original function in four variables. But [3] is a singly quantified 
function and its truth-value is determined by (1)-(10). The truth-value 
of the original function is therefore determined. 

The general procedure of the proofs which follow may be outlined: 
Every multiply quantified function in ” variables is shown to be equivalent, 
in view of (i)-(10), to some function in two variables. This equivalence 
is, of course, material and not strict since it depends on (1)-(10). The 
function in two variables to which a function in n variables is shown to 
be materially equivalent is therefore in no sense another form of the same 
function. The functions have same truth-value solely in view of (1)-(10). 

We consider any multiply quantified propositional function F(z, ---, 1, n) 
in expanded form, and the elementary function /(z,---,/,”) in F. As we 
have seen, I (a, 7? l, n) bts ji (x, Me l, n)V fs (2, es l, n)V,  WAi(@,-+, l, n), 
where each of these alternatives is a conjunctive function on K, R, and 
“==”, Any alternative in f which does not have one of the forms R°(a---j), 
S(a---j), or R°(a--- 9g). S(h---j). T(a---g;h---7) cannot be satisfied 
by any set of m elements. Every alternative of this kind is to be discarded. 
Then, by dropping the variable of narrowest scope in F(z, ---, 1, m), say n, 
from f(z, ---, l,”) we obtain a function /’ (2, ---, J), = Ai(z,---, DV 
Si(a,---, DV,---,Vfp(a,---, 0D, which is, of course, implied by f(z, ---, 2, ”). 
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Let fr(z,---, 1, ) be any alternative in f(z, ---,1,m) and let f;(z,---,D 
be any alternative in /’(z,---, J). Every alternative /; is involved in at 
least one alternative f, in f(x, ---,1,), and in general ff will occur in 
more than one alternative f,. ; is implied by any alternative f, in which 
it occurs since /, involves the assertion of f;. But /; may be true and yet 
every alternative / in which it occurs be false. Now the variable n which 
is dropped in forming /’ may be affected by the applicative “some” or it may 
be affected by the applicative “every”. Suppose first that “some” attaches 
ton. Then it will be shown, by the aid of Theorem V and some supplementary 
theorems to be given presently, that if f, gives rise to f; when n is dropped 
from f,, then f;(z,---,2).3.(an) . f(a, ---, 1, n). It follows that /” (2, ---, 2) 
"> .(qn). f(a, ---,1,n) and therefore that F’ (z, .--, ).=.F(a,---, 1, n). 

Suppose that “every” attaches to m. Then, by the aid of Theorems IV 
and V together with certain supplementary theorems, it is always possible 
to show that the disjunction /,, Vf, V,---, VJ, formed of all those alter- 
natives in which fy is involved, is such that f;.D.(n).f,VA,V,---,VA., 
or such that f7.D.~(n).f,,VA,V.---, VA; () VAY: VA, is 
never independent of f;. But if f;.D.~(n).4,VA,V,---, V4, then 
(n) fr, Vir,V,---,VS,.9.~f7. But it is also iue that (m).f,, V/,,V, 
---,VA.D./. So that when f7D.~(n).f,VA,V,---,VA, @.4,V 
Jr,V,-+++,WJFz,, is impossible. These alternatives may therefore be dropped 
from f(x, ---, 1, ) without altering the truth-value of F(z, ---, 1, n). 
When we discard those alternatives shown to be impossible there results 
an elementary function f(a, ---, J, ) such that (m).fo(a, ---,1,n).=. 
(n) . f(x, ---,1,m) and thus a function Fy (z, ---, 1, m) such that F(z, ---, 1, n) 
.=.F(a,---,l,n). We may now drop the variable of narrowest scope 
nm from fo(x,---, 2, m) and obtain an elementary function /”’(z, ---, J). 
(n) . fo (x, ---, 2, m) implies f’’(z,---, 2. But also f” (x, ---, 2) implies (m). 
So (x, ---, 1, n), so that F'” (a, ---, 1) .=.Fo(a---, 1, n).=.F(a,---, 1, n), and 
we have a function in m»—1 variables with the same truth-value as F(z, ---, 1,). 

The following theorems are supplementary to IV and V. 

THEOREM VI. S(y---n).D.(qa).S(y--- na). 

THeoREM VII. S(y---n):3:(a):~aeK.aty,---,n.D.Sy--- na). 

THEOREM VIII. O(a, ---, 2,---,n).D.(qw).w =z. O(a, ---,w,---, n). 

THEOREM IX, @(z,---,2,---,n).D.(w).w=25O0(,---, w,---, m). 

In particular, Ro (x --- n).D.(m).m = nD R(x---m), and S(y--- n) 
2. (m).m=nDS(x--- m). 

Consider any singly quantified function of the form (z, ---, 2, ).f(z,---,1,n), 
- Let f be put in expanded form. The alternatives in f fall into three 
classes: those in which every element is assigned to the class K, those 
in which overy element is assigned to the class not-K, and those in which 
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at least one element is assigned to K and at least one element is assigned 
to not-K. Each of these classes may again be subdivided into those 
alternatives in which all elements are asserted to be distinct and those 
which involve an identity condition for at least one pair of elements. 

Any alternative in f in which every element is assigned to K and which 
does not have the form R°(x .-- mn), where x, ---, m are the distinct elements 
in the alternative, cannot be satisfied by any set of » elements, since 
every » elements in K must have this form. Note that this applies to 
alternatives involving identical elements, as well as to those in which all 
elements are distinct, since identity conditions simply reduce the number 
of distinct elements. Any such alternative may be dropped from / since 
the function so obtained will be equivalent to the original one. Likewise, 
any alternative in which every element is assigned to not-K and which 
does not have the form S(y --- »), where y,---, » are the distinct elements 
involved, will be false for every » elements and may be dropped from /. 
Any alternative involving z,---,m assigned to K, where x,---, m are 
distinct, and y,---, m assigned to not-K, where y, ---, n are distinct, must 
have the form R®°(a---m).S(y---n).T(x---m; y---n). Alternatives 
not having this form are to be discarded. 

(az, es l, n) . f(a, vey, n) .=. (az, as ee ) (Hm) SS, -++,1,n), Form 
the function /(2,---,2) from f by dropping the variable of narrowest 
scope » and considering those conjunctive functions of z,---,/7 which 
remain. Consider the function /’, and first any alternative in /’ in which 
x,-+++,l are all assigned to K. Let a,---,g denote x,.---,/ in any such 
alternative such that R°(a---g) holds. Consider those alternatives in f in 
which R°(a---g) occurs. Let Pi, Po, ---, Ps be these alternatives. Each 
of the alternatives is a function of a,---,y, and asserts R°(a--- 4g). 
There are three classes of alternatives in the set Pi, Po,---, Ps: those 
alternatives in which » is assigned to K and is not identified with any 
element a, ---, g, those alternatives in which » is identified with one 
of the elements a, ---, g, and those alternatives in which » is assigned 
to not-K. 

Take the first case first, m is assigned to K and is not identical with 
any one of the set a,---,g. Let Pr be any such alternative. Then 
R°(a --- g) implies that for some m in K, Pz holds, by Theorem V. 

Suppose that n is identified with one of the set a,---,g. If there is any 
such alternative P, in f, P, must assert simply R°(a --- g), by Theorem VIII. 
Any other possibility has already been dropped from /. 

If P, be any alternative in which m is assigned to not-K, then P, must . 
be R°(a---g).S(n).T(a---g;n). Alternatives of the kind not having 
this structure have already been dropped from /. 
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We may next take account of those alternatives in f’ in which every 
element z,---, 7 is assigned to not-K. Let P, be any alternative in f in 
which z,---7 are assigned to not-K and m is assigned to K. Then P, 
must be R°(n).S(a---1).T(n; x,---, 2). Alternatives in which this is 
not the case have already been excluded. When m is assigned to not-K 
and is distinct from each of the elements z, ---, 1, we must have S(z ... 1m). 
When is identical with some one of the elements z, ---, 1, we must have 
simply S(a--- 2) in f. 

Finally, there are those alternatives in / in which at least one element 
is assigned to K and at least one element is assigned to not-K. Let 
a,--+,9,h,--+,7 be distinct elements in any such alternative and such 
that a,---,g are assigned to K and h,---,j to not-K and R°(a--- g) 
holds. Then we have R°(a---g).S(h---j). T(a---g;h---j) since other 
possibilities have been excluded. Here there are three possibilities. (1) » is 
identified with one of the set a,---,g, h,---,j. Amy such alternative 
in f must be identical with R(a---g).S(h---j)T(a---g; h...j). (2) nis 
assigned to K and is distinct from a,---,g. In this case, for any P, inf, 
Theorem V implies P,. (3) is assigned to not-K and is distinct from 
h,---+,j. In this case any alternative P, in f must have the form R°(a --- g). 
S(h---jn).T(a---g; h---jn), and this will in fact be the case. 

It follows that, after eliminating from /(z, ---,/,) those alternatives 
the form of which it is impossible that any » elements should have, every 
alternative in f is entailed, for some n, by the corresponding alternative 
in f’, and since f implies /’, we have (qa, ---, 1, n).f(z,---,l, n).=. 
(qa,---,2).f’(a,---, 2. Here we have a function in m—1 variables 
equivalent to the original function in variables. In precisely the same 
way we are able to find a function in n—2 variables which is equivalent 
to the function in n—1 variables and consequently to the function in » 
variables. This process may be continued until a function in two variables 
(whose truth-value is determined) is obtained. It follows that every function 
of the form (2, ---, 1). f(a, ---, 2) has its truth-value determined by (1)-(10). 

Let F(a, ---,) be any function of the form (2, ---, 1, n).f(a,---, 1, n). 
It will be shown that F(z, ---, ) follows from (1)—(10) or else ~ F(z, ---, n) 
follows. As before, put f in expanded form and discard all those alter- 
natives which do not have one of the forms R°(a---g), S(h---j), or 
R°(a---g)-S(h---j)* T(a---g;h---j). Then form the function f’ by 
dropping from f the variable of narrowest scope n. 

Let a,---,g denote the elements in any alternative in f’ in which all 
elements are assigned to K and such that R°(a---g) holds. Consider the 
set of alternatives P,, P,,---, Ps in f each of which involves the assertion 
R°(a---g). Let Pa,---, Pa be those alternatives among P,, Ps. ---, Ps 
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in which n is assigned to K and is distinct from every element a, ---, g. 
Then R° (a---g) may imply, by TheoremIV, that P, V,---, V Pa holds. 
But if this is not the case, then Theorem V implies that P, V,---, V Pa 
is false for some value of n. But if P,V,---, V Pa is false, then all the 
alternatives P,, P;,---, Ps; may be dropped from f. For the function 
F(a, -+-,n) demands P, V P,V,---,V.P; for every value of n when R°(a --- g) 
is satisfied. But P,V,---,V Pa fails for some value of n in K and different 
from a,---,g. And none of the other alternatives can be satisfied by this 
value of n, so that P, VP; V, ---, VP; fails for this value. Hence P, VP, V, 
..+, VP, cannot be true for every value of » when R°(a--- g) holds, 
and it, of course, cannot be true for at least one value when R°(a --- g) 
fails. We omit for the present consideration of the case in which Theorem IV 
implies P, V,---, V Pa. 

When n is identified with one of the elements a, ---,g we must have 
R°(a --- g) as an alternative in f If there is no such alternative, 
P,V P.V,---,V Ps cannot be true for every value of n, as demanded by 
F(a, --+,n), and may accordingly be discarded. 

When n is assigned to not-K, we must have R°(a---g).S(n).T(a--- g;n) 
among P,, P,,---, Ps If no such alternative occurs, then P, VP, V, 
.-+,W Ps, cannot hold for every value of n. 

On the other hand, if, by Theorem IV, R°(a--- g) entails P,V,---,V Pa, 
and if there is an alternative among P,, P;,---, Ps which asserts simply 
R°(a---g), and if there is an alternative of the form R°(a---g).S(n). 
T(a---g;n), then R°(a---g).D.(n).P,VP.V,---,V Ps, and these 
alternatives are to be retained in f. 

Let h,---,7 denote the elements in any alternative in / in which all 
of the elements are assigned to not-K. Then we have S(A---j) in f’. 
For every n not in K and distinct from h,---,j, S(h---j) entails 
S(h---jn), so that we must have at least one alternative S(h --- jn) 
in f. When n is identified with one of the elements h,---,7, we must 
have an alternative S(h --- 7) in f. For the case in which m is assigned 
to K, we must have an alternative R°(n).S(h---7).T(n;h---7) in f. 
If all of these demands are satisfied, then all alternatives in / which 
involve h,---,7, where h,---,7 are assigned to not-K, are to be retained. 
If one of the demands fails, then every alternative in / involving h, ---,7 
is to be dropped. 


Let a,---,g,h,--+,j denote the elements in any alternative in /” in 
which a,---,g are assigned to K and such that R°(a---g) holds and 
h,--+,j are assigned to not-K. For any such alternative in /’, let 


P,, Po, +--+, Ps be the set of alternatives in f which contain it. (1) When » 
is identified with one of the elements a,---,g;h,---,j, we must have 
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simply R°(a---g).S(h---j).T(a-++g;h--+j) a8 an alternative in /,. 
If no such alternative occurs, then all of the set P,, Po,---, P; may be 
dropped, for F' asserts P; V P.V,---, VP, for every value of n. (2) Let 
Pa,-+++, Pa be those alternatives in which » is assigned to K and is 
distinct from a,---,g. Then it may follow from Theorem IV that 
PaV,---,VW Pa holds for every such n. If not it follows from Theorem V 
that the function P,V,---,V Pa fails for at least one value of n. 
(3) When m is assigned to the class not-K we must have an alternative 
R°(a---g).S(th---jn).T(a---g;h---jn) in f. If no such alternative 
occurs, then P,, Po,---, Ps may all be discarded. But if conditions (1), 
(2), and (3) are satisfied, P,, P.,---, Ps are to be retained in /. 

Consider the function F(z,---,m) as reconstituted by the elimination 
of the alternatives indicated. (z,---,l,n).f(a,---,l,n).3.(a,---, Df "(a---,D, 
where the latter function is obtained from F by dropping the variable of 
narrowest scope ». But also, in view of the foregoing eliminations, 
(x, ---,D.f" (a, -+-,D.D.(a,+--, 1, n). f(x, ---, 1, n), so that we have 
a function in » —1 variables which has the same truth-value as the original 
function in m variables. In like manner a function in m — 2 variables can 
be found which has the same truth-value as the function in » —1 variables, 
and so on. 

It may happen at some stage of the process of passing from a function 
F, (a, +++, m) in m variables to a function Fy’ (2,---,m—1) in m—1 
variables that every alternative in f,(7,---,m) vanishes. But, whatever 
complex quantifier Fmay involve, F, (x, ---,m).D.(@a,---,m).f-(a, ---, m) 
And any function of the form (G2, ---, m).jf;(a,---, m) must, if it is to 
be true, involve at least one alternative. So that F,(x,---,m) must be 
false, and consequently the original function F(x, ---,), to which it is 
equivalent, must be false, and the truth-value of F(z, ---,m) is therefore 
determined. But even here it is still possible’ to proceed to a function in 
two variables F,,(z, y). For F;’ (x, ---, m—1) is obtained from F,(z, ---, m) 
by dropping the variable of narrowest scope, and F;’ (x, ---, m—~1) will, 
therefore, involve no alternatives—i. e., it will involve the denial of every 
possible alternative. And finally, we obtain F,, (x, y), in two variables, 
which involves no alternatives. 

In any case therefore we reach a function in two variables whose truth- 
value is determined. It follows that every singly quantified first-order func- 
tion on the base K, R, has its truth-value determined by conditions (1)—(10). 

Strictly it is only necessary to carry out the proof of the theorem just 
given for at least one of the functions (qx, ---,1l, ).f(z,---,l,) or 
(x,--+,1,).f(x,-++-,1,). For suppose that the theorem has been 
established for functions of the first kind. The contradictory of any function 
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of the second kind is of the form (qz, ---, 1, n).~/f(a,---,1, n), which is 
a function of the first kind and its truth-value is, by hypothesis, determined. 
But if the truth-value of the contradictory of a function is determined, the 
truth-value of the function is, of course, determined. Similarly, the contra- 
dictory of any function of the first kind is a function of the second kind. 

Let F(a, ---,1, ) be any multiply quantified propositional function on 
the base K, R,, and let f(z,---,2,) be the elementary function in F. 
Put f in expanded form. Discard from / every alternative which does 
not have one of the forms R°(a.--j), S(a---j), or R(a---g). 
S(h---j).T(a-++g;h---j). This on the ground that the resulting function 
is equivalent to the original one since other forms of alternative are impossible. 

Form the function / by dropping the variable of narrowest scope 
m from f. Suppose that the applicative “some” attaches to m. Then, by 
an argument identical with that employed in the first part of the theorem 
just given, there exists a function F’”’ (a, ---, 1) — which in this case is 
identical with F’ (a, ---,2)—such that F’’ (2,---,1).=.F(a,---,1,n). 
Suppose that the applicative “every” attaches to n. Then, by an argument 
identical with that of the second part of the theorem just given, there 
exists a function F'” (a, ---, 2) such that F(a, ---, 1).=.F(a,---,l,n). In 
either case then there exists a function in n—1 variables having the same 
truth-value as the original function in n variables, and by a repetition of the 
argument, there exists such a function in n—2 variables, and finally, a 
function in two variables having the same truth-value as the original function. 
But every function in two variables has its truth-value determined. It 
follows that every first-order function on the base K, Ry has its truth-value 
determined by postulates (1)-(10). 

Dense Series with a First Element. For a dense series having a first 
but no last element we require an alteration in one postulate of the set 
(1)-(10). (6) is to be replaced by (6’):(q2):.(y):xreK: yeK.xty 
.2.Rzy. In connection with the set (1)-(6’)-(10) we wish to prove 
theorems analogous to those proved for the set (1)-(10). All of the results 
not dependent on (6) carry over unchanged. As a consequence of (1)-(4), 
every n elements in K are such that for some permutation, z, ---, n, 
R°(x --+ m) holds, and from (1)-(4) together with (5) and (8) some n elements 
in K are such that R°(x.--.m) holds. There are at least » elements not 
in K, from (10), and for every m elements not in K, S(y---m) holds. 
Every singly quantified first-order function in two variables on the base 
K, R, has its truth-value determined by (1)-(6’)-(10). None of these 
facts depends on (6), so that all of them carry over from previous proofs. 

From (6’) it follows that (qx) (y,---n):a24+y,---,n.R'(y---n).9. 
R°(zy---n). The element x here is clearly unique; there can be only 
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one first element. We may denote the element z, which is such that for 
every other K-element y, Ray holds, by “a”. Then(y):yeK.y +a.D.Ray. 
This function of “a” may be denoted by g(a). For any other K-element b, 
(qy).yeK.y+b.~Rby holds. This function of b is, of course, ~g(b). 
Accordingly, g(a) holds and (2):z+a.D.~g(z). Note that this latter 
function refers to values of z not in K as well — ~g/(z) for every z other 
than a. Since there is only one element a such that g(a) holds, the 
class K can be separated into two non-overlapping subclasses K, and K, 
such that K, has in it the single element a and K, has every other K-element. 

If R°(bc --- e) holds and b, c, ---, ee Ky, then also ~g(b).~g(c).; 
-++,.~g(e) is true. But if R°(ab---e) holds, where ae K,, then g(a). 
~g(b).,...,.~g(e). Let us denote R%(bc...e).~g(b).~g(o.,---, 
~g(e) by Ro(be---e). But Rj (ab---e) is to mean R°(ab---e).g(a). 
~g(b).,--+-,.~g(e): when the element a occurs in R, it is to be under- 
stood to assert g(a). For any other element z it asserts ~g(z). Similarly, 
if S(yz---m) holds, then ~g(y).~g(z)-,---,.~g(n). We may denote 
S(yz---n).~gly).~g).,-+-,.~g(n) by Spfyz---n). 

Denote by F(a, y,---,m) any propositional function on K, R, and let 
SI (a, y, +++; ”) be the elementary function in F. Put f(z, y,---,m) in 
expanded form with respect to K, R, and “=”. On the variables z, y, ---, 
form the functions g(x) V~g(x); g(y) V~g(y); ---; g(m) V~g(n). Multiply 
ST (a, y,+++,”) by each of these functions. This puts f(z, y,---,) in 
expanded form with respect K, R, “=”, and g. Every alternative in 
J involves, for any variable z, g(z) or else it involves ~g(z). 

The following theorems are of importance. 

THEOREM X. Ry(ab---n):D:(2):2+a,b,---.n.2eK.53.Ry(azb---n)V 
Ry (abz---n)V,---,VRo(ab--- en) V Ry (ab--- nz). 

The only possibility excluded here is Ry(zab---n). 

THEorEM XI. Ry(ab---n):D: (Gz). Ro(aéb---n): (qt). Ry (abt---n):, 
-++,: (Qu). R(ab--- un): (Qw). Ry(ab--- nw). 

The only possibility omitted is (@]s).Ro(sab---n). In these theorems 
aeK,. For elements in K, theorems analogous to IV and V are clearly 
entailed. 

THEOREM XII. S,(xy---m):3:(w):~wek.wtz,y,---,n.D.So(ry---nw). 

THEOREM XIII. So(xy---m):D:(Gw) . So (xy---nw). 

It will be shown that every. doubly quantified first order function in two 
variables has its truth-value determined by (1)-(6’)-(10). Any such 
function has one of the forms (x): (qy). (a, y) or (Gx): (y)- (a, y). 
Consider any function of the form (x):(qy).¢(a,y). Put g(a, y) in 
expanded form with respect to K, R, “=”, and g. Then in accordance 
with (1)-(6’)-(10), if the function is to be true, g(x, y) must contain at 
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least one alternative from each of the following three sets: (1) When x 
takes the value a in K, we must have R,(a), or Ryo(ay), or Ro(a).S (y). T'(a;y). 
(2) when x takes values in K, we must have R, (az), or Ry (xy), or Ry (yx), 
or Ro(x), or Ro (a). So(y). T(x; y). (3) when x takes values in not-K, 
Ry (a). So(x). T(a: x), or Roy). So(a). Ty; x), or So(xy), or So(x). For 
a function (x): (Gy). » (a, y) to be true it is clearly necessary and sufficient 
that it contain at least one alternative from each of these sets. With 
regard to functions of the form (@z):(y).@(a, y), note that (qx): (y) 
- 9 (x, y) :=:~ (): Ay). ~e(@, y), and that (x): (Hy).~ 9(@, y) has its 
truth-value determined. 

Since every singly quantified function in two variables is determined by 
(1)-(6’)-(10), it follows that every function in two variables has its truth- 
value determined by the set. 

Let F(a, ---,1,) be any multiply quantified function on K, R, such 
that f(z, ---, 2, n) is in expanded form with respect to K, R, “=”, and g. 
It is clear that any alternative -in f, if it is ever to be satisfied, must 
have one of the forms R,(a), Ry (b---e), So(h---7), Ro(ab---e), Ro(a) 
So(h--- 7). Ta; h--+7), Ro(b---e). Q(h---7). T---e;h---9), or 
Ry (ab ---e). So(h--- 7). T(ab---e;h---7). Every alternative not having 
one or the other of these forms is to be dropped from f. Any alternative 
which involves the element a and elements belonging to Kg, if it is to be 
possible, must be such that a is asserted to have the relation R to every 
element assigned to K,. Also, no alternative can hold which involves 
g(x).g(y).x+y; there cannot be more than one element x such that 
g(x) holds in any alternative. ; 

Form / (2, ---, 2) by dropping from / the variable of narrowest scope n. The 
alternatives in f’ fall into seven classes corresponding to the seven types of 
alternative given above. One or more of these classes may, of course, be null. 

Consider /’ in relation to f, and suppose first that m is a variable to 
which the applicative “some” attaches. Now any alternative in / must 
have one of the seven forms given above, as must any alternative in /. 
(1) Suppose that R,(a) appears in f’. Then it must have been derived 
from one or more of the functions Ry(a), R,(an), Ro(a).So(n). T(a; n).. 
But Ry (a): :(qn).n = a. Ro(a): (Gn). Ro (an): (An). Ro (a). So (n). T(a;n). 
So that whatever alternatives in f may have given rise to Ry(a), Ry(a) 
implies any one of them and therefore their disjunction. (2) Suppose that 
R,(b--- e) occurs in f’. Then it may have arisen from 2)(b---e), or 
R,(ab---e), where n = a, or R,(nb---e), where n+ a, or . Ry(b---n---e), 
or Ry(b--- en), or Ryo (b --- e).So(n). T(b--- e; ), or from any combination 
of these. But 2,(b.-- e) implies, for some n, any one of these alternatives. 
(3) If S,(h---7) occurs in f’, then it must have arisen from some of the 
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set So(h---7), Sol(h---jn), Ro(a).So(h--+7). T(a;h--- 7), where n = a, 
or Ro(n).S)(h---7). T(n;h---7), where na. But &(h---7) implies 
any one of these for some ». (4) If R,(ab---e) occurs in /’, then it 
must have arisen from R,(ab---e), or Ro(anb.---e), or Ry(ab---n---e), 
or Ry(ab---en), or Ro(ab---2).So(n).T(ab---e; mn). (5) If Roa). 
So(h--+j). T(a;h---j) occurs in f’, then it must have arisen from 
Ro(a). So(h--+7). Tla;h---7), or Ro(an).So(h--+7). T(an;h--- Jj), or 
Ry (a).So(h---jn).T(a;h---jn). (6) If an alternative RB, (b ---e).S)(h---7). 
T(b---e;h---j) occurs in f’, then it must have arisen from R,(b--- e) 
So(h +++ 7). Tb +++ e;h +++ 9), or Ro (ab --- e). So(h --- 7). T(ab --- e;h---J), 
where a = n, or Ry(nb--- e). So(h---J). T(nb--- e;h---7), or Ry(b---n---e) 
- Soh se J). T(b---n---e;h +e 9), or Ry (b eee en). So(h oe+ J), T(b---en; 
h---j), or Ry(b--- e). So(h--- jn). T(b---e;h--+jn). (7) If Ro(ab--- e) 
-So(h---j).T(ab--:e;h---7) occurs, then it arises from R,(ab---e). 
So(h---j). Tlab---e;h---7), or Ro(anb---e). 8 (h---7). T(anb--- e; 
h-++j), or Ry (ab---n---e). So(h---7). Tlab---n---esh- --j), or 
Ry (ab --- en). So(h--- 7). T(ab --- en; h---7), or Ry (ab --- e). So(h +++ jn). 
T(ab---e;h---jn). 

It follows that F’ (a, ---,2).D.F(z,---,l,n), and since F(z, ---, J, n) 
>. F' (a, ---, 0), that F’ (a, ---, 2) .=. F(a, ---, 1, n). 

Suppose that the variable of narrowest scope » in f is such that the 
applicative “every” attaches to it, that is, that m is quantified universally. 
As before there are seven classes of alternatives in f’, any one of which 
may be null. We have pointed out in the first part of this theorem that 
to éach alternative in f’, there corresponds a set of alternatives in /, and 
we have specified under seven headings precisely what the alternatives are 
from which a given alternative inf’ may arise. In view of Theorems VIII, 
IX, X, XI, XII and XIII, if a given alternative in /’ is satisfied, a dis- 
junctive function involving all of the corresponding alternatives in / is 
implied, and moreover any disjunctive function lacking at least one 
of these alternatives is implied to be false. For example, (a) 
:5:(n):n = a. Ro(a).V. Ro(an).V. Ro(a). 8 (n).T(a;n). But R,(a) 
:3: (qn). Ro(a).n = a: (Gn). Ro(an): (An). Ro(a).S(n). T(a;n). So 
that if any alternative is lacking in the first implication, it is false that 
the implication holds for every ».. But if this is so, the alternatives in 
Jf can never by satisfied, since they cannot be satisfied when R, (a) is false. 
Accordingly, we may discard every set of alternatives which does not 
follow, for every n, from the corresponding alternative in /’, and retain 
all those sets which do follow. 

Consider F(z, ---, 1, m) thus reconstituted. Form F’’(z,---, J) by 
dropping » from F. Fi(z,.--. 1, n).=.F" (a,---, 1). Whether “some” 
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applies to m or “every” applies to n, we have a function in n—1 variables 
equivalent to F(a,---,l,m). It follows that every first-order function on 
K, Rz has its truth-value determined by (1)-(6’)-(10). 

Dense Series with Both Extreme Elements. The properties of 
dense series having both extreme elements differ from those of the set (1)}{10) 
in that (5) is replaced by (5’):(Qz):.(y):xveK:y+a.yeK.5. Ray, and 
in that (6) is replaced by (6’):(@a):.(y):veK:y+a.yeK.D.Ryz. 
It is also necessary to replace (8) by (8’): (Gz, y).a+y.xveK.yeK. All 
of the remaining properties are the same. In view of (7) and (8’) there 
are at least m elements in K. That every m elements in K are such that 
for some permutation, 2, y,---,, R°(x, y,---,) holds carries over from 
the properties of the set (1)-(10). We may denote the set obtained by 
altering these three properties of (1)-(10) by (1’),---,(10’). Then the 
truth-value of every singly quantified function in two variable on K, R, 
is determined by the set (1’)-(10’). It follows immediately that 


(qa, y);.(2):2eK.z+au.zty.D. RR (ezy) 


and that 
(Aa, y):.(2,-+-,n):aF2Z,---,n.yt2Z,---,n. R°(e---n).D. R(xz--- ny). 


x and y are clearly unique and distinct. And since this is the case, 
the class K can be divided into three non-overlapping subclasses, K,, Ke 
and K;, where K, comprises the single element x and K; the single element 
y and K, comprises all other elements which belong to K. Denote the element 
in K, by “a” and the element in Ks by “c”. Then (~):2¢K.x+a.D Raz, 
and “a” is the only element which has this property. As before, denote 
this function by g, so that g(a) holds and (2):z+a.D.~g(z). (x): xveK. 
x+c.5.Raxc, and “c” is the only element which has this property. 
Denote this function by g, so that g(c) holds and (2):z+¢.3.~q(e). 

Let F(z, ---,1,) be any function on K, R,. Then f(a, ---, 2, m) can be 
expressed in expanded form with respect to K, R, “=”, g, and q. Ry 
and S, will be used in this section in senses very much like their previous 
ones. Ay (b---e)is to mean R°(b---e). ~g(b).,---,.~ gle). ~q(b)., +++, «~ ge. 
But R, (ab --- e) is to mean R°(ab---e).g(a).~g(b).,---,.~gle).~a(a). 
~q(b).,---,.~q(e), and Ry (b--- ec) is to mean R°(b---ec).~g(b).,---,.~ gle). 
~g(c).~q(b).,-+-,.~¢(e).q(c), while Ry (ab--- ec) is to mean R°(ab --- ec). 
g(a).~g(b)., «++, .~gle).~g().~q(a).~q(b)., --:, .~ ge). ¢@(o. 
So(h---7) is to mean S(h---7).~g(h)., +++, -~g(J).~ qh) ., ++, -~ a) 

THEOREM XIV. R,(ab--- nc):3:(2).2eK.z+a,b,---,n,c.D. Ro(azb--- ne) 
V Ry (abz---nc)V,---,V Ro(ab--- enc) V Ry(ab--- nzc). 

The only possibilities excluded are Ry)(zab--- nc) and Ry(ab--- ncz). 
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THEOREM XV. R,(ab--- nce):3:(qz). Ro(azb---nc):(qt). Ro(abt---ne):, 
-.+, 1 (Qu). Ro(ab--- unc): (qw). Ry (ab--- nwe). 

This omits the possibilities (qr). Ry) (rab --- nc) and (qs). Ro (ab---ncs). 
They would be incompatible with XIV. 

THEOREM XVI. So(xy---):3:(2):~ 2eK.2+2, y,---,n.D. Sy (xy --- nz). 

THEOREM XVII. So(xy --- n).D. (Gz). So(xy --- nz). 

It will be shown that every doubly quantified first-order function in two 
variables has its truth-value determined by (1’)-(10’). If every function 
of the form (x) : (qy). (zx, y) is dependent on (1’)-(10’), then every function 
(ax): (y).y(x,y) is dependent, since (Gx): (y). 9 (x, y):==:~ (x): (Ay). 
~ g(x,y). Consider any function (x): (Gy). (az, y) in which ¢(z, y) is in 
expanded form with respect to K, R, “=”, g, and g. Then when x takes 
the value a in K,, if the function is to hold, we must have at least one 
of the following alternatives in y(z, y). (1) RB) (a), where y = a, or Ry (ay), 
or R,(ac), where ceKs, or Ry(a).S(y).T(a;y). When x takes values 
in K, we must have (2) R(x), where y= 2, or Ry(xy), or Ry(yx), or 
Ry, (ax), where y =a, or R,(xc), where y=c, or Ro(x).So(y). T(x; y). 
When x takes the value c we must have (3) R,(c), where y= c, or 
Ry (ac), or Ro(yc), or Ro(c). So(y). T(c;y). For values of x in not-K we 
must have (4) S,(x), where y = x, or Sp (xy), or Ry(a). So(x). T(a; x) or 
Ro(y) . So(x). Tly; x), or Ro(c).So(x).T(c;x). To contain at least one 
alternative from each of these sets is necessary and sufficient for the truth 
of (x): (Gy). (a,y). Since every singly quantified function is dependent 
on (1’)-(10’), it follows that every first-order function in two variables 
on K, R, is dependent on conditions (1’)-(10’). 

To return to functions of m variables; consider F(z, ---, l,m) where 
JS (a, ---, l, n) is in expanded form with respect to K, R, “=”, g, and q. 
Every alternative in f# must have one of the forms Ry (a), Ry (c), Ro(b --- e), 
Ro(ab ---e), Ro(b--- ec), Rolab --- ec), Ro(ac), So(h --+ 7), Ro(a). So(h --+7) 
» Ta; h--+ 9), Ro(c).Soth --- 9). Te; h +++ 7), Ro(b ++ e) . Solh --+ j) 
E T(b ---esh +9), Ry (ab waa e). So(h +9). T (ab... e; h-++j), Ry(b --- ec) 
-So(h---7). TD--- ec; h--- 7), Ro(ab--- ec). Soh---7). Tlab--- ec; h---), 
or Ry(ac).So(h--- 7). T(ac;h---j). Any alternative in f not having one 
of these forms is to be discarded. The resulting function will have the 
same truth-value as the original one. Form /’(z, ---, 2) from f(z, ---, l, n) 
by dropping the variable of narrowest scope n. Let P(a, ---, 1, n) represent 
any alternative in jf, and let P’ (x, ---, 72) be the alternative obtained from 
P by dropping ». In view of theorems VIII, XV, and XVII, it is clear 
that P’ (z,---,1).33. (qn). P(a,---,1,n), and, of course, (Qn)-P(z, ---, 1, n) 
.2.P’ (a, ---, I. It follows that F’ (a, ---, 2) .=. F(z, ---, Un) if the 
applicative “‘some” attaches to n. 
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Suppose that the applicative “every” attaches to m, and consider the 
following cases. (1) Let Ro (a) be an alternative in /’, and let P,, P,---, Ps 
be the corresponding alternatives in f Then for » = a we must have 
R,(a) among these alternatives. For neK, we must have R,(an), and 
for neK, we must have Ry)(ac), where n = c. For ne not-K we must 
have Ro(a).So(n).T(a;n). If all of these alternatives occur among 
P,, Ps, ---, Ps, P,V P:V, ---, VPs holds for every n when 2, (a) holds. 
But if one of these alternatives is lacking, P, V P;V, ---, VPs fails for 
some n when R,(a) holds; and, of course, it fails when R, (a) fails, so that 
in this case these alternatives may be discarded. Similarly, (2) let Ry (b --- e) 
be an alternative in f’ and let P,, P,,---, Ps be the corresponding alter- 
natives in f, When takes the value a in K, we must have Ry(ab --- e) among 
these alternatives. When ne K, we must have R,)(b--- ec). When ne Ky, and 
n+b,---,e we must have the set of alternatives entailed by Theorem XIV. 
When v is identified with one of the set b, ---, e we must have Ry(b--- e). 
When nenot-K we must have Ry (b--- e). S,(m). T(b--- e; n). (3) Let Ro (c) 
be an alternative in f’. Then this implies Ry)(ac) in f when n = a. 
When ne XK, it implies R,)(mc), and when n = c, Ro(c). When nenot-K 
we require Ro(c).So(nm).T(c;). (4) Let S.(hk---7) be an alternative 
in f’. When x is identified with one of the terms h, ---, 7 this alternative 
requires Sy(h---j) in f. When nenot-K and n+h,---,j it requires 
So(h---jn). When n = a it requires R,(a).S(h---7). T(a;h---9), 
and when née Ky, Ro(n).So(h---7).T(n;h---7), and when n = c, Ro(c). 
So(h---j).T(e;h---j). Every other case is a simple combination of 
these four cases. 

Accordingly, f”(a, ---, 2) exists such that F(z, ---, ) =. Flax, ---,1, n). 
It follows that every first-order function on the base K, R, has its truth- 
value determined by conditions (1')—(10’). 
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NOTE ON CERTAIN ASSOCIATED SYSTEMS 
OF LINEAR EQUALITIES AND INEQUALITIES.* 


By L. L. Drugs. 


1. Certain associated systems of linear equalities and inequalities relative 
to a matrix ||aj\| of real coefficients have been considered by the author 
in an earlier paper.t One of the principal results may be stated in the 
following form: 

THEOREM I. A necessary and sufficient condition that the system of linear 
inequalities 
(1) aj xj > 0, (i 


J 


admit no solution (x1, %2,---,%m) is that the associated system of linear 
equalities 


n 
(2) yw = 0, (j = 1, 2, ---, m) 


admit a solution (y:, y2,---, Yn) in which not every y is zero, and the 
non-zero ones are positive. 

The present note presents a theorem closely related to this, which is 
apparently of equal significance. It results from the replacement of the 
symbol > in (1) by a symbol >, which is to be interpreted “is not less 
than, and for at least one value of the range of indices is definitely greater 
than”. The new theorem can then be stated as follows: 

THEOREM II. A necessary and sufficient condition that the system 


(3) > aj xj 2 0, i=1, 2, +--+, ”) 
j=1 


admit no solution (a1, x2,---, 2m) is that the associated system 


(4) Zviw = 0, G = 1,2,---, m) 


shall admit a solution (y:, y2,---, Yn) in which every yi is positive. 
As the proof requires only slight and rather obvious alterations in the 
procedure used to prove the earlier theorem it will not be given. Instead, 





* Presented to the Americal Mathematical Society, June 12, 1926. 
ft Annals of Math., vol. 27, (1925), pp. 57-64. 
41 














L. L. DINES. 





42 










we present in the next section a possible property of the matrix of coef- 
ficients ||a|| sufficient to assure the conditions of Theorem II. It is a very 
restrictive property, by no means necessary, but it has the merit of being 
easily detected when present. 

2. Let us denote by oj the sign of the element aj. A matrix || ay|| of m 
columns and 2” rows, in which all elements are different from zero, and 
in which the 2” rows of signs 










G1, Gig, +++, Sim (¢ = 1, 2,---, 2™) 





include all the 2” possible arrangements of signs (+ and —) will be said 
to be a completely signed matriz. 

THEOREM III. If the matrix ||ay|| is completely signed, the conditions of 
Theorem II are satisfied, that is the system (3) admits no solution, and the 
system (4) admits an everywhere positive solution. 

Suppose, for a completely signed matrix, the system (3) did have a 
solution (a1, x2, +--+, Zm). Let the elements of the solution be divided into 
three groups: those which are positive 









Less Les) eo Vey 






those which are negative 





©) XB) eeees UBy? 







and those which are zero, for which we shall need no notation. Some row 
of the completely signed matrix, say the gth, will have the character 






i i C0 = — (a@ = @, &,--+, Gp), 


A | og = +, (8 = Ai, Bo, ---, By). 






ia Then upon substitution of the supposed solution, the gth statement of (3) 
Hh may be written 

2D tye a +21 Oop 2 > 0; 

a 


which is obviously untrue. The contradiction proves the theorem. 

CoroLuary: If any subset of rows of the matrix || aj\| forms a completely 
signed matrix, the system (3) admits no solution, and the associated system (4) 
admits an everywhere positive solution. 
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SOME FURTHER THEOREMS 
CONCERNING THE FORMATION OF CHAINS. 


By A. ARwIn. 


In this article I shail sketch some further points of view on the formation 
of chains. I shall try to prove what was inferred in a previous paper* 
from the results of Mr. Thue, namely, that if o, = (@, uw? +8, 6+ yn)/Rn, 
then R,->@. More precisely, I shall prove that , is bounded, and I 
shall deduce some of the consequences of this fact, giving finally the chain 
formation in the case of complex roots. 

Referring to my former investigations, I quote the following formulas. 
For w a real root of f(~) = 2°+A,x2+As = 0, On = (@n w?+Bn wt+yn)/ Rn 


1 1 
and yo = a+ or An—1 + Op, = amato—, we found 


wee Bn @n + Bri 
a ay Dy + an—1 
(1) Bn aie (— Seba On—1 i an 
£ &n ay (@p, + @n—1/ On) a &n Ry # o, 


Bn+1 = An Ba + Bn—1, anit = Ann + @n—-1; 


’ Bn Gn—1 — Bn—1 Gn = (— 1)", 








Rr &, = On Az + Bn—1 — &n—1 Yn—1, 
Ry Ga = Gy A+ Bn— Onn; 
(2) Rasika, = — Cn As — Bn—1 ¥n—1, 
Rn kaa = — on As —BnYn; 
Rn—1 Bn = (th—1— Aa ttn)? + Bn—1 (Bn—1 As + ons As), 
Rn yn—1 = (yn— Ao @n)* + Bn (Bn Ao + @n As), 


where , satisfies the set of equations 


Wn (x) = Wn—1 (Qn—1) 2° + Wy—1 (na) 2? + i Wn—1(An—1) 2+ si Wn_1(dn—1) = 0 


1 ”T 1 / U 
for 3r Wn-1 (Qn) = Ra, oe Wn—-1 (Gn-1) = 3¥n-1—2 Ae Gn-1, 
Wr—1 (Qn—1) =_— 3¥n—2 Ao Gn, —Wn-1 (an—1) = Ra, determined from. the 
relations 


* A. Arwin, On continued fractions in the theory of binary forms, Ann. of Math., 
vol. 26, pp. 247-272. 
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@n + n+ On = (3¥n—2A2 &n)/ Rn, 
(3) On On + Wy @n + on On _— (3yn—-1 — 2 Ao tn—1)/ Rn, 

Dy @n On — Rn-1/ Rn; 
for instance, in the case of the last expression, 8,p—a» ¢ =(—1)"/(@n &n + en-1) 


and therefore Kot) 
n——~ &n gat, Sts 1)" Rk, = 
I] - . Il (Gn Oy + Op—1) 





- (—1p _— _ © TT on 
T]|« (cn + —— + | I] (n+1 Gti + @n) 
whence |] @n41 = Rn/ Ras. 
THEOREM. In wy, from (1) we have Rn>o. 


To show this we shall investigate the law of formation of the following 
chain, which we shall say is of the third type. We form 








P= hack e2°, On = bn—1 + @n—-1 = ee 

01 ‘ On 
where 1> @n-1>4 and therefore 1 = o@n-10n>40n, Qn<2 for all n, 
whence the coefficients b; are 1 or 2, so that for b; = 1 the sign is + 
and for bj = 2 it is —. We shall say that fractions ey = 2—1/ 0,4; in 
a given negative set belong to the same “minus period”. If this set is 


broken off with 9; = 1-+1/ ri1, say, we have always grii>1 and an 


equivalence = 
sae Bria Ortit Br 


(4) O41 Or41 f+ ar’ were Bae 





Determining y>0O from ftir > 4—rht41>0, we have also 
| 44 > e@—reti; and from the reduced equivalence 


— Berti @rir tr) +(6: — r Br) 
Or44 (Or+1 + r) + (@p— r@e43) 


and, since gr+1>1, we infer that gr4i1-++r must coincide with a fraction 
in the regular chain of type 1. Moreover, if the formation is broken off 
in a minus period, we are led to a fraction in the regular chain, and we 
conclude from 
Bryn b 1| 
O41 enue | 





(4’) 





It 
| 
lt 
He 
| 
It 


1 Vt |b; \2 \1 


= 
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that 4%+1/e%4, will be the same wherever the minus period is broken off, 
which will evidently not happen for the fraction Ai/at. This is illustrated 
by the following example. 


Example. 


2—382+1 = 0, w~1.53---. 


The regular chain gives 


»= 


w+ p—2 


1 


wi+2u—2 


ete See 





3 


2u?+3u—2 


= 44-5 ; 





1 


= 7+ 


—] 
14+2— 


w+ p—3 
1 


24-2u—5 








2u*+3u—9 
1 


and the chain of the third kind 


= 


p+ p—2 
1 


w+ 2u—2 
3 





3m? +5u+5 
17 





5? + 8u + 20 
37 





Te? + 116+ 37 
57 





9u*+ 144+ 50 
71 





on $425 
an 9428 
ang 28 


ond 
1+£° 


w+ p—3 
1 


= 2+ w?+2u—8 





3 


*4+5 uw —29 
17 





74 84 —54 
37 





24-11 6—T77 





57 


9u*+ 144 —92 





71 


1 





= 1 
+ Ep? 


1 
1 





= 1+ Tip ep—e 





3 
1 





= ir 2u?+3u—2 





1 
1 





= 15 * + 23 ~—12 





17 


1 





w+ w—2 


1 
1 





2 p?+2p—2 


= 2 


= 2 


= 2 


= 2 


= 2— 





3 
1 





3u?+5n+5 





17 
1 





5 uw? + 8+ 20 





37 
1 





Tw? + lle +37 
57 
1 








9u*? + 144 +50 





71 
1 





lip?+ 174+ 53 





73 


4* 
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1lw*®+174+53 a 1ig?+17~—93 __ "Pi 1 
73 73 13 4*+ 204+ 40 
57 
1347+20u4+40 | 134*+20~—17 __ 1 
57 ont 57 At 247+ 3u—8 
1 
2u*+3u~—8 _ e+3ep—10 gg 1 
1 end 1 _s 17? + 26~—5 
53 


where, for example, 





























3u?+5u+5 3? +5u—12 1 
17 mae 17 iT S375 58 
1 
aes 741 8u-+ 20 5pt+8u—17 1 
5? + 8m at Ht gar 
37 Tee 37 ~~ 1+ Sores 
1 
as above. 


Let us now say that Af11, «21: in (4’) belong to the regular chain as 
Bn, @n. Then 
»= Bn On + Bn— as 


On n+ Gps’ 





(4”) 


that is, 8t = Bntt+7r&n, expressed in terms from the regular chain. The 
length of the minus period being a, —1 we can give r all values 1, 2, ---, aa—1, 
since we can break off in e, = 1+ 1/o¢4; at any place in the minus period. 
As the period ends with r = a,—1, we obtain oe; = 1+ 1/or4: and this 
Or41 remains in our chain of the third kind. Let us in general put 
Briar = Bn-ritrBa (ry = 1,2, ---, Qn—1), since in a minus period 
Brirti = 2Brir—Briri, for r= an—1, (4’) gives 


” B Ta, (0r+a, + an-—1)+ (Bria, — (a,— 1) Br+a,) 
(4”) b= 





Gra, (0r-+4, + adn—1)+ (@r+a,_, — (a, —1) r+4,) 





Hence fria, = Bn, ria, + dn —1 = o, and, since 2> e@r4a,>1, then 
Orta, —1<1 and ap» is the greatest integer in , = dn+1/n41. Hence 
we have determined the composition of these chains of the third kind; they 
are minus periods of length a;—1, where for a;>1 the a; are the integers 
from o; = aj+1/@;4,. To the fraction o; = (aju*+ A+ y7)/R; of the 
regular chain corresponds the fraction @¢+a, = [@iu*?+Aiu+(yi—(ai— DR) Ri 
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in the third type, differing only in the last element 7;; the numerators 
and denominators of the fractions in the minus period are given by 
Brtr = BrhitrBn, Orr = Gpitra, (r= 1,2,---, a, — 1), Br+a, = Bn, 
@r+q, = @», and it is well known that the inserted fractions form all the 
branch fractions in the theory of continued fractions. Also in this third 
type of chain our formulas (1), (2) and (3) are true, and we have, for 
example, 
(6) y+ Ay By ot + As re = (— 1)" Ry, 

an it ay By (—1)"" R, 
Gib oi a RS (1), dani” “hee a Fw) 
where the upper sign and (—1)" belong to the minus period. Let us take 
0: = 1+ Ieiti, e+: = 2—1/oi+2; hence oj+2 = 2aj;,+ ej, and further 
Gig = 2ajii2—aji, in the next minus period and hence in the minus 
period through 4; >; without exception; but beyond e; = 2—1/ei41, 
Cita. = 14+ 1/oir2 it follows that e@j+. = aj,,— aj, that is, afi) < a}. 
Hence, since in (5) 2>0,>1 and aj-1/e,<1 ie, O< a) f’(u)/R, <2, 
we see that ;/a, approximates w as c/aj*, where c>1/2. This is in 
agreement with the general theory, since for c<1/2 the fraction itself 
should appear in the regular chain. 

Let us now suppose that in », = (a,4*+8,+ 7n)/Rn belonging to 
the regular chain, R, is limited as noo. Then from 





? 





ont Sit > LO), 


ky 


since in this chain @, = a) -+1/0n41, @n41 = An @n+ Gn—1, O< @n_-1/an <1, 
and a, 0, it follows that ,—- 0; hence a, = O(a,) and a,—;/a,—>0. 
It was shown above that Cr+a, = [an .* + Bre + ¥n— Ra (Qn— 1))/R, == Gr. 
Hence, since @,—d, = 1/@,;1; 0, we have e,—>1; and further from the 
formation of the chain @,-2 = 2—@-2 = 2—I1/@aA, a= 1+e@4 
= 1+1/o,; that is, e-1>1, or-1 > 2, 0-2 > 1/2, ev-2 > 3/2. We have 
also proved that 


; / U U 
hy—3 ahy—2 ay 


Cr—2 -— ne nf E_. I (, a RP S'(e) 


/ 
hy—1 





with a) _3/a,~. = (@n—1 + (dn—3) en)/(@n—-1 + (dn— 2)an) = 1— O(1/an)> 1, 
Similarly, @—2/a)1 = 1— O(1/a,) > 1. Hence 


, , ’ ud 
SPP oe SEP rn Bare, mise, 


and (@y-. w®+ Baw t+y—1)/R-a = o-+—>2 implies yp-41/Ry-41 
> 2—2ay1 w*/Ry_1 since By /ay—1 > w, and (2 w*+By—2 w+ 7r-2)/BRy—2 
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= g-2 > 1/2 so that y/_2/ Ry. > 1/2 —2a}_. u*/Ry-2. Combining these 
results we get 














3¥y—-1— 2 Ae @y—1 ss ae 9 wr . oe ae 
Bo 6 2, (37+ 43) > 6 —2 = 4, 

3yy~2 — 2 Ae ay» me ay—2 re ee eo 
Ro 5) 2s (3 + As) 1= 9? 


and R,-2/Ri1.—>2. Further, as in (3) we have 
Wya(xr) = Ry-1 se— (877-41 —2A2 ay—1)0*-+- (377-2 —2Az 2) x—Ry-2 = 


and, since e@,-1 = 1+1/e,, also —y,1(1) = R, = R,. From the above 
evaluations it follows that 


~~ P-(-  -)--« 


a 2 Ry 

whence R,—-o, since Ry1~>, and the theorem is proved for the 
assumption all R, limited. Moreover, for #,— oo with R,— © the preceding 
is true since a,— © remains valid and hence also @,-1/a,—0. Hence again 
Ry-1/Rn-> 1/4, and from «1 f’(w)/Ry4+—71 therefore also a1 f’(«)/Rn 
—> (@n—1+(an—1) @n) J’ (4)/Rn>1/4 in contradiction to anf’ (u)/Rra>o. 

We have then finally to consider the possibility , —> o% but +1 limited. 
We find as before ey = 1+1/on,+4:1 $0, further, since a, >, 


























os 1 SS 
ra al = — = += =f"); 
v—1 Oy 
/ 
ys PEP Bes 1 ie 1 oH Gy—2 4, 
Ov—2 mie >@v-2—1 = 1 Bae ~~ x eg = oe R— F (#). 
1+ — 


Hence 





























, 9 / , 
Oy—1 EEE a @arita, Bo ~~ i--ta—~ ge 2u?, 
BYp-1—2AsO-1 _, 5.4 3,9 SF (B+ A,)-8-+8,—20, = B+, 

Ry-1 Rp 
and 
2 = 1 PR gee ety—2 w+ By—o w+ Yr—2 Yr—2 ee ay_9 2 
i Ov—1 G Ry-2 : Ry-2 a Ry-2 w 
3y7—2 —2 Ao a2 - ay—2 2 Cg 
Ri. 3 a a (3m + As) >3 C1 2¢e, 
. “= 


fee = 1+4¢. 
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Hence 


iy ie Ss. ee 
>| ae es (3 2e) 4 2 4c, 


Rn 

Ry-1 

and we are led to the same contradiction as before. Hence the important 
theorem: 

In the case of a cubic irrationality the set wy is limited. 

Probably the theorem is true for any algebraic irrationality, similarly 
proved. Its consequences are obviously of considerable importance. It 
gives us a simple criterion to decide whether any expression in the form 
of a regular chain can appertain to an algebraic number or must give 
a transcendental number, for example e since, as known, 


Cad ee id 3 
3 tye +o ta T° 


Further, from the fact that », is limited, and the general identity 


fh. oe 


we infer that the inequality 
| Bn OE 


ee tee 
&n ait* 





for c an arbitrary constant and «>0, can have only a finite number of 
solutions, i.e., the best approximation of « with any integers (6,, a) is of 
order O(1/a%). This indeed is proved above for cubic irrationalities. And 
we observe incidentally that the curve x!** (y—rz) = 0, » as above, 
having the y-axis and the line y—pax =O as asymptotes, is for « — 0 
a hyperbola. In this case the area between the branch of the hyperbola 
and the asymptote y—#x = 0 becomes infinite as logx with x while in 
every case « >0 for increasing x the area converges to 0 as 2~*. In the 
first case there can exist, as is well known, an infinite number of “lattice 
points” in this area, while in the second case we have just shown that 
the number is finite. 

Having found that the , in (1) are limited we have also shown the 
existence of an upper finite limit zy, giving an/R,»<1/zx, Rya>anyx for n 
and hence an upper limit for solutions of y*+ A, yz*+ 4,2° = +R, 
since for each a; such that xa; > R we have, for n>i, Ra>yon>yai>R. 


As a less precise limit we might, for example, use «}”, since w, + —"— 
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ze J’ (w), and we have just shown that a,/R, is limited. For, after a 


sufficiently great index n> WN affording a good approximation to the preceding 
relation we shall have f” (w) an/Rn< ax”, that i is, Ry > an’ f’ (u) and, since 
we must always reach an « for which a? f’(u)>R, we get Ra>R in 
all following fractions, so that after this no further solutions appear in 
the chain. A sharper limit, however, can certainly be obtained in other 
ways. For example, when y,<0 for all n>WN, it is 


Rn Gn-1 = — Asa cin + Bn t+ on| yn! 













Wein 
1> st > (u As) en ; Rn > Gn (u* — Ag), 











and from 












ton + EE gt + Eo Pp) 





we find the inequality expressed in terms of p, 


tn< 3 ES 0)<F= oat — kW). 

















It is easy to draw the curves Rn y = Wn (x) for n> since we have 


ee 









On +g Se— 







— == Qn—-1 
@Qn 7 On ee: Dap ius Rrigwares 














an 

an ‘ Qn—-1 

ZX > — ——_ 
infl. 3R,7 (w) a, , 








en—-1 


2 tn 
Zmin et (u) — 


y 
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Let us now consider the formation of a chain with complex coefficients 
and assume »—yp-+iv a complex root of the equation f,» (x) = 0 of 
degree m. Determining the integers a and b from |u—ao|<4, |y—by| <3 
we form @ = a)+7bo, getting jo—e|<pi++ = > and hence 


from © = @+1/e, the inequality |#,|>W2. Forming in a similar way 


(8) we = e+ —— («= 1,2,---) 
t+1 

we obtain 

(8’) om Bn On + Bn—1 


On On + Ons 





; Bn @n—1 — Bani &n = (— ly. 


Let us suppose that |4,| and |«,| in (8’) are limited. Then, since the new 
relations (1), (2) and (3) remain true in this case, also if » is a higher 
irrationality than the third, we should find | R,| and |y,! likewise limited. 
Hence the chain should be periodic and » quadratic in K(i). We must 
therefore have either |a,|—0 or |8,|~, or both. Assuming |a,|—> 
and |f,| limited we get as before 


(<1 
a5, (9 + =) 


n 





(8”) 


Since |a,|— 0, there must exist a sequence , in nm such that without 
exception |a@p»,|>|e@n,—1|; hence from |»,|->W2, | a»—1/¢n,|<1 we infer 
@n, + &n,—1/@n, +> 0 and consequently, with |4,! limited, »~>0. From this 
contradiction we conclude |@,|—> 0, |8,|->0oo and 


ie oe te 


a ; —(0: 
om Gn, (@n, + On,—1/ Cn,) 


’ 





but, since in general Sy, @n,—-1 — Bn,—1 @n, = (—1)", we have for all n 


a ie. 
an 


Bn ¥ 
| 


@-— 
ayn 


; * | 
a) | 


the order of infinity of the approximation. 
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Example. x6 +2x2+5=0, w~0,7+71.75. 


1 
w* + (1+ 27) #2 +(—1-+ 42) 
4—2i 





» = 1+2i+ 





w*-+-(1-+27)@+(—1+4i) _ | 1 
4—2i = 241+ (oy) w@80 48) (197) 
2+71 
(—2+-2) w?—3 (1+7) o—(1+22) er 1 
2+77 6 @?+(4+-117) o+(3+152) ° 
20+ 112 




















The next coefficient will be determined to within 27; we compute 


—[B(L +o —2-30 +4 (—2+7?+5(—2+ 7% = 2+, 
(44 111)*+2(4+ 112) 6?+5.6* = —20—11i, 


as in the case of real quantities. Further we have 


1 1 1| 5(5—2) 





: | | 3 = : 
1486+ 955 t+ gay t pay = goes = 00 +1-8008. 


Comparing with the regular formation from »~1.3 and 2°+2z2—5=0 
we have 
1 
w+ p+3 
2 
w+p+3 1 
2 = 9 T@37a53 li 
1 
Su?+4u+11 _ 21+ 1 
1 a 64y* + 85u + 228 
275 





+ 

















where 1+73! + ar = <> 1.3281, and from the preceding chain we 
take 20.664 = 1.328. 


MauM6, SwEDEN, 
November, 1925. 





NOTE ON THE EXTENSIONS OF GROUPS 
TO OBTAIN n-TH ROOTS. 


By M. H. Ineranam. 


1. Among the most important results in algebra during the last century 
was its development starting from a postulational point of view. The 
“field’’ became the basic notion, and much that was true for the rational, 
real, and complex number systems was found to be true for the general field. 

In particular, Steinitz* proved that for every field F' there exists another 
field F” which contains a subfield simply isomorphic with F and such that 
every polynomial in F” is reducible into linear factors. Moreover, Steinitz 
showed that there was a minimal such extension in the sense that there 
existed an F, effective as F’ and such that every field F, which was 
effective as F’ contained a subset simply isomorphic with F,. It should 
be noted that in the proof of the above, Steinitz uses the Zermelo Principle 
and assumes that every field can be well ordered (wohlgeordnet). 

The group stands as one of the generalizations of a field. In the field 
there are two processes of composition, addition (+) and muliplication (-), 
and in a definition of a polynomia! both of these processes enter in. In 
the case of the general group we have but one process of composition 
which we shall call multiplication. Questions as to roots of algebraic 
equations are therefore limited to equations of the type 


a= gy. 
It is the purpose of this paper to prove: 

For every group G, there exists a group K containing a subgroup K’ 
simply isomorphic with G, and such that for every integer m and element 
k, of K there exists an element k, of K such that (k.)" = hk. 

It is, of course, not true that in general the number of elements effective 
as k, is equal to m. It is not true that there exists a minimal group 
effective as G,. Whether under certain restrictions as to the type of 
extension, especially as to the commutativity of multiplication between newly 
introduced roots of elements which are themselves commutative, such 
a minimal group could be found, I do not know. It seems probable, 
however that the proof of such a theorem, if it exists, would depend on 





* Journ. fiir Math., 1910, vol. 187, p. 167 ff. 
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the use of the Zermelo principle. In the proof of the general theorem 
stated above no use of this principle is made. It is true, however, that 
whenever Gp is commutative, K may also be chosen commutative and if, 
besides, G can be well ordered a minimal such XK exists. 

I should remark that this paper was suggested by certain postulates 
for an arithmetic and geometric mean in a paper when presented to the 
Mathematics Club of the University of Wisconsin by Professor Huntington 
of Harvard. The postulates which were of the form of four functional 
equations would apply to any group and the question was brought up as 
to the type of groups in which solutions of these functional equations exist, 
and the type of group in which such a solution is unique. In answering 
this question it becomes clear that certain theorems hold in all groups for 
which every element has an n-th root; and these postulates become 
categorical for groups for which every element has a unique m-th root. 
This paper was presented by Professor Huntington to the American 
Mathematical Society at Kansas City, December 29, 1925, under the title 
“Sets of Independent Postulates for Four Types of Means.” 

2. THEOREM 1*. For every group Go there exists a group G; containing 
a subgroup G simply isomorphic with Gy and such that for every integer 
n and element gi: of Gi there exists an element giz of Gi such that 
(12)” ae gir 

It should be noted that this is a weaker theorem than the one quoted in 
the introduction, which appears as Theorem 2 since in Theorem 2 9g; is 
not restricted to be in G4. 

In the proof that follows we construct elements that correspond to 
products of rational powers of the elements of G) and give the rule of 
multiplication of such elements. An infinitude of different elements may 
correspond to an element g of G, or to a rational power of go, just as 
it is possible to factor a real number in an infinite number of ways. We 
classify these representative elements into mutually exclusive classes in 
such a way that elements which would be equivalent by the ordinary rules 
of exponents belong to the same class. It is found that this correspondence 
of elements is maintained under multiplication, and we may readily build 
these classes of corresponding elements into a group effective as G,. 

Proof: Consider J = [zero and the set of all natural integers]. Consider 
H the set of all functions h on J to GJ with the following restrictions 
applying to every A of H. 





*In proofs of the theorems certain almost standard logical notations for equivalence, 
implication, inclusion, etc., are used; for fuller explanation see E. H. Moore’s Introduction 
to a form of general analysis, Yale University Press, 1910, p. 150, or the writer’s paper 
A general theory of linear sets, Trans. Am. Math. Soc., vol. 27, 2, p. 163 ff. 


























EXTENSIONS OF GROUPS. 






1. For every n, 
a) h(3n) belongs to Go, 
b) h(8n+1) belongs to J, 
c) h(8n+2) belongs to J and + 0. 
2. Ann se: 
A) n > m .). a) h(3n) = wu where u is the unit of Gy, 
b) h(8n+1) = 1 = A(3Bn+4+2), 
B) mp is the least n for which A holds. 

That is H is the totality of sequences whose first and every subsequent 
third term belongs to G) and the others to the set of natural integers 
and such that beyond a certain term there is a wu, 1, 1 repetend, where 
w is the unit of Gp. 

If for such a function A we consider for all n< mm 








h(3n) = gon, h(8n+1) = pa, h(8n+2) = @, 










we may think of / as corresponding to the product 





0n,—1 


L] Gon) 


We define multiplication between elements of H as follows: 


Pn 
In 


hy hg = hs 2=: n<3mp, .). hg(n) = y(n): n > Bmp, .). hg (nm) = he(n—3m,). 















It is readily seen that this process of multiplication is associative and 
closed and moreover, there exists a unit, namely, the unique element hy 
for which m,, = 0. However multiplication is not commutative and the 
inverse does not exist. 

We now proceed to divide H into a set*G, of classes and define 
a multiplication process between these classes in such a way that there 
is a subset of these classes simply isomorphic with G) and such that G, 
forms a group effective as G, of our theorem. 

Consider the following correspondence between elements of H. We say 
that A, corresponds to hz, (ii~he) if any of the following conditions hold. 







L. hy = hs. 
2. Am.e. (Index Law) 
a) n<3m.). A, (n) = h(n), 
b) Ay (3m) = hy(3m) = h,(3m-+3), 
h, (3m + 1) = hy(3m+1) + h,(3m-+ 4), 
hy (3m + 2) = hg(3m+ 2) = hg(3m+5), 





c) n> 3m+3.).A,(n) = hy(n+3), 
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3. Wk, m.s. 












a) n< 3m.). h,(n) = h,(n), 

b) hy (3m) = hg(3m), 
h, (3m + 1) = kh, (8m-+1), 
hy (3m + 2) = kh,(3m +2), 

c) n> 3m+3.). iy (n) = he(n). 

This corresponds to alt = at in ordinary algebra. 
4. Wm:e: 

a) n<3m.). h(n) = h,(n), 

b) Jy (3m) = (hy (m))°"", 
h, (3m +1) = 1, 
hy (3m + 2) = hy(3m-+ 2), 





c) n> 3m+3.).hy(n) = he(n). 






m 1 
This corresponds to (a)? = (a™)¢ in ordinary algebra. 














5. Um:e: 
a) n<.3m.). y(n) = h(n), 
b) hy (3m) = hy (3m) hy (3m - 3), 
h, (3m +1) = hy(3m+1) = Ay (3Bm+4) = 1, 
h, (3m + 2) = hy(3m+2) = he(8m+5) = 1, 






c) n> 8m4+3.).Ay(n) = ha(n+3). 







This corresponds to (a,) (a2) == (a as) in ordinary algebra. 
6. hy~whe.). he~hy. 
7. Iywhs. hg~he:): hywhs. 
Concerning this correspondence we note the following two facts: 
1. hy~hy 
Mh, = Mn, = 1h (1) = Ay (2) = he (1) = hg (2) = 1.). yO) = Ag (0). 




















This corresponds to the invariance of the sum of exponents in represent- 
ations of a as a product of powers of a. 


2. hy~he.hg~hy .). (yy hg) ~ (ire Tg). 

This is readily seen from the fact that any two corresponding h’s are 
connected by a finite set A,---h» such that hye~Anis or heii~hy under 
one of the rules 1, 2, 3, 4, 5. 
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Consider G = [g] the totality of sets of corresponding h’s. Let gy = {h,} 
be all members of H which correspond to fh, etc. We define the product 
of two members {h,} and {hg} of G as the set {h, h,}. We will now prove 
that G is a group effective as G, of our theorem. 

As multiplication between the elements of H is associative and closed it is 
also true of the elements of G. Moreover, if m,, = 0 then hy ho = hoh, =, 
for every h, and {hp} acts as the unit of G. Obviously any element h + h, of H 
is the product of elements /; --- h» such that k < m:): mn, = 1.he(1) S Ax (2). 
For every hi(i<n), consider hj where my; = 2, hi (0) = (0). hi (D) 
= hy(2)—hi(1).. hi(2) = Ai(2).2i(3) = [iO]. hi) = 1 = Hi). 

Hence 


{ha} {hi} = {hi hi} 
and by 2, 3, 5 
= {ho}. 


Hence reciprocals of {h,}--- {hp} exist and therefore the reciprocal of their 
product. Hence reciprocals of all elements of G exist. Moreover, if 
mm, = 1 and h(1) = A(2) = 1, then if A, is such that m,— 1 and 
hy (0) = hy (0), while hy(1) = 1, hg (2) = n then {hg}” = {hz} (and by 2, 3) 
= {h}. Hence if to every go of G» we let correspond the element h of G, 
where m, = 1, h(O) = go, h(1) = h(2) — 1, as Go the totality of these 
corresponding elements and as G, the set G with multiplication defined as 
above we see that Theorem 1 is true. . 

3. THEOREM 2. For every group Gy there exists a group K containing 
a subgroup K’ simply isomorphic with Go and such that for every integer 
n and element k, of K there exists an element kz of K such that (kz:)" = k,. 

Proof: Consider G, as Gp) of Theorem 1. We then arrive at a G, con- 
taining (in the sense of isomorphism G,). Let G, be the G, of Theorem 1 
and we arrive at G, effective as G, of Theorem 1. In this way we arrive 
at a series of groups Go, G,, G,--- etc., each containing in an isomorphic 
sense the preceding group and each such that every element corresponding 
to an element of the preceding group has roots of all orders. Corresponding 
to any element g; of G; there is in each Gy(k > 7) an element gy. If we 
consider the groups preceding G; we will find a first group G.(e < 1) in 
which there is an element g- corresponding to gi. Let {gi} be the class 
of all elements corresponding to gi. Let K = [kK] be the totality of all 
such classes. Define multiplications between two elements of K by the 
following {gi} {gi2} = {ga gi}, for every i. This rule is applicable since 
for any two sets in K there exist elements in every group of the series 
Go, G,, --+ ete. beyond a certain group. 
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Moreover, K forms a group, since multiplication is associative due to 
the associativity in the groups Go, G,, ---, {uw} acts as the unit of K where 
w is the unit of Go, and {g;"} is the reciprocal of {ga}. 

It is also readily seen that roots of all orders exist in K since by the 
formation of the series G, G, --- for any integer n and element ga in G; 
there exists a corresponding element gi+i,; in Gi+1 and an element gj+12 
in Gi+1 such that (gi+12)” = (gi+i,1). Hence {gi+1,2}" = {gi+11} = {gia}. 
Note aiso that the sets in K corresponding to elements of G, form a group 
K’ isomorphic with @. 

Hence our theorem holds. 

In order to see that there is no minimal group effective as K, consider 
G, the multiplication group of the rational number system. If we construct 
K as above; any square root of 2 will be noncommutative with every 
square root of 3. But the real number system, less 0, is effective as K 
and in this multiplication is commutative. 

In case G is commutative we may construct a commutative group 
effective as K of Theorem 2 and commutative group effective as G, of 
Theorem 1, by the same process as above by merely adding to our definition 
of corresponding elements of # the condition 


hy, hs se hy hs iad hs hy, 
with 
h, ~ hs . hs ~ hy 33 hy hs ~hghy. 
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PERIODIC SOLUTIONS 
OF LINEAR DIFFERENTIAL EQUATIONS. 


By Wriiu1amM BenJsamMin Fire. 
If the coefficients in the equation 
(1) poy” + py yf) + li + pn—1 y+ pay ==. § 


have the period 7 and y1, y2, ---, yn form a fundamental system of solutions, 
yi(x-+1) is also a solution. Hence 


ys(xa +l) = anys (x) + a2 y2(x) + --- + ein yn (x) 
(2) y2(x + l) = O21 Y1 (x) + G22 Y2 (x)+ --- + Gan Yn (x) 


Yn(a+ ) = En (x) + fn Y2(x) + veep AnnYn (x). 
If now (1) has a solution of period 7, the fundamental equation of this 
substitution, namely, 
| &j3-—-@ 42 ++ Qn 


G1 G@o9-— DW +++ Aon 


(3) 
Ani &n2 ++ &nn— @ 


has at least one root equal to 1, and conversely. Moreover, the number 
of independent solutions of (1) of period 7 is equal to the number of 
elementary divisors of the left member of (3) tliat contain the factor #—1. 
If a root of (3) is a kth root of unity, there is a solution of (1) of 
period kl. 

Consider now the non-homogeneous equation 


(4) Poy™ + pri y+ --- + pray +omy = S, 
where f also has the period 7. Let » be any solution of (4). Then 
g(x+l) = By: (x) + Beye(x)+ --- + Bn yn (x) + 9 (2). 


If the 4’s are all zero, » is a solution of (4) with the period 7. If they 
are not all zero, consider the general solution of (4) 


C1 Yi + C2Y2+ +++ +onynt¢. 
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In order for this to be of period 7, we must have 


en (e+ D+ +++ teeny et) +o(e+ 
= 4 (a) + --- terme) +(x) 













1) 





(5) 
or, 
1 (G11 ys (@) + ++ + in Yn (@)) + +++ + en (nr ys (x) + +++ + nn Yn (@)) 
+ Biyr (x) + --- + Bn yn (x) + 9 (@) 

= CY (7) + Coys (x) +--+» ten yn (x) + e(z). 

















(a re la oe Go) Co + e¥s os Gat Ga == — ff, 
39, + (@22—1) Co + +--+ + @n2 Cn = —ho 












1a = —An. 


Gin C1 7 Con Co + eee + (@an— 





Since the 4’s are not all zero, there will be a set of c’s, not all zero, 
that satisfy these equations in case the determinant of the coefficients in 
the left members is not zero. That is, if 1 is not a root of (3), then (4) 
has a solution of period /. 

THEOREM I. Jf (1) has no solution of period 1, (4) has one, while if (1) 
has such a solution, (4) may or may not have one.* 
If the left member of (1) is an exact derivative,t we have 










(7) er + re 





ai where @2, 93, --*, Pn are polynomials in po, p,, ---, pn and their derivatives, 
Ad. and therefore have the period 7; and c¢ is an arbitrary constant. From 
“ae Theorem I we know that (7) has a solution of period / either when c = 0 
or when c+0. But every solution of (7) is a solution of (1). Hence, 
in this case, (1) has a solution of period /. 

In order that (4) have a volgen of period 7, under the present circum- 









stances, it is necessary that f tS (x)dx = 0, since when a function of 
period 7 is put for y in the left member of (7), this expression has the 






same value for x and for x-+/. Conversely, if - ae JI (x) dx = 0, (4) has, 
in general, a solution of period 7. This may be seen as follows: 













*See Theorem IL. 
+The necessary and sufficient condition for this is p> —p{*- + --- +(—1)"p, =0. 


If this condition is satisfied (—1)""' p,_ , = —p*—") + pe) — ... + (— i ("p, dx+ec. 
Hence p, must change sign, since otherwise p, , would not be periodic. 
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For any solution g of (4) which is not of period / we have 


ms t 
(8) Po GP» + Hs oP + +++ + Ene sae ae S(a)dx = 0. 


Now (5) and the »—1 equations resulting from it by »—1 successive 
differentiations give 


es [ys (x)— ys. (@ + D] + ce [ye (x) —ye(@ +O] +--+ + enlyn(z)—yn(w +] 

= g(x+)—y (x) 

1 [yi (2) —yi(a+D]4+ e[ys(e)—ys(a@t+D]4+---+alyn@w—yr(et+ DJ 

(9) = 9 (x#t+)—¢'(z) 


Cy (ye (x) — "9 (a a )] + Cy 8 (x) — —1) (x > ))] + Leet 
ely? @—y2 @+D) = 9 @+)—9"@). 
If we multiply these equations through by gn, @n—-1, ---, 2, and po 
respectively and add, the sum of the resulting left members will be zero 
by virtue of (7) and the fact that these multipliers have the period /, 
while the sum of the right members will be zero by virtue of (8) and the 
same periodicity. For a given value of xz, say « = 2x,, we have therefore 
in (9) a set of not more than m—1 independent linear equations in  un- 
knowns, ¢1, ¢2,---, Cx; and the equations are satisfied by a set of c’s not 
all zero, except possibly when all the coefficients in the left members of 
(9) are zero. For these values of the c’s 


= Ay +eyet --- +enyn tye 


is a solution of (4).such that z(2,) = ¢(a,+09 and 2(a,) = 2 (a,+- J for 
all positive integral values of 7. Hence z(x) = z(a2-+-J) for all values of x 
within a sufficiently small interval around x,, and hence for all values of x; 
that is, z has the period7. In the exceptional case every solution of (1) 
has the period 7. 

If the left member of (1) is not an exact derivative, it can be made so 
by multiplying through by a solution z of the adjoint equation. If z has 
the period 7 the preceding discussion applies to the resulting equation. 
We have therefore the following 

THEOREM II. J/ a linear homogeneous differential equation whose coef- 
Jicients have the veriod | has a solution with the period 1, the adjoint equation 
has a solution with the same period. In this case if the corresponding non 
homogeneous equation has a right member f(x) of period l, the necessary 
and sufficient condition that there be a solution of period 1 is that 
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xe 1 : 
A zfdx =U, where z is a solution of the adjoint equation of period |, 
except that when every solution of the homogeneous equation is of period | 


the F saceanaice actaias equation may not have a periodic solution even if 
zfdx = 0.* 


_ The exception is one of fact, as may be seen from the equation 











y'+y = 2cosz. 





Every solution of the corresponding self-adjoint homogeneous equation has 

the period 27. But the non-periodic function y = xsinz is a solution of 

the given equation, and hence the latter has no periodic solution, although 
270 








the condition f 2sinzx-cosxdx =—.0 is satisfied and cos x has the 
period 27, sinz being a solution of the homogeneous equation. On the 
other hand, all the conditions described are satisfied in the case of the 
equation 











y'+y = 3cos2z, 










and yet this equation has a solution of period 7, namely y = —cos 22. 
As a matter of fact, if y is a solution of (1) with the period J, y+1 is 
a solution of the non-homogeneous equation 








poy tpy P+ ar + priy' + pry = Pa 





and has the same period. Hence corresponding to every equation of the 
form (1) with a solution of period 7 there are non-homogeneous equations 
: with solutions of the same period. 

t i If we integrate the left member of (1) by parts between the limits x 
ae and x+J, we get 
at Po? + (Py POY"? FE Py Phat = HD pe] 
(10) ot 
+ x YLP,»— Pas sean —_ 1)" pp” dx = 0. 












If now y has the period /, the part of the left member of (10) that is free 
from the integral sign vauishes, and hence the integral vanishes. 
Suppose now conversely that ¥ is a solution of (1) such that 






atl 
(11) f ylp,—p,_,t-+s F(—1" pt] dx = 0. 


xz 








* Of. Mason, Trans. Amer. Math. Soc., vol. 6 (1905), p. 164. 
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If y is not of period J, that is, if y(c+1)— y(x) = 0, put ya@t+D—y(x) =z. 
Obviously z is a non-identically vanishing solution of (1). That is, 

(12) poe +p, 2%-9+ --- + paz = 0. 

But we have from (10) 


(13) poe”? + (p,— pp)" + --» + Lp,_,— Pp, at +(— 1 tp] 2 = 0. 


If we differentiate the left member of (13) and compare the result with 
(12), we see that 


(14) (y.—p,., +..-+(— 1)" py) z == (), 


But this is impossible unless the coefficient of z in (14) vanishes identically. 
This completes the proof of 

THEoREM II]. If p,—p)_,+---+(—1)"p™ + 0, the necessary and 
sufficient condition that a solution y of (1) be of period 1 is that 


l » 
[vip — vist ++ +(— 1 pe da = 0. 


Now p,—p, ,+-:-+(—1)"p™ is the coefficient of the dependent 
variable in the equation adjoint to (1), and therefore, if it vanishes 
identically, any constant is a solution of the adjoint equation. This means 
that the left member of (1) is an exact: derivative, and therefore that (1) 
has at least one solution of period 7. 

We proceed to apply the foregoing considerations to equations of the 
second order. Consider the equation 


(15) poy’ +pry' +psy = 0. 


If y is a solution of (15) of period 7, multiply the left member of this 
equation by y and integrate between the limits x and x+/. We get, in 
view of the assumed periodicity of jo, pi, pe, and y, 


(16) Cle. —ee B + Be v—my"| dz = 0. 


But this is impossible in case po and 2p2—pi+ po have opposite signs 
for all values of z Hence under these circumstances equation (15) has 
no solution of period 7. The same conclusion holds in case po and p, have 
opposite signs for all values of x, since then no solution could have a 
positive maximum or a negative minimum. 
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If the equation 
(17) poy’ +ny try = S, 


where pp is everywhere positive and f everywhere negative, has a solution ¢ 
that is of period 7 and everywhere positive, then (15) has no solution of 
period 7, For if in (15) we make the transformation y = gz, we get 


(18) po pe!’ + (2p99' +719) 2’ + (poe +r 9’ + pry)e = 0, 


where the coefficient of 2’ is everywhere positive and the coefficient of z 
everywhere negative. It follows from what has just been said that z 
cannot be of period 1. Hence y cannot have this period. 

Moreover (15) cannot have a solution of period / in case pp and po —pitpe 
are everywhere of opposite signs, since the adjoint equation has no solution 
of this period. 





ON THE INVERSION OF THE ORDER OF INTEGRATION 
OF A TWO FOLD ITERATED INTEGRAL. 


By H. J. Err.iincer. 


W. H. Young* has proved that if f(a, y) is bounded and integrable in 
each variable for all values of the other, then both of the iterated integrals 
exist. Lichtensteint has shown that under the same conditions these integrals 
are equal. Gillespiet has recently shown that whenever the two integrals 
exist, they are equal. 

It is the object of this note to establish necessary and sufficient conditions 
for the inversion of the order of integration of a two fold iterated integral. 

The following establishes sufficient conditions. 

HYPOTHESIS: 

. S(x,y) is a real bounded function of (x,y) on the square axx<b, 
axySb, i.e. there exists a constant K independent of x and y, such 
that | f(a, y)|<K for all points (x, y) of the square. 

. For each x on (a, b), save a discrete§ set, CS”, f(x, y) is integrable 
in y on (a, d). 

. For each y on (a,b), save a discrete set, Co”, f(x,y) is integrable 
in x on (a, b). 


CONCLUSION: f ayf- SI (x, y) dx exists. 


n 
Proof. Let gn (x) = (b—a)/n Po I (x, yin), x mot in Ch”, such that 
*=1 


lim gn (x) = f I(x, y) dy. 


It follows from hypothesis 1. that | gn (x)| < K(b—a). 

We shall now apply the following generalization of a theorem due to 
Lebesgue. Let gn (x) be an infinite sequence of summable functions on (a, b), 
which converges for each value of x in (a, b) save for a null set to a limit 





* On parametric integration, Monat. fir Math. u. Physik, vol. 2 (1910), p. 127. 
t Uber die Integration eines bestimmten Integrals in bezug auf einen Parameter, Gott. 
Nach., 1910, pp. 468-470. 
} Repeated integrals, Annals of Math., (2), vol. 20 (1919), pp. 224-225. 
§ A discrete set is a set of content zero, i.e., a set which can be enclosed in a finite 
set of intervals, the sum of whose lengths is as small as you please. 
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Function g(x). Let gn (x) be bounded for all values of n and for all values 
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of x on (a, b). Then 

lim Lm (x)dx = Lf 9@) dz. 

n—> a @ 
Lebesgue has also shown that any function which is R-integrable on (a, b) 
is summable on (a, b) and the two integrals have the same value. 


Now f(z, yin) is R-integrable in x and hence is summable. Hence g(x) 
is summable by Lebesgue’s theorem, 


3 ig dxf fle, y) dy = lim (b—a)/n = L Mac Yin) dx 


= [lay f’ sey a, 


since the limit on the left exists as n>, the limit of the right must 
also exist as n>. This establishes the above conclusion. By inter- 
changing « and yin the proof we obtain the existence of the integral 


[rae ['fee, y)dy. 


By Gillespie’s theorem, the two integrals must have the same value and 
hence we have established sufficient conditions for the inversion of the 
order of integration of the two fold iterated integrals. 
The following establishes necessary conditions. 
HYPOTHESIS: 
1. f(x, y) is a real bounded function of (x, y) on the square aSu<b, 
asysb. 3 


b b 
A [ac [ re, y)dy exists. 
a a 
CONCLUSION: 


; [raz re, y)dy exists. 


‘ [re y)dy —[ re, y) dy is an integrable null function of x on (a, b). 


Proof. Hypothesis 2. carries with it the existence of the integral of 
conclusion 1. It also follows from this same hypothesis that 


[rac [re way 


bo 


a 


bo 
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exists and is equal to the former integral.* A necessary condition that 
this be true is conclusion 2. 
By interchanging z and y, we obtain other necessary conditions sym- 
metric to those given above. We shall now prove these conditions sufficient. 
HYPOTHESIS: 
1. f(x, y) is a real bounded function of (x, y) on the square a<x<b, 
asySb. 


2. fre, y)dy is integrable on (a, b). 
3. fre, y)dzx is integrable on (a, b). 
4, [re yay—f re, y)dy is an integrable null function on (a, b). 


5. fre, ydz—f fe, y)dx is an integrable null function on (a, b). 
CONCLUSION: 


1. [laze fre, y)dy exists. 


2. fray [re y)dx exists. 


3. frac fre, y) dy = [vay ['re, y)dz. 


Proof. From hypotheses 2. and 4. it follows that [raz (er (x, y) dy 


exists, since if two bounded functions differ by an integrable null function 
and one of them is integrable, the other is also and the two integrals 
are equal. i 

Similarly conclusion 2. is obtained from hypotheses 3. and 5. Hence 
by Gillespie’s theorem we have conclusion 3. 

Hence we have proved that hypotheses 2., 3., 4., and 5. are necessary 
and sufficient that the bounded function /f(z,y) have its two iterated 
integrals and that these be equal. 

If the sufficient conditions first established are satisfied, it is clearly 
seen that the latter sufficient conditions will also be satisfied, but not 
conversely. The second set of sufficient conditions is therefore weaker 
than the first. 

From the first theorem proved above, we derive the following two 
corollaries. 





* Gillespie, l.c. p. 225. See also E. W. Hobson, The theory of functions of a real 
variable, second edition, Cambridge, 1921, p. 480. 








SARS FISD ek TR a 


at 


Ba ES 


Fae ee Sane eae 





eG ag a Sere te 


68 H. J. ETTLINGER. 


Coroitary 1. g(x) — ra F(x, y) dy is continuous at every point of (a, b) 


save a null set, M.”. 
Corollary 2. If x is not in Cs” and y not in Cy”, 


F(a, y) = [as [reo a0 = [rat f re tds 


has first partial derivatives, F, = f J (x, t)dt, continuous in y for each x 


not in CS”, and Fy = f s f(s, y)ds, continuous in x for each y not in Co”, 
and a second order cross derivative, Fry = Fyx = f(a, y). 

The foregoing theorems and corollaries have been extended to the case 
of functions of m variables.* 

The first theorem also holds if we replace R-integrability in one of the 
variables by summability except for a null set. The final statements will 
be changed from R-integrals with respect to this variable to L-integrals. 





*See my paper On multiple iterated integrals, Amer. Journ. of Math., vol. 48 (1926), 
pp. 215-222. 


THe University oF Texas. 





THE SUMMABILITY 
OF SINGLE AND MULTIPLE FOURIER SERIES. 


By H. W. Bartey. 


Introduction. 


It is the purpose of this paper to prove the summability of Fourier 
series, both single and multiple, by two general definitions of summability 
and to exhibit various definitions of summability which have already been 
applied to Fourier series as equivalent to definitions which are special 
cases of these general definitions. 

The method used is essentially a generalization of the method for con- 
vergence developed by Birkhoff* and applied by him to the so-called 
“Birkhoff series”, the tools being a Green’s function and contour inte- 
gration. Birkhoff’s method has been used by Camp7 to prove the con- 
vergence of multiple Fourier series and of multiple Birkhoff series and by 
Carmant to prove the convergence of both single and multiple Fourier 
series. The generalized method has been used by Hosford§ to prove the 
summability of the Fourier-Bessel and Dini expansions in Bessel’s functions 
and by Conkwright/| to prove the summability of single and multiple Birkhoff 
series. The fundamental ideas on which this extension is based were 
given by Professor R. D. Carmichael in a course of lectures on Linear 
Differential Equations in 1924-25 at the University of Illinois. 

In section I, definitions of summability (@) and summability (¥) for single 
series are given, and the single Fourier series is proved summable by these 
definitions. The main results are contained in Theorems I and II. In 
section II, definitions of summability (®,, ®,,.--, ®,) and summability 
(4,, W,,---, Wy) for p-fold series are given and the p-fold Fourier series 
is proved summable by these methods. The main results are contained 
in Theorems III and IV. In section III, it is shown by means of various 
subsidiary lemmas that the definitions (®) and (¥) for single series include 
as special cases definitions which are equivalent to summability (C1), (Cr) 
(r an integer greater than unity), two forms equivalent to (Cr), and (VP) 
which is the notation I shall use for the definition of De la Vallée Poussin. 
Limitations of the definitions as here set up for summability (®) and (¥) 





* Birkhoff, Trans. Amer. Math. Soc., 9 (1908), 373-395. 
+ Camp, Trans. Amer. Math. Soc., 25 (1923), 123-134; ibid, 338-342. 
{ Carman, Bull. Amer. Math. Soc., (2), 30 (1923-24), 410-416. 
§ Hosford, Dissertation, Dlinois, 1926. 
- || Conkwright, Dissertation, Dlinois, 1926. 
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are discussed. The main result of section II is to be found in Theorem V. 
In section IV, various definitions of summability of a p-fold Fourier series 
are discussed as special cases of summability (®,, .--, @,) and (4, ---, Wp). 
All of these definitions are either monomorphic or polymorphic types of 
definition. The main result is to be found in Theorem VI. 


I. Single series. 


1. Definition of summability (@). Let @ be a complex variable and 
consider the contour in the g-plane made up of the circle ADG, of radius 
n—+4 about the origin, and the line CF, which is the portion of the line 
R(e) =» cut off by the circle; w is not an integer. Let mu be taken to be 
positive; this can be done without loss of generality and the modifications 
in the argument if « be taken negative are evident. Let m be an integer 
such that m<p<m+1, w—m>C0>0, and m+1—w>C>0. We 
shall consider values of n such that n>m-+1. 














Separate the circle into arcs by the points B, D, E, G, where D, E, 
and G are the reflections of B in the imaginary axis, origin, and real 
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axis respectively. Letting ~ AOB == 6,, we impose the following con- 
ditions: 
(1) 1) 6, —> 0, 2) nOn—> @, as N—> ©. 


Separate the line CF into segments by the points J and K such that 
HJ = HK =A’, We impose the following conditions on 4,: 


(2) 1) An >, 2) n>, as n—> ©. 


Call ACFA the contour 7%, and CEFC the contour [. On the 
circular part of the contour we shall use the substitution @ = (n—})e®, 
and on the line CF the substitution e=—m+is. Now draw the circle 
A'C' D'F'A’ which is of radius n—4+y7, y >0, with center at the origin. 

Let us consider two functions »,(e) and ¢,(e) which shall have the 
following properties: 

1) gn» (e) is analytic on and within the contour bounded by A’C’ F’ 4’; 

1a) 9» (e) is analytic on and within the contour bounded by C’ D’ F’C’; 

2) If k is any positive integer less than , 9n (kK) + 9n(—k) = 2anx 
when k < m, and 9n(k)+ Gn (—k) = 2a when k>m; moreover 
write Gn (0) = ano; 


*\gn(e)| ; fino lente) 
| Pn(e)| f- ‘| Pn(e)| Ps.(@)| 
3 of Tsin 6] dé = o(1), sin 6 d6<M,, . Tsin@| ry d6<M;; 





4) J 15n@—9n @|de = 010), [aml aca, 


(* 19n(e)— yn (@)| 3, -M 
UF |s| 1) 





where M, is a constant. 
a 
The series fe uz, is said to be summable (@) to the sum?7if LZ t, = t, 


n=O 
a3 


where t, = 2m Gnxk ux. This definition is regulart if 


1) ZL au = 0 for every k, 
n= 00 


Oe 
2) >> | @nj— Gnjii1|< N, independent of n. 
j=0 





*v, = 0(1) means that Lt = 0. 
n 
+ Carmichael, Bull. Amer. Math. Soc., (2), 25 (1918-19), 97-131. For the conditions of 
regularity see pp. 107-111. 
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We shall be concerned only with regular definitions of summability. Since 
the anx are defined in terms of ¢,(e) and 9, (@), this condition puts added 
restrictions upon these functions. 

2. Summability (®) of Fourier series. We shall now prove the 
following theorem: 

THEOREM I. Let f(x) be a function of a real variable, defined in the 


interval —a <2 <7, bounded, and such that Ss \f(§)| d& exists. Then the 
Fourier series associated with f(a) is summable(®) to the sum 3 [f(x+-0)+-/(a—0)] 
at all the interior points at which the limits f(a+0) exist. At x= +2, the 
series is summable (®) to the sum $[f(—2+0)+/(a—0)], providing these 
limits exist. If f(x) is continuous in a subinterval defined by the inequalities 
a<x2<f8, then in the interval a+q4<24< B—y, 4 >0, the series is 
uniformly summable (®), 

We shall start with the differential equation and boundary conditions 


6) y’+e%y=—0, ya=—y—r, y(a) =y'(—na), 


where the accents represent derivatives with respect to xz. We shall employ 
the usual Green’s function* 


__ coselea—F+ msgn(§—zx)) 
(6) eG (a, §, 0”) = Sinen 





If k be a positive integer, the — of 9n (oe) eG (a, §, 0") at e=k, 
k>wm, is easily found to be er ~~ cosk(a— —§&); of gn(e) eG (a, §, e*) at 


e@ =k, km, to be in ®) 5 — cosk (a—-&); and of 9n(e) eG(z, §,e”) at 
e = —k, k<n, to be In(-—B) Ge cosk(a—&). Moreover the residue of 


Pn (0) 0 A(z, §, 0”) at eo = 0 is Gp O)>—. Then using the definitions of T, 


and I, = above, we may write 


n—1 
Fai J, OCF, Bede = FZ yn lh cos ke(a—B 


272 
and 


— Fn +52 Z, Fa coske(e—8) 


n—1 


S_ in(—Meosk(e—8) + gS Gn(—Hcosk(e—2). 


+— 2 





* Carman, loc. cit., p. 411. 
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Adding, we have 


n—i 





sil, on (@) + Jn Oh oF (a, & E@)de= 5 


On multiplying both members by /(&) and integrating from — a to 7, we get 


1 ee | : 
m a Wo (@)+ i gn (@)/ f eG (a, §, otha de 
= > Ano * ao+ 2 Ank (ax CoS kar + by sink zx), 


where the ax and ), are the ordinary Fourier constants. Thus the integral 
in the left member of (7) represents what we may call the nth partia 
sum (®) of the Fourier series associated with f(x). Hence if we can provel 
that, for —~<a2<a, the limit as n becomes infinite of the integral in 
the left member of (7) is 4$[/(2+0)+/(a—0)], we shall have proved 
the theorem for interior points, namely, 


b iesitet 3 aacon ook tadlahon = SfAe+0)+ se—0)] 


no 2 


To do this, let us consider the two integrals 


8) sr{Jon+ Jiao} [ 0G, § eDL/® — fle —0)] dé de 
and 


9) st{fion@+t fron O} [eG § MG) —Sfet Old de. 


os 


By breaking the path of integration with respect to @ into pieces as 
indicated in the figure, it is easy to see that (8) may be written in the form 


Poa We So +Se}o+ LJ +f+f]%@ 


+ J, 15» (@) — onl} [ eG, &, LV) — Fe — 0] ak de. 


The path of integration with respect to § may likewise be broken into 
two parts, from —2 to x—0d and from x—d to x. Let r(5 “ 


denote the bea: 
re Oni i e. yn (e)eG (x, §, oe) [/(®) — fe — 0)] dé de!: 
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we shall use a corresponding notation for other like quantities which 
arise from (8). 

Since f(&) is bounded, |/(§) —/(«#— 0)|<M for —~ < § < a; and 
for every positive «, small at will, there exists a d>0O such that 
\f(8) —f(a—0)\<e for 0 < w—&<4, and such that t—d>z, 
For §<z, 
cose (x — § — nz) 

2sine7 





eG(z, g, @*) — 


from (6). Let @ = (n— }4)e; then it is easy to show that 


[costo — §— n) as| 


1 
(n — 4)sin@ 


< 





{sinh {(m — 4) (# — 6)sin 6] + sinh [(n — 4) asin 6]}, 


LE jcosete— s—n)ab| 





s|- er {sinh [(n — }) sin 6] — sinh [(n — }) (w#—4)sin9]}, 


and that 





lsinea| = $ V 2 cosh [2 (n — 4) wsin 6] — 2 cos[2(n — $) cos 6] = 4(n, 8). 


Then, using the well known theorem that the absolute value of an 
integral is not greater than the integral of the absolute value and the 
inequalities above, we have 





(8 x \<# 8 on(e)| sinh [(n—}) sin 6] + sinh [(n—})2sin6] de. 


G—n) = 2a Je sin 6 A(n, 6) 
It will be seen without difficulty that this integral exists and that, if both 
numerator and denominator be divided by exp. [(n—4)2 sin 6], the second 
quotient in the integrand is bounded. Thus we have 


16 . <it [le @ ae = o(1) 


G — @ |sin 6| 
by (3), 3). 
Now 


C a—d\ — M (° \gn(e)| sinh[(n—})(x—8)sin6] + sinh [(n—}) sin 6] 
15 ete B sin @ A (n, 8) =. 
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The second quotient in the integrand is dominated by a constant times 
exp. [—(n—+}4)¢ sin 6], so that 


7 | Pn (@) | 1 
)< a B ae exp. [(n—4) 4 sin 6] se 





Ca—dé 
15 —a 





7 1 | pn (@) | a 
” exp. [(n—4)4 sin 6,] Jz sin @ 40 = of!) 


by (3), 3). By a similar argument 


= ie = (1). 
Next 


C2 1 ign (e)| sinh [(n—4)7 sin 6]—sinh [(n—4)(a7—9)sin 6] 
1, pS oe p sin 0 A(n, 8) sa 





In this integrand the second quotient is bounded, so that 


eh Se | Yn (@) | 7; beac . 
15 a 4)<- uf nol r d6<e-M-M, = «-constant; 


hence the contribution of this integral can be made small at will. Similarly 
we show that 


G = 
ae <a < «-constant. 


By precisely the same type of argument, using (3), 3a), we show that 


) er D «—é Dp 2 
15 Jn) = ot), 16 en) = ot), 15 pg) <#- constant, 


7(* 4 == (1), ip <4 < e- constant. 


es — E 


There remains the evaluation of the integral along the line CF. Let 
@ = p-+is; then again it is easy to show that 


| xc—od 
fo cos e(e—8—m) | < — [sinh s(a—6) + sinh sz], 


Lf, cos e(a—t—n) a8| < —[sinh s2—sinh s(— 8)}, 

















nye th . 
Metin {CASS OSE Ne 








TO ER 
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Then 





ard that 
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singa| == 5 V 2cosh2sa —2cos2ua = 


° ae 
K —a 


)< 


M 


pee $e 


J 
| pn (e) — Pn (Q)| 
K 


sinhsa-+ sinhsx 





3 A(s) 


ds. 









The quotient in the integrand is bounded over the range of integration, 


so that 
: ae 
ee ee 
by (3), 4). 
Now 
C a—d\ _ 
1 fier = On J 


ae fee 
<M I. Pn(e) — gn(e)| ds = o(1) 


M ( |\Gn(@) —gn(e)| sinhs(a—4)+sinhsx 





s 


A (g) 


ds. 


The second quotient in the integrand is dominated by a constant times e~”, 
so that 


15 ie <u {- | Pn (@) 
J 


J = 


in view of (3), 4). 


Again 
I (5 x 


By a similar argument we can show that 


J «—é 


)s. 


the second quotient is bounded, so that 


C 
15 x—o 


Similarly we can show that 


1 


—=gn(e)| 1 





at x—déd 


a 


* | Gn (@) — gn(@)| sinhsa—sinhs(a—0) 
A (s) 


x 


\ 


8 


F 


8? 


= o(1). 


ds << M-M,-¢-* — 





J 


uF x 


F x— 


8 


;) < eé- constant. 


)<e-U-M = «- constant. 


Therefore, on combining the separate quantities, we show that 


(10) 


1 
271 


o(1) 


ds; 


sa O+ fe mn Ol [04@,8.e01/8 — Se —O] ade = oft). 





SUMMABILITY OF FOURIER SERIES. 


Exactly the same type of argument applied to (9) shows that 
1) sol mm @+ J mn} [ eG, 5eLKO —fe+ 0] aéde = ot) 


Let f(§) = 1, ga(e) = gn(e) = 1. The path of integration with respect 
to @ may then be replaced by the circle of radius n—4 with center at 
the origin which we shall denote by I. From the paper by Carman*, 
or by evaluation of the integrals, it follows that 


sar Ind« oG(x,8,e) d&de = ~ 5 to(), 


2Qai 

and that 
a [ [" ce@ se) atde = + +011) 
mmm lUm Se 


Since the definition of summability (®) is regular, it follows that 


(12) ei Lf, onto) + f°, Gn(o)} [e080 a8 ae — 5 + 011), 


(13) 5 ai gn (@) +n In(@} J, e@(,8 §,¢") d&de = > + o(1). 


Combining (10) and (12), we have 


sei Wr. onto) +f, alo}, eG (x, &, ef) dE de = 5 fle— —0)+ 0(1); 


Qni 


combining (11) and (13), we have 
sai pO + Jp oO | eG@ 8 eD/@dE de = fle +0+0(1). 


On adding these two integrals and expressing the result with an explicit 
limit symbol, we have 


we Fee Unmet ano} e G (a, &, @”) f(a ae| 
~s = Lfe@—0) + F@ +0], 


and the theorem is proved for interior points. 





* Carman, loc. cit., p. 413. 
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To prove the theorem for boundary points, let x(x) be a function of 
period 27% identical with f(x) for the range —aw<a<a. By the part 
of the theorem already proved, the Fourier series associated with x(x) is 
summable (®) at every point of the interval 0 < 2 < 2m at which the 
limits x(~+-0) exist, with the possible exception of z = 2. Let g(x)=x(x4+2); 
the Fourier constants for g(x) are identical with those obtained by replacing 
x by x+7 in the Fourier series for x(x). But g(x) satisfies the conditions 
of the theorem for interior points; hence it is summable (@) at x= 0 to 
the snm $[g(+0)-+g(—0)], providing these limits exist. Therefore at 
x == the Fourier series associated with f(x) is summable (®) to the sum 











F [g(-+0)+9(—0)) = + x4 +0)+2 (4-0) = $ Lf(—2 + 0)+-f 00}, 





and to the same sume at x = —v7. 

To prove the statement concerning the uniformity of the summability, 
it should first be noticed that under the hypotheses of the theorem the 
integrals in (10) and (11) approach their limits uniformly; this is easy to 
see on considering the separate quantities used in the evaluation of the 
limit as n becomes infinite of (8) and (9). Then the following theorem, 
the proof of which is given in the paper by Hosford,* is necessary to 
complete the proof: If a series is uniformly convergent in an interval, it 
is uniformly summable to the same sum in that interval by any definition 
of summability by a method of mean values with finite reference which is 
regular. Using these facts, the uniformity of the summability follows 
at once. 

This completes the proof of the theorem. 

3. Definition of summability (4%). Let o be a complex variable, and 
consider the same contour as that associated with Theorem I. Now let 
6, satisfy the following conditions: 






















(14) 1) n6,—->o«, 2) n6,—>0, 3) ne ™»_» 0 for every positive », 
as N—> @, 


Let 4», satisfy the following conditions: 










(15) 1) An—>oo, 2) -a—->0, 3) ne**—>0 for every positive », 
as N—> @. 






As in § 1, we shall let 9 = +s on the straight line CF and let e = (n—4)e® 
_ on the circular part of the contour. 










* Hosford, loc. cit. For the term “method of mean values with finite reference”, see 
Carmichael, loc. cit., p. 101. 
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Now let us consider two functions W%,(g) and W,(g) which shall have 
the following properties : 
1) wWn(@) is analytic on and within the contour bounded by A’C’F’ 4’; 
1a) Wa (g) is analytic on and within the contour bounded by C’D’ F’C’; 
2) Ifk is any positive integer less than n, wn (k)-+ Wa (—k) = 2an 
when k< m, and Wy (k)+ Wa(— hk) = 2an~% when k>m; more- 

over write W, (0) = ano; 


B 
(16) 8) mf lyn (edo = 0(1), frivn(@)ldo< Mi, fo iv (e)|d0< Mi 


EE 5 : ues 
3a) p |r (e)| de = o(1), f. |Wn(e)|\d0< M,, Join @)|40< mM: 
J ais 
4) Jilin (e) — Wn (e)|ds = o(1), ef ln @O—Ur (e)|ds = o(1), 
oe 
caf ln (@) — Yn (@)| de = o(1): 


M, is again a constant, though not the same one as that used in § 2. 
The series > we is said to be summable (¥) to the sum ¢ if Lt, = t, 


n=o 
where ty -% On, Ux. Let the conditions of regularity (4) be imposed 
=0 


upon the a; this, of course, places added conditions on Wp (g) and wn (@) 
since the a,, are expressed in terms of these functions. 

4, Summability (¥) of the Fourier series. We shall now prove 
the following theorem, thus extending the class of functions for which the 
associated Fourier series is summable. In Theorem I the class of functions 
considered was bounded and absolutely integrable; here we remove the 
condition of boundedness. 

THEOREM II. Let f(x) be a function of a real variable, defined in the 


interval — a <2< a, and such that [Tre] a3 exists Then the Fourier 


series associated with f(x) is summable (¥) to the sum 4 [f(x + 0) + f(a— 0)] 
at all interior points at which the limits f(a+0) exist. At x= +7, the 
series is summable (4%) to the sum: 4[f(—2+0)+/(a—0)], providing 
these limits exist. If f(x) is continuous in a subinterval defined by the 
inequalities a < x < 8, then in the intervala+yq <2 < B—y, 4 >0, 
the series is uniformly summable (4). 

Starting again from the differential equation and boundary conditions (5), 
by the procedure in Theorem I we can show that 
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sar ptm O+ from Oh} [eG0, §, MME) a¥ ae 


Qni 


— 5 fo + Gno +S Onze [ax COSkx + bysinks). 


The theorem is proved for interior points if 


a1) LZ [statu @+Javm @ff etl, § eDf@ dF de 
= Ff @+0+F@—0)]. 


Let us consider the two integrals 


Qni aie intr Wn (0) (Tea, 8, e*) L£(§) — f(a — 0)] dF de 
and 


19) sto { fp vo OtSn om O} fr eG, & LO —Fe+ 0) a ae. 


tai 
Since f \S(®| d& exists, the integrals f z if(€) — f(a —0)|d& and 
im \f(§) —f(x+0)| d& also exist; let Z be an upper bound of all three 
integrals. For §<2z, 


eG(x, §, ¢*) — eg): a Sas 


2sinea 





from (6). Letting @ = (n—4)e”, it is easy to show that 


‘cose(a——z)| < cosh rae (a -—&— 7m) sin @ 
e 2 


and that 
singn| = 4(n, 8), 


the latter being the same function as that used in the proof of Theorem I. 
Since the bound on | cos @(z—§ —2)| is independent of the sign of -——zx, 
we shall take c—&—a>0. Now (18), by breaking up the path of 
integration with respect to @ as indicated in the figure, may be written 
in the form 


salt S ott Si] e © 


ee x 
+f fn @—wn Ol} [" eG, § cD LF@—fe—0)] a8 ae. 
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We shall use the same notation for the absolute values of the separate 
pieces as that used in Theorem I. 
Then we wags 


16 _2)< +f \r@-re—0) 


cosh [(m — 3) (2c —§— 2) sin 6] 1 
Jy | cea ( —5)aoas. 





The quotient in the integrand is bounded for all » and @ in the range of 
integration, so that 


(4 *)<itf""@—re—0| 
fo imo) (n=) do as<M-L-o(1) =: 6(i) 


by (16), 3). 
Now 


15 5) S ged. fO—Se—0)| 


_ cosh [(n — 4) (a —F—z) sin 6 1 
fe ivn(e)' A(n, 6) (n —)aoas. 





The quotient in the integrand is dominated by a constant times 
exp. [— (n — 4) (27+&—z)sin 6]. Hence, using (14) and (16), 3) we have 


1(5 ,) <i" —fe—9) 
n—} 
Jp lyn! exp. [(n — 4) (2a + §—z) sin 6] ods 


-VM ———- 
<M-M, FE re —re—o| exp. [(n — }) (2a-+8 —z)sin4,] ag 


-T.i n—t oY 
<f:m exp. [(n— 3) (a@—z)sin6,] o(1), 











since x is an interior point and ~—2—yv>0. 
The same sort of argument shows that 


1 7)=-om, (6%) =m, 1157) = 00, 


ny 


and (5 8 a o(1). 
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Now let @ = »+is, and let us find what comes out of the integration 
along CF. In this case 


|cose(a——-z)| < coshs(a—f—a), ising! = A(s), 


the latter being the same function used in the proof of Theorem i. 
We have 


1, *)stfv@—re—o| 
cosh s(2 — § — 2) ds dk. 


Jr ia — Yn(@| 


The quotient in the integrand is bounded for all s and & in the range of 
integration, and by (16), 4), the remainder of the integrand is 0(1), so that 


1(, _%) = a). 





Again 
(5 _*) <a J,\f@—-se-9) 
cosh s(x — § — 7) 





fF Gn — vs) 16) ds dé. 


The quotient in the integrand is dominated by a constant times 
exp. [—s(2a+ &—z)], so that 


C «Uy (®) —S(@—0)| — 
1(5 oe <M —n exp. [An Qa +8—2)] J \%nl@)—val@)| de ae 


< L- M-exp.[—An(7—2)] [7 |Gale) — Yale) de = oft) 





by reason of the fact that x is an interior point so that a—z = v>0 
and the condition (16), 4). A similar argument shows that 


uF wal == (1). 


By combining the separate pieces, we show that 


20) s+-{f vot. Paot [e608 cL —fle—0] ade = o(t), 


Qi 
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and in like manner we show that 


a1) sl vat J vate! [" eGe, 5,000 —See + O] ds de = 011). 


As in the proof of Theorem I, since the definition of summability (”) 
is regular, we have 


22) st-fJ unt J, PaO} [ eG, se) dede = > + oft), 
1 
: 


28) 5-71 fp va@+ J, Galo} f° eG, 80 a8 de — $+ o(1). 


22 


Combining (20), (21), (22), and (23), we can write the result explicitly as 
a limit in the form 


{J ve + Jp, YO} J" 06 Ce. % DF) a8 ae| 
J [fe +0) +f —0)]; 


ae L ls sar 


this is precisely (17) and the theorem is proved for interior points. 

The proof for the boundary points, x = +a, and for the statement 
regarding the uniformity of the summability is a repetition of the argument 
in Theorem I. This completes the proof of the theorem. 


II. Multiple series. 

5. Definition of summability (@,, ®.,-.-, @,). Consider p in- 
dependent complex variables o;, 7 = 1, 2, ---, p, and associate with each 
a contour like that used in Theorem I, the circles being of radius n;—4 
and the lines having the equations R(@;)) = mj. 6, and 4, of Ae and (2) 
become @,, and 4,, respectively, and the contours become ry) and ry . 
For j fixed, the functions os (e;) and » #y, /(e,) shall satisfy the same conditions 
as those for gn(@) and gn (0) ediediody in (3); the condition 2) becomes 
explicitly 

2) If k; is any positive integer less than nj, 9 9 (ke toe (—k,) = 2a} Me, 
when k, < m, and gf) (k)+99(—k,) = 2a) ¥ when k, > m,; moreover 
J 3 3 
write vi (0) = ao" 

The p-fold series 

(24) 
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is said to be summable (®,, ®,,.--, @,) to the sum 7 if 


L 


1, My, +++, N= OO 


1’ 


To, - 





,—1, +++, a,—1 
6. Summability (0,,..., ®,) of the p-fold Fourier series. We 
shall now prove the following theorem: 
THEOREM III. Let f(a, ---, %p) be a function of p real variables, defined 
in the domain R, —a < 2; < 2, bounded with respect to the several variables 


together, and such that the p-fold integral fois. ~++, &y)| dBi, --+, dEp 
exists. Then the Fourier series associated with f (a1, ---, Zp) is summable 
(,,---, Dy) to the sum (4)?> f(ai tO, ---,%p+0) at every point where 
the limits 
L fm +0,-++, muit0, ato, Fi, ---, &), j =.1, 8, «-+,@, 
c= 


exist. The summation means the sum of the 2” terms obtained by taking 
all possible combinations of the positive and negative signs. For xj= +n, 
instead of x;—0 and 2j;+0 read respectively »—0O and —a+0. If RP’, 
a; < xj < Bj, is any subdomain of R in which f (a1, ---, 2p) is a continuous 
Junction with respect to each variable, then in the domain aj+q <2j< Bj—1, 
4 > 0, the Fourier series associated with f (x1, --+, Xp) is uniformly summable 
(D,, Bere ®,). 

For simplicity we shall give the proof of this theorem for the case 
p = 2; the method is seen to be applicable to the general case. 

We start with the system of differential equations and boundary conditions, 
analogous to (5) 


(25) y; + ey; Sos 0, y; (7) == y;(— m), y; (7) = y;(—7), j sons 1, 2. 
We have a set of Green’s functions 


COS @; [x;—§, + 7 sgn (§,—x;)] 
2 sin @,7 





(26) Q; G(x, 5, @) — 


» g=l,?2 


The residue of os) (e;) o, 4 (@,, 5, @) at oe, =k, when k,>™m, is 


: 1 eae : 
91) (k;) 5— cosk;(a,—§;); of 92) (ee, G(x, §;, o7) at e, =k, when k, < mis 
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99) (ki) 5 Jo eal §,); and of P(e) eG @;,& 9 @) at eo; = —k, whenk, <n, 
is g— k,) den cosk,(x,—§,). Moreover, the residue of g¥ ) (ee,4(a;, 55, @) 


at g, = 0 is Px 0). Then we may write 


1 
Oni ro? Pn (e,) +f PY gi » (@,)} @; G (a,, e3 ¢7) de, 


a,—1 


$n at, + Z. a, cos ky (a, — &), 
1 jf ~ 1g) 7 Gla. &.. 02 
Qni | rio Im > (@,) + . (@,)f Cs F(a, 52, 03) de, 
_ ant, > a2), ~ 08 ha (02 — 53). 


On multiplying these two integrals together, we get 


(sai) {oo (e) + FOPm (e)} 


| Fm Ca) + JrePne ® (@,)f G1 F(a, Fy» Cj) Cp F(a» Fy» 2) de, de, 


f 3 Mm—1 


a®, + 2, aD + cosk, (x, — §,) 
4 








; 
q®) a + 5 0, Fe COS Ke (x2 — F,) 


Fnk, Ue, ey, 4 cos k, (x, — &,) cosk, (a, — §,), 


a hs = 0, ky >O, or ky > 0, hy = 0; 
ak — ks = 0; 
1,k4,>0, k,>0. 





Now if we multiply both members of (27) by f(&, %) and integrate from 
— 7 to m with respect to each variable, we get 











SAE SE 


> a) ere 
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(53) Wun 98.) + frm 92 0} {fo 92 Cs) + frm 72 (ea) 


be | 


(28) LL e:@ Gen Fy Ces Oy Er DAE, &) a, aE, de, de, 
My—1,%—1 


_ £., Evak Wo, 42), [Ake COS Key £1 COS Keg ary + Bryheg COS Ky 2; Si leg vg 


+ Chex, Sim ky X, COS ke Xe +- Dike, Sin ky X, Sin Keg rg}, 


where Ax, Bros Che, and Dz, are the Fourier constants of the double 
series. 

The integral (28) may be evaluated by integrating first with respect 
to §, and g,, and then integrating the result with respect to § and @,; 
the integral (7) is of the form of the separate integrals in this procedure. 
Then if we take the limits of this result as m, and m;, become infinite, 
we get 


FF +0, +0) +f (+0, 2—0)+f(e1—0, +0) +F(e—0, a4—0)], 


and the theorem is proved for interior points. The reader will have no 
difficulty in proving the result stated for boundary points or for the uniform 
convergence. 

7. Summability (%,, 4,-.--, #%,) of the p-fold Fourier series. 
In a manner similar to the procedure in § 6, using § 3, we can set up the 
definition of summability (1, ¥,---, Wp) for a p-fold series and prove 
the following theorem. As there is nothing essentially new in the proof, 
we shall omit it for the sake of brevity. 

THEOREM IV. Let f(a, ---, Zp) be a function of p real variables, defined 
in the domain R, —a < x < a, and such that the p-fold integral 


f, \f(S1, ---, &p)| dE, --- d&_ exists. Then the Fourier series associated with 


SF (a1, «++, Lp) is summable (4, ---, Hp) to the sum (3)? > f(a1 + 0, ---, vp +0) 
at every point where the limits 


L fia+o, Saati. xitO, rs, S41, mings | Ep), J a 1, 2, oF tig Is 
o= 


exist. The summation means the sum of the 2? terms obtained by taking 
all possible combinations of the positive and negative signs. For x= +2, 
instead of xj —0 and x;+0 read respectively 7 —0 and —x+0. If R, 
a; < aj < Bj, is any subdomain of R in which f(a1,---, Zp) is a@ con- 
tinuous function with respect to each variable, then in the domain 
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aj+y Sa = Bj—7, y>0, the Fourier series associated with f(a, ---, Xp) 
is uniformly summable (4,,---, Wp). 


III. Special cases and applications, single series. 


8. Summability (C1). Taking gn(e) = 1—e/(n— 4), gn(e) = 1+e/(n—4), 
and « = 4, it is easy to show that the several conditions of (3) are satisfied, 
so that Theorem I gives the summability of the Fourier series for the factor 
1 —k/(m—4), that is for a definition 


n—1 
t= L > (1 —*,| (ax coska + by sinkax); 
no k=0 n—4 


we shall call this definition (C1). We need the following lemma: 
LemmMA I. A definition of summability 


n—1 k 
‘= — ; 
ait p> (1 n+ = 


where a is not a negative integer, is equivalent* to summability (C1), that is, 


n—1 k 
t= L a (1—=) Uk. 


n=o k=0 


The proof of this lemma by the method used by Plancherelt in estab- 
lishing the equivalence of his definition of summability and summability (VP) 
is not difficult. 

Hence from Theorem I and Lemma I we have proved the summability (C1) 
of every bounded, absolutely integrable function expanded into a Fourier 
series. But it is also true that w,(e)—= 1—e/(n—4), Wale) = 1+¢e/(n—}), 
and « =} satisfy the conditions of Theorem IJ. Using Lemma I, we then 
have a proof of the well known Fejér{ theorem. 

THEOREM V. Let f(x) be a function of a real variable, defined in the 


interval —m <2< 2, and such that f. |f(&)|d& exists. Then the Fourier 


series associated with f(x) is summable (C1) to the sum $[f(a+0)+-/(a—0)] 
at all interior points at which the limits f(a +0) exist. At x= +17, the 


series is summable (C1) to the sum 4[f(—2+ 0)+ f(a —0)], providing these * 


limits exist. If f(x) is continuous in a subinterval defined by the inequalities 
* That is, every series summable by either definition is also summable by the other and 
the sums are the same. See Carmichael, loc. cit., p. 113. 
+ Piancherel, Rendiconti Palermo, 33 (1912), 41-66. See pp. 43-45. 
t Fejér, Math. Ann., 58 (1904), 51-69. 
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a<2<f, then in the interval o+4<2<8—y, 4>0, the Fourier 
series associated with f(x) is uniformly summable (C1). 

9. Summability (Cr), r integral, r>1. By the well known theorem, 
if a series is summable (Cr) it is summable (Cr’), r’ >7, to the same sum, 
since the Fourier series is summable (C1) it is also summable (Cr) where 
r is an integer greater than unity. However we shall arrive at this result 
directly from Theorems I and II and subsidiary lemmas. We shall also get 
two forms equivalent to (C7). 

” emt ea 


Let ga(e) = Yule) = Ul 2), gn(e) = Wr) = 


r 


U (1 + ett), and « = 4. Then the conditions, both of Theorem I 
and of Theorem II, are satisfied and the Fourier series is summable by a 
definition 


r 


n—1 
t= L D> (:—-— 4) (ax cos ka -+ by sinkz); 
no k=0 j=] n—t 


we shall call this summability (Cr). 
Lemma II. A definition of summability 


r 


( k—It+1' 
1— =) wm. 
1 n 


This lemma may be proved like Lemma I. Hence, taking a = —}, 
a special case of summability (@) and summability (¥) is equivalent to 
summability (Cr). 

Lemma III. Summability (Cr) is equivalent to the definition 


where q is an integer not less than unity. 
This lemma was proved by W.H. Young.* This form of definition can 
also be obtained from: our theory by the aid of Lemma IV which can be 





* W. H. Young, Leipziger Berichte, 63 (1911), 369-387. 
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proved like Lemma I. Let on(e) = Wn(e) = [2 _— —*. ; \" » Pnle) = Wale) 





= E + (~£5)'| , and ~ = 4. The conditions of Theorems I and I are 


satisfied and the Fourier series is summable by a definition 





inet > [1—( : )*[ ax cost + be sin ka). 


nn k=0 n—t% 


LemMA IV. Summability by a definition 


n—1 q r 
t= >) [s—(4) Ju 
neo k=0 n 


is equivalent to summability by a definition 


eS Par ae (eas )"T= 


where a is not a negative integer. 

It will be noticed that this definition for g = 1 yields a particular simple 
form of definition of summability (Cr); it can of course be realized from 
our theory. As a matter of fact the author was led to the equivalence 
of this definition (that is with g = i) and (Cr) before he knew of the 
lemma due to Young. It should also be noticed that Lemma III gives 
equivalent forms of definition for (C1) by taking r= 1. These also can 
be realized from our theory with the aid of Lemma III. 

10. Summability (VP). Since the Fourier series is summable (C1) it 
is also known to be summable(VP).* It can be shown that summability (V P) 
is also equivalent to a special case of summability (®) and of summability (¥*). 
The definition of summability (VP) may be thrown into the form 


‘=, [6+ ZU (sea) 


=1j=1 





It we take yale) = Yale) = [1 (1->72-4), Ha = Ha — 


k 
Pees. SORE a Ge ae ; 
it (1+ eae 3) and w = 4, it is not difficult to show that the 


*Proved independently by Gronwall and ©. N. Moore. Gronwall, Comptes Rendus, 
158 (1914), 1664-1665. ©. N. Moore, ibid., 1774-1776. 
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conditions of Theorems i and II are satisfied, so that the Fourier series is 
summable by a definition which we shall call (V P) 


n—1 


k 
=i [4a + +2 I (1— <Tict =) | ca coska + by sinkz). 


The following easily proved lemma then completes the proof of the 
summability (VP) of the Fourier series: 
Lemma V. Summability (VP) is equivalent to a definition 


(= 2b [w+ ST (atta) 


where a is not a negative integer. 

11. Limitations of the method. It will be seen that all the definitions 
of summability considered as special cases of the (®) and (¥) definitions 
of summability are of the type Carmichael* has called “a method of mean 
values with finite reference”. Definitions such as those of Borel and Le Roy, 
which are methods of “mean values with infinite reference’, do not come 
as special cases under the theory developed here, since the contours J» 
and In can enclose only a finite number of integral values of the functions 
yn(e), gn(e), Wn(o) and Wp»(e), in terms of which the summability factors 
are defined. 

The limit is taken with respect to a variable » which moves over a 
discrete set of points, namely the positive integers. The Green’s function 
has poles of the first order at the integers while the gn(@), gn(e), Wn(Q), 
and Wn(e) are analytic in the proper segments of the circle of radius 
n—t-+y, y>0. The limit is taken for a sequence of contours of radius 
n—% as n becomes infinite; if the limit be taken with respect to a continuous 
variable », the method fails. Hence the usual definition of Riesz is not 
included as a special case of the theory developed. 

The restriction is also made in discussing summability (Cr) that 7 is an 
integer. If + be taken to be fractional, the condition of analyticity on 
gn(@) and Wn(e) does not hold. Hence summability (Cr), r fractional, is 
not a special case of the (®) and (4%) summability. 


IV. Special cases, multiple series. 


12. Monomorphic and polymorphic types of summability. The 
summability (¥,,---, #%,) of the p-fold series (24) has been defined impli- 
citly as 

* Carmichael, loc. cit., p. 101, p. 104. 
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My—1, «++, 0, —1 ie 


Gono Dy inky gy *** highs Wh hye 


2, Me, TL id) ki, +++ k= 


where the factor ane, corresponds to the factor a, in the definition of 
summability (¥) of the single series. The summability (@,, ---, ®,) of the 
rien’ series is formally the same as the above with the ad, replaced 
by ay, ky 

Therefore, by Theorems ITI and IV and the special cases of (®) and (#) 
summability discussed in section ITI, we can assert immediately the summa- 
bility of the p-fold Fourier series by a large number of types of definition. 
Thus for a triple Fourier series we have proved the summability (C1, C1, C1), 
(C1, Cr, VP), (C1, Cr, C1), ete. . 

It will be seen at once that all these types of definition may be classed 
under two general headings, namely, those in which the type of the separate 
factors is uniform, and those in which various types of factors are used. 
We shall call definitions of summability of the first type “monomorphic”, 
and those of the second type “polymorphic”. 

Since the summability (C1, C1) of double Fourier series and (C1, C1, C1) 
of triple Fourier series have been considered by C. N. Moore* and Miss 


Eversull respectively, we shall state here the theorem for the p-fold Fourier 
series which our theory yields as a special case of summability (7, .-.. ¥%). 
Explicitly, sammability (C1, C1,---,C1) of the p-fold series (24) is defined by 


n,—1,n,—1,---,2,—1  p 


T= - = bail itied 


Nyy Ngy+ +N bp == 00 Ky, Kg,- ++ Ke, =0 j=1 
Then we have * a 
THEOREM VI. If in Theorem IV (ih -+, Hy) be replaced by (C1, ---, C1), 
the resulting theorem is valid. 
* C. N. Moore, Trans. Amer. Math. Soc., 14 (1918), 73-104; Math. Ann., 74 (1913), 555-572. 


Eversull, Annals of Math., (2), 24 (1922-23), 140-166; Trans. Amer. Math. Soc., 26 (1924), 
313-334. 



















































THE ARITHMETIC OF A GENERAL ALGEBRA.+ 


By Ourve C. Hazuett. 


1. Abstract. This paper concerns itself with a general associative 
algebrat over any algebraic field F and in particular with its arithmetic. 
In many ways it is merely an enlargement and extension of a paper read 
by the writer before the Toronto Congress.§ It uses the definition of an 
arithmetic of such an algebra which was given by the writer in the paper 
just mentioned and which replaces the property R of Dickson’s definition|| 
by R*. Now, if A is en algebra over an algebraic field F, it can be re- 
garded as an algebra A* over the field R of rational numbers. In fact, 
a set of numbers of A over F' which has properties R*, C, U, M coincides 
with a set of numbers of A* over #, which has properties R, C, U, M. 

It is well-known] that an algebra A over F is expressible as the sum 
of two algebras, S and N, where S is a semi-simple subalgebra and N is 
the maximal invariant nilpotent subalgebra of A, and it is here proved 
that the arithmetic of A is associated with the arithmetic of 8. This 
theorem was first proved by Dickson** in his beautiful book on Algebras 
and their arithmetics, but it was proved only for algebras over the field R 
of rational numbers and, moreover, used the normalized units of Cartan 
and the notion of character, whereas the present proof does not use these 
units or the notion of character and applies to an algebra over any non- 
modular field. 


2. Summary of the literature. For the sake of clearness, we shall 








+ Presented to the American Mathematical Society (Kansas City), December 29, 1925. 
{One of the most fundamental and beautiful memoirs on the subject is: J. H. M. 
Wedderburn, On hypercomplex numbers, Proc. Lond. Math. Soc., ser. 2, vol. 6 (1907), 
pp. 77-118. 

For general treatises on this fascinating subject, see: L. E. Dickson, Linear algebras, 
Cambridge Tract No. 16 (1914), Algebras and their arithmetics, University of Chicago 
Press (1923), (Referred to, in this paper, as A and A); Gaetano Scorza, Corpi numerici 
e algebre, Messina (1921). 

Important names associated with this line of work are Hamilton, Cayley, Frobenius, 
B. Peirce, Study, Molien, Scheffers, Wedderburn, Dickson, and many others. 

§ Proceedings of the International Mathematical Congress at Toronto (1924). 

|| 4 and A, p. 141; ibid., A new simple theory of hypercomplex integers, Journ. de Math., 
ser. 9, vol. 2 (1923), pp. 281-326 (Referred to as .J). 

{| Wedderburn, loc. cit., p. 109; A and A, p. 125. 

** 4 and A, pp. 176-187. 
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remind the reader of the central definitions and theorems of the theory 
of algebraic numberst that he may the more readily compare them with 
the corresponding definitions and theorems of the arithmetic of an algebra 
derived in this paper. 

If i is a root of an algebraic equation of degree n with rationai coef- 
ficients which is irreducible in the field R, then the totality F of numbers 
of the form ao-+ a1i-+ aet?+ --- + a,-17"-"' where the a’s are allowed to 
range freely over the field R is closed under the four rational operations 
(excluding division by zero) and forms a special kind of field called an 
algebraic field. If 7 is any number of the field F which satisfies an irre- 
ducible equation which is such that the coefficients are rational integers 
and the coefficient of the highest power of the variable is unity, then j 
is called an algebraic integer. The totality of algebraic integers of F is 
closed under addition, subtraction and multiplication. Moreover, every 
rational number which is an algebraic integer is a rational integer. 

If the field R of rational numbers in the above definition is replaced 
by any algebraic field K, then the totality of. numbers so obtained is called 
a relative field. Note that a relative field of order m over an algebraic 
field F of order m can be regarded as an algebraic field of order mn. 
Similarly, we have relative integers. 

Now it is well-known that the integers of an algebraic field F (over R) 
have a (finite) basis—that is, there exists a finite set of integers of F— 
jis J2)***,Jn—such that every algebraic integer in F' can be expressed in 
one and only one way as a number of the form >'b,js, where the b’s are 
rational integers; and conversely, any such number is an algebraic integer 
of F. 

Closely related to the theory of algebraic integers and ideals is a well- 
known theorem{ due to Gauss: If a polynomial in one variable, f(x), is 
such that its coefficients are rational integers and the coefficient of the 
highest power of the variable is unity, and if f(x) is expressible as the 
product of two polynomials in x where the coefficients of the highest power 
of the variable is unity in each case, then all coefficients of these factors 
are rational integers. This, which is usually called Gauss’ Lemma, is 





t Hilbert, Jahresbericht Deut. Math. Ver., vol. 4 (1894-5), pp. 175-546; French trans- 
lation (with notes and errata by Humbert and Got), in Annales Fac. des Sci. de Toulouse, 
ser. 3, vol. 1 (1909), pp. 257-328; 2 (1910), pp. 226-456; 3 (1911), pp. 1-62; translation 
published in book form, Hermann et Fils (1913). Bachmann, Zahlentheorie, vol. 5; Sommer, 
Vorlesungen iiber Zahlentheorie (1907); Dirichlet, Vorlesungen iiber Zahlentheorie (1894), 
pp. 434-657; Kénig, Algebraische Grifen (1903), pp. 1-198, 459-552; Bulletin of National 
Research Council, Report of Committee on Algebraic Numbers (1923); also A and A, 
pp. 128-140, 200-220. 

t Disquisitiones Arithmeticae, art. 42; Konig, |. c., pp. 91-93. 
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equally true if the words “rational integers” are replaced by the words 
“algebraic integers”’. 

From the above definition, it is evident that the numbers of an algebraic 
field (or relative field) obey the commutative and associative laws of 
multiplication. On the other hand, a linear algebrat is any set of numbers 
of the form >)2s es where the xs range independently over any field F' and 
where the es are m numbers which are linearly independent with respect 
to F. Multiplication is not assumed to obey either the commutative or 
associative laws of multiplication and is defined by the equations 
er €s == D> yrst &, Where the y’s are the numbers of the field F. Special 
cases of linear algebras are fields over R and fields over F. Another 
important example is a simple matric algebra of n* units ¢,3, where n is 
any integer, and where multiplication is defined by the equations eé,.s es¢ = ey, 
Crs tu = O(s + 2). 

A modulus of an algebra A is a number which behaves under multiplication 
with the numbers of A like ordinary unity. An algebra may not have 
a modulus, but, if it do, then it has only one. Since a modulus, if it 
exist, will necessarily coincide with the “unity” of the field, F, of definition, 
it will be denoted by 1 in this paper. When A has a modulus, the general 
number x = >xs es of A is a root of the first characteristic equation, 
| >i vu 2% — 5, | = O and also of the second characteristic equation, 
| >i Vjik Xi — Oj, w| = O where 0; is the Kronecker symbol. The equation 
of lowest degree satisfied by the general number is called the rank equation, 
and the equation of lowest degree satisfied in F by a particular number, 
x, of the algebra is called the reduced equation of «. The irreducible 
factors of the rank function coincide with the irreducible factors of the 
characteristic function (both first and second). 

Wedderburn] proved that an algebra A is the sum of two subalgebras, 
S and N, where S is a semi-simple algebra and where N is a maximal, 
invariant nilpotent subalgebra. He also proved that a semi-simple subalgebra 
is the direct sum of simple algebras and that a simple algebra is the direct 
product of a division algebra and a simple matric algebra. 

Lipschitz,§ Hurwitz|| and du Pasquierf[ gave definitions of a set of 
integers or arithmetic of an algebra which were more or less satisfactory 





t See second footnote of section 1. 

tL. c., p. 109; A and A, p. 125. 

§ Untersuchungen iiber die Summen von Quadraten (Bonn, 1886), French translation in 
Journ. de math., ser. 4, vol. 2 (1886), pp. 3938-439. 

|| Gétt. Nachr. (1896), pp. 311-346; Vorlesungen iiber die Zahlentheorie der Quaternionen, 
Berlin (1919). 

q] Vierteljahrsschrift Naturf. Gesell. Ziirich, vol. 54 (1909), pp. 116-148; L’enseignement 
math., vol. 17 (1915), pp. 340-343; vol. 18 (1916), pp. 201-260. 
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for quaternions but which, as Dickscnt pointed out, are wholely un- 
satisfactory for the general algebra. According to Dickson, an arithmetic 
of an algebra A over ® is any set of numbers, z, of A which possess the 
following properties :— 

R. The rank equation of x has all its coefficients rational integers and 
the coefficients of the highest power of the variable is unity. 

C. The set is closed under addition, subtraction and multiplication. 

U. The set contains the modulus. 

M. The set is a maximal set of all those sets possessing properties R, 
C and U—that is, it is not contained in any other set possessing proper- 
ties R, C, U. 

As in the theory of algebraic numbers, a unit is an integer w such that 
there is an integer v satisfying the equation wv = 1. 

If Z is an integral element and if U is a unit, then ZU and UZ are 
called right and left associates of Z, respectively. If in an algebra A the 
integral elements Z whose determinant is not zero may be associated with 
the various integral elements of a subalgebra S, we shall say that the 
latter elements form an arithmetic associated with the arithmetic of A. 
As will be seen from the proof of section 4, since the determination of 
a unit U such that ZU =~ is equivalent to the determination of a unit V 
such that Z = xV and hence A(Z) +0 is equivalent A(x) +0. But, if 
the modulus of S is the modulus of A, then a number of 8 is a nilfactor 
of S if and only if it is a nilfactor of A and hence A,(x) = 0 is equivalent 
to A(x) = 0. Therefore, by the argument used in section 4, the irreducible 
factors of A(Z) coincide with the irreducible factors of As(~) and thus 
a number of A has property A* if and only if the corresponding zx has 
property R*. 

Using this definition of an arithmetic Dickson{ has proved a number of 
important general theorems about the arithmetic of a general algebra, of 
which the most interesting from the point of view of this paper are the 
following: 

THEOREM A.§ The arithmetic of A= S-+N is associated with the arithmetic 
of its semi-simple subalgebra S. In other words, we may suppress the properly 
nilpotent elements of an algebra when studying its arithmetic. 

THEOREM B||. The jirst components of the elements of any maximal set 
of integral elements (with properties R, C, U) of a direct sum B ® C constitute 





TJ, pp. 289-292; A and A, pp. 145-147. 

tJ, pp. 316-319; A and A, pp. 156-187; Proc. Internat. Math. Cong., Toronto (1924). 
§ This is what he calls the fundamental theorem of arithmetics and is proved in A and A, 

pp. 175-187. 

|| This is the first theorem of his section 93, pp. 157-160. 
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a set of integral elements of the first component algebra B, and similarly 
Sor the second components. Conversely, given the arithmetics of B and of C, 
we readily determine an arithmetic of B@®C. 

THEOREM C.t If a set S of elements of a rational algebra A of order n 
having a modulus has properties C and U and is itself of order n, we can 
choose basal units u,-++, Un af A belonging to S such that the constants of 
multiplication are all integers and uw is the modulus. 

THEOREM D.t Let A be any rational semi-simple algebra of order n having 
a modulus. Let S be any set of elements of A having properties R, C, U 
and of ordern. Then S has a basis o,,---, @n, where w, is the modulus. 

THEOREM E.§ Let S be a rational simple algebra and let D and M be 
the rational division sub-algebra and rational simple matric algebra, respect- 
ively, of which S is the direct product. Then each element of S may be 
expressed in the form > die; where the dy are elements of D and the ey 
are the n® basal units of M. If HI is a maximal set of elements of 8 
having properties R and C and containing all the matric units ey and 
having the same order dn* as S, then the dy range independently over a 
maximal set of elements of D having properties R, C, U and having the same 
order 6 as D; and conversely. 

CoROLLARY.|| We know the integral elements of any simple algebra 
D>X<AM if we know those of the division algebra D. 

Dickson has also developed the arithmetic of some special cases, applying 
them to the solution of diophantine equations.] 

But, as the writer remarked in her Toronto paper, Dickson’s definition 
of an arithmetic of an algebra A does not seem to be the one that is . 
most natural or most artistic. To be sure, he actually formulates a definition 
only for the case where the algebra is over the field R® of rational numbers, 
yet he appears to use the same definition for the algebras over the field 
of complex numbers, as evidenced by his remarks near the beginning of 
the discussion in each case.** 

Accordingly, for reasons given in detail in my Toronto paper, the writer 
proposed the following 

DEFINITION. Let A be an algebra over any field F, then each element 
of a set of elements of A shall be called an integer of A over F if the set 
has the properties R*, C, U, M where R* is defined thus: 

+ This is the theorem of his section 94, pp. 160-161. 

+ This is the theorem of his section 95, pp. 161-163. 

§ A and A, pp. 165-168. 

|| Ibid, p. 168. 

{| Comptes Rendus, Cong. Internat. Math. (Strasbourg, 1920), pp. 46-52; Bull. Amer. 


Math. Soc., vol. 27 (1921), pp. 353-65; A and A, pp. 194-199. 
** 4 and A, p. 184, lines 8-11 from the bottom; J, p. 316, lines 19-21. 
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R*. For every element of the set, the coefficients of the rank equation 
are algebraic integers of the field F. 

3. Relation of property R* to property R. If we consider an 
algebra A over an algebraic field F,, the totality of all numbers of A over F 
form an algebra A* over the field ® of rational numbers. First, consider 
a set of numbers of A over F possessing property R*. Now the general 
integer x of such an algebra is a root of the rank equation, e(w) = 0, 
where the coefficients are algebraic integers of F' and the coefficient of 
the highest power of the variable is unity. Let the distinct conjugates 
of e(w)—obtained by replacing the set of coefficients of e(w) by the sets 
of their conjugates, respectively, be denoted by eo, eo, o®,.--. Then 
e = Ze is a polynomial in » which is unaltered if the roots of the 
defining equation for the field F are subjected to any substitution among 
themselves and thus the coefficients of the various powers of » in @ are 
rational numbers. Since, moreover, the coefficients of the powers of in @ 
and its conjugates are algebraic integers, then so also are the coefficients 
in g@. Hence z satisfies an equation in which the coefficients are rational 
integers and the coefficient of the highest power of » is unity. But the 
rank function for x must be a factor of @ and hence (by Gauss’ lemma) 
the rank function must have integral coefficients. Thus the general number 
of A regarded as an algebra A* over ® has property R. 

Conversely, let 2 be the general number of A* and let the rank equation 


be @(#) = 0. In the field F, x will satisfy an algebraic equation and 


we shall understand that the one of lowest degree is o(w) = 0. By 
definition, this will be the rank equation for x as a number in A over F. 
Then e() must be a factor of @ (w); for, if not, then by dividing @ by e 
we should obtain an equation of degree lower than the degree of @ which 
is satisfied by x. Hence, the rank function for the general number x of A 
over F' is a divisor of the rank function for this same number regarded 
as a number of A* over ®. Since this is true for the general number z, 
it is true for any particular z. But, if x is an integer of A* over R, 
then its rank function @ is such that the coefficients of the powers of 
are rational integers and the coefficient of the highest power of o is unity, 
and thus (by Gauss’ lemma) the coefficients of the powers of » in @ are 
algebraic integers of F and the coefficient of the highest power of » is 
unity. Hence if x possesses property R, it possesses property R*. Thus 
we have 

THEOREM 1. Let A be an algebra over any algebraic field F which can 
be regarded as the algebra A* over the field R of rational numbers. Then 
a set of numbers of A over F' which possesses property R* possesses property R 
and conversely. Hence if S is a maximal set of numbers of A over F 
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possessing properties R*, C and U, then S is a maximal set of numbers 
of A* over possessing properties R, C and U; and conversely. 

4, Fundamental theorem. In this section we shall prove Theorem A 
for the general algebra over any field F. For this, we need Dickson’st 

LemMaA 1. If n is any nilpotent number of an algebra A possessing 
a modulus (denoted by 1), then there exists an element mn, such that; 
(i+n)(i+m) = 1. 

For (1+ n)(1—n) = 1— n?, (1+n)(1—n)(1+n’) = 1— nm‘, and, 
in general, (1+ ») (1—) (1+ n?) (1+ n‘) --- (itn) =1—n?™. Hence, 
as soon as 2*+1> y, where » is the index of m, then n?’' = 0 and the 
lemma is proved. 

Now, if A is any algebra over F, then A = S+ WN where S is a semi- 
simple subalgebra and NW is a maximal invariant nilpotent subalgebra of A. 
Write every number of A in the form Z = «+X where z is in 8 and 
X is in N. Then we shall prove that, as Z ranges over all the numbers 
of an arithmetic of A over F, then x ranges over all the numbers of an 
arithmetic of S; and conversely, when x ranges over all the numbers of 
an arithmetic of S and the X range over all the numbers of N (without 
restriction), then Z ranges over all the numbers of an arithmetic of A. 

For convenience, we shall assume that the elements of A are chosen 
as eg (¢ = 1, 2,---,s), By =1+58,---,---,a+8) where the e form 
a basis for S and the ZH; form a basis for N. We shall use a similar 
notation for the constants of multiplication. For, since 8 is a subalgebra, 
every product ee; contains only the e and similarly every product E; £; 
contains only the E;. Also, since N is an invariant subalgebra, every 
product e; H; and every product E;e¢, contains only the Z, and hence the 
multiplication table is of the form 


ag =Drruce, «8 =D, Tine EK, 
Kies = > Tin Ex; Ek, Ej = & Vix Ex. 


Similarly, we shall write the general number of A in the form Z = 2+X 
= Duet>d xX; H. 

Since S is a subalgebra of A and JN is an invariant subalgebra, it follows 
that when a set of numbers Z of A possesses property C, so also does 
the set of their S-components. Conversely, if it is assumed that the com- 
ponents of the Z range over N without restriction. Moreover, since the 
modulus of A is the modulus of S, it follows that the set of numbers Z 
have the property U if and only if the set of their S-components have 





TJ, p. 316; A and A, p. 179. 
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that property. Accordingly, to prove that any arithmetic of A is associated 
with an arithmetic of 8S, we have yet to prove that 7) when the numbers Z 
have property 2*, then so do their S-components, and conversely; 77) when 
the numbers Z have property M, then so do their S-components, and 
conversely. 

To prove the first of these, we note that the first determinant of the 
general number Z of A is 0(Z) = 65(Z)d,(Z), where 6;(Z) is the first 
characteristic determinant of the general number, x, of S and where 6, (Z) 
is the determinant 


| D> Vin ti + Tin Xi— 8p. | (j,k =st+l,---,n). 


A necessary and sufficient condition that a set of numbers Z of A possesses 
property R* is that the coefficients of the rank equation e(Z) —0 be 
algebraic integers in F' and hence (by Gauss’ lemma) that the éoefficients 
of each irreducible factor of e(Z) in the field F be algebraic integers in F. 
Since each of the irreducible factors of e(Z) is also a factor of 6(Z) and 
conversely, property R* is possessed by a number Z if and only if the 
coefficents of the powers of » in d, and in 6, are integers in F. But 
6,(Z) is none other than the first characteristic determinant of the number x 
of S. Hence a number Z of A has property R* only if its S-component 
has property R*. 

To prove the converse, we first show that A(Z) is independent of X. 
For any number Z—2+X of A we shall determine a unit V=1+¥ 
(where vy is a number of NV) such that ZU — 2. For ZU = x+X’ where 


X’ = Di (Dig, 1 Ui Tat +2, Xj Ue Ut + Xi) Ei. 


Here ¢ ranges over the subscripts pertaining to S and 7, k, ¢ range over 
those pertaining to N. Hence ZU =x is equivalent to 


Dyn (i Ue Tne +X; Ue Uy) = —X. 


This system of linear equations has a solution which is unique if and only 
if An(Z) +0. Since U is a unit (by Lemma 1), the equation ZU = z is 
equivalent to Z= xV; and if one of these equations has a unique solution, 
so also has the other. But it can be proved in the same way that Z = 2V 
has a solution which is unique if and only if An(z) +0. Hence A,(Z) + 0 
is equivalent to An(x) +0. Since, moreover, this result is true in F or 
in any overfield of F—inasmuch as we still have, in the overfield, A = S+ N 
where S and N are precisely the same algebras as before and are, respect- 
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ively, semi-simple and maximal invariant nilpotent subalgebras of A—then 
this result is true in the field C of ordinary complex numbers. Hence the 
irreducible factors of An(Z) coincide with the irreducible factors of A, (x) 
and thus A(Z) is independent of X. 

This means that Z is a nilfactor if and only if its S-component, z, is 
a nilfactor of the algebra A. But if x is not a nilfactor of the algebra 8, 
then it can not be a nilfactor of the algebra A. For, since ~ is not a nil- 
factor of S and § has a modulus (= the modulus of A), x has an inverse, 2’, 
Hence, if xy =O where y is a number of A, we should have y = 0, 

Since, from the foregoing, Z is a nilfactor of A if and only if 2 is 
a nilfactor of S, it follows that A(Z) = 0 is equivalent to As(x) = 0. 
By the same argument as was used a few lines above, the irreducible 
factors of A(Z) coincide with the irreducible factors of As(x). But 
A(Z— ow) = 0(Z) and As(a— ») = As(Z— ) = 65(Z) and hence the irre- 
ducible factors of 6(Z) coincide with the irreducible factors of 45(Z). 
Hence we conclude that a number of A has the property #* if and only 
if its S-component has property R*. 

Moreover, since 6(Z) is independent of Z, property R* puts no restriction 
whatsoever on the N-component of Z. Hence, if >)(A) is a maximal set of 
numbers of A possessing properties R*, C and U, the coérdinates of X will 
range over F' without restriction. 

Corresponding to any set >'(A) of numbers of A there will be a definite 
set >(S) of numbers of S consisting of the S components of the numbers 
of > (A). If S(A) has property R*, then so also does >(S) and con- 
versely. Similarly for property U. If > (A) has property C, then so also 
has >)(S); and the convergence is true if the N-components of the numbers 
of > (A) range freely over F. Finally, if >)(A) is a maximal set of 
numbers of A possessing properties R*, C, and U, then so also is >)(S). 
Conversely, if >)(S) is a maximal set of numbers of S possessing proper- 
ties R*, C and U, then so also is the corresponding >'(A), provided that 
the N-components of the numbers of >(A) range freely over F. Hence 
an arithmetic of A determines a unique arithmetic of S, and conversely. 

In connection with the foregoing argument, it was proved that, for 
every number Z of the algebra A of non-zero norm, there could be deter- 
mined uniquely a unit, U, such that ZU = x. Hence there is not only 
a definite correspondence between the numbers of an arithmetic of A and 
those of an arithmetic of S, but this correspondence is given by the 
process of multiplication by a unit for all numbers Z of non-zero norm, 
and thus the co.responding numbers of A and S are associated integers.t 
Hence we have 





+ A and A, pp. 161-163. 
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THEOREM 2. Let A= S-+WN be any algebra over a field F, where S is 
a semi-simple subalgebra and N is a maximal invariant nilpotent subalgebra 
of a. Then an arithmetic of A is associated with a definite arithmetic of S. 

5. Extension of Dickson’s other theorems. Since the proofs in 
section 93 of Dickson’s Algebras and their arithmetics hold for any field, 
the theorems of that section hold here. 

Although the proof in his section 94 in one place appears to use a 
property peculiar to the field R of rational numbers, yet it is at once 
evident that this is not actually so. For since the y’s are now numbers 
of the field F, they are all of the form ;’/d, where each ;’ is an integer 
of F and each d is a rational integer. The rest of the proof is precisely 
as in section 94 and hence that theorem holds for an algebra over any 
algebraic field F. 

The details of section 95 all apply to an algebra over any field F' with 
the exception of the last paragraph, which says that section 86 shows the 
existence of a basis of order ». To prove the theorem of this section, 
we note that any arithmetic of A* over R has a basis by Dickson’s work? 
and hence there is a finite number of integers of A which are such that 
all integers of the arithmetic of A are linear functions of these, with 
coefficients which are rational integers. By the closure property, we can 
allow these rational integers to range over the algebraic integers of F' 
and the resulting numbers will be integers of A over F. Moreover, they 
will give all the integers of A. Hence there is a finite number of integers 
of A over F' which satisfy one of the two requirements for a basis.— The 
second requirement is that the numbers of the basis shall be linearly 
independent with respect to the field of definition, F. But this is not so 
important as the first one, as it is not used in any essential way, as can 
be readily verified by referring to Dickson’s work. Note, however, that 
it has not been proved that an arithmetic of A has a basis of the same 
order as the algebra A. Whether or not this is true does not concern 
us here. 

Turning now to section 96, we note that Dickson’s proof fails here, but 
we do not need this theorem in the sequel. 

On the other hand, the proof in section 97 (= Theorem E) holds without 
change for an algebra over any field F except in one step of part (#2), 
where it is proved that the set a has property R*. Here we are con- 
cerned with an algebra S (= P in Dickson’s notation) over any algebraic 
field F, where S is the direct product of a division subalgebra D and a 
simple matric subalgebra M with n® basal units e;, where D and M are 


1 A and A, pp. 161-163. 
tA and A, pp. 138, 145. 
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both over the field #. Then each number of / is commutative with each 
number of D and their moduli coincide with the modulus of S. Now § 
can be regarded as an algebra S* over the field R of rational numbers 
and similarly with M and D. Then Theorem E applies to S* over &. 
If we denote the set 7 of part (#7) formed for algebra S* over R by n*, 
then ~* has property R. Hence, by Theorem 1, the set 7 has property R*. 
Thus Theorem E is true for an algebra S over any algebraic field F, if 
we make the above reservation as to basis. The Corollary is true without 
exception. Hence we have proved the following 

THEOREM 3. Jf S is a semi-simple algebra over any algebraic field F 
and is the direct sum of simple algebras S;, then the arithmetic of S is 
known when we know the arithmetic of each S;. Moreover, if S; is the 
direct product of a simple matric algebra, M;, and a division algebra, Dj, 
then an arithmetic of S; is known when an arithmetic of Di is known and 
conversely. 
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SOME RELATIONS 
BETWEEN A CONTINUOUS CURVE AND ITS SUBSETS.* 


By Harry MrerRILt GEHMAN. + 


In a recent paper,i the author has discussed some properties which 
are necessary and sufficient in order that every subcontinuum of a continuous 
curve be a continuous curve. S. Mazurkiewicz§$ has proved that a con- 
tinuous curve which contains no simple closed curve is of this type, and 
R. L. Wilder|, has proved the more general result that the boundary of 
a complementary domain of a continuous curve is itself a continuous 
curve, every subcontinuum of which is a continuous curve. Professor Wilder 
has proved that this type of continuous curve has certain properties, which 
we have been able to show in Paper 1, are possessed by all continuous 
curves which are such that every subcontinnum is a continuous curve, 
regardless of whether or not they form the boundary of a domain. 

In the present paper, we give in Theorem 1, a new necessary and 
sufficient condition that every subcontinuum of a continuous curve be a 
continuous curve. Then, by means of Theorem 2, we give in Theorems 3 
and 4 certain necessary and sufficient conditions that every subcontinuum 
of a continuum be a continuous curve. Some other related questions are 
considered in the remaining theorems. 

THEOREM 1. Jf M ts a continuous curve, a necessary and sufficient 
condition that every subcontinuum of M be a continuous curve, is that every 
subset of M which is irreducibly connectedY between two points of M is 
an are. 

Proof. In order to show that the condition is sufficient, we shall show 
that, if some subcontinnum K of J/ is not a continuous curve, then J/ 
contains an irreducibly connected set which is not an are. 





* Presented to the American Mathematical Society, February 27, and June 12, 1926; 
received June 19, 1926. 

+ National Research Fellow in Mathematics. 

tH. M. Gehman, Concerning the subsets of a plane continuous curve, Annals of Math., 
vol. 27 (1925), pp. 29-46. We shall refer to this hereafter as Paper 1. 

§S. Mazurkiewicz, Un théoréme sur les lignes de Jordan, Fundamenta Math., vol. 2 
(1921), pp. 119-130. See Lemma, p. 123. 


~ 


|R. L. Wilder, Concerning continuous curves, Fundamenta Math., vol. 7 (1925), 
pp. 340-377. See Theorem 11, p. 361. 

q A set J is said to be irreducibly connected between A and B, if I is connected and 
contains both A and B, but no proper connected subset of J contains both A and B. For 
a discussion of such sets, see: B. Knaster and ©. Kuratowski, Sur les ensembles connexes 
Fundamenta Math., vol. 2 (1921), pp. 206-255. 
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By means of R. L. Moore’s characterization* of a continuum which 
is not a continuous curve, we can show that K satisfies the following 
conditions: there exists a simple closed curve ABCD in the plane, and a 
countable infinity of continua, W, K,, Ke, K3.---. such that (1) each of 
these sets is a subset of K, has at least one point on AD and at least 
one point on BC, has no points on AB or CD, and is a subset of the 
set H consisting of ABCD and its interior, (2) no two of these sets have 
a point in common, and no one of them (save possibly !V) is a proper 
subset of any connected point set which is common to K and H, and (3) 
the set W is the sequential limiting set of the sequence of sets, A,, K. 
Ky, °°. 

From (1) and (2) it follows that if A’ is any one of the the sets, W, 
K,, Kz, Kz. +++, then H—K’ is disconnected, and consists of at least two 
maximal connected subsets, one of which contains AB, and a second contains 
'D, and no other maximal connected subset contains any points of W-+- 
K, + Ke + Kz, -+::+:. We can therefore suppose that (4) in the case of 
H—W/,, only the maximal connected subset which contains AB, contains 
any points of A, + K, + K;-+-:-, and in the case of H—Ki (¢=—1, 2, 
3,°**) the maximal connected subset which contains 4B, contains only 
Ki + Ko-+:+-++-+ Kj-2 + Ki-1, and the one which contains CD, contains 
W + Kegs + Kops + °°. 

By R. L. Moore’s extension? of a theorem due to Zoretti, we can enclose 
each of the sets A; by a simple closed curve .J;, which encloses or con- 
tains no other points of W-+ A,-+ K.+ K,+.---, nor of the ares AB or 
CD of ABCD, nor of the set of simple closed curves, J;-+-J2-+-J3-+--:. 
Any maximal connected subset of W contained in J; plus its interior is 
a simple closed curve}, and therefore the maximal connected subset that 
contains K; is a continuous curve. Since K; has points on both AD and 
BC, this continuous curve contains an are joining a point £; of AD to 
a point F; of BC, and except for its end points, lying entirely interior 
to ABCD. If in properties (1)-(4), we replace K by W+ 4, 4,+ Ay P+ 
1; F;-+---, and let K; be the arc &; F;, then the set W, £, 4%, ELF, 
Ey F3, ---+ satisfies properties (1)-(4), with the exception of the latter part 
of (2) and satisfies this additional property: (5) the continuum K; is an are. 

*R.L. Moore, Report on continuous curves from the viewpoint of analysis situs, Bull. 
Amer. Math. Soc., vol. 29 (1923), pp. 289-302. See especially pp. 296-297. R. L. Wilder, loc. 
cit., p. 371. Also compare Paper 1, p. 37-38. 

+R. L. Moore, Concerning the separation of point sets by curves, Proc. Nat. Acad. Sci., 
vol. 11 (1925), pp. 469-476. See especially Theorem 1. In order to apply the theorem 
in this case we must add to each of the sets Kj, all points of the plane lying in a domain 


whose boundary is a subset of Ki. 
+ Paper 1, Lemma B, p. 34. See also Theorem 6 of this paper. 
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Let P and Q be two points of W interior to ABCD. If we construct 
about P and @ as centers two non-intersecting circles, both interior to 
ABCD, then, since M is a continuous curve, all points of M sufficiently 
close to P (or Q) can be joined to P (or Q) by an are in M lying within 
the corresponding circle. By (3) a positive number » can be found such 
that points P’ and Q’ exist on the are EH, F, which can be joined to P 
and Q respectively by arcs in M lying within the corresponding circles, 
and therefore having nothing in common, and lying within the simple closed 
curve ABCD. Each of the ares P’P, Q’Q has points in common with 
each of the ares Enti Fria, Ente Friz,---. Let P” and Q” be the first 
points which these ares have in common with W. 

Select on P’P” a set of arcs P, Ps, Ps P,,---, such that P; is a point 
of By+i Pasi, and such that the are P; Pjs; has only its end points in 


common With Hyti Pui + Ente Fn4e +--+. Select a similar set of ares 
Q» Qs, Qi Qs, -** on Q’ Q”. Consider the set consisting of the ares P, P, + 
P; Qo (of Eni2 Fritz) + Qe Qs + Qs Ps (of En+s Fris) + Ps Py+---. If we 


add to this set the point P”, which is one of its limit points in W, we 
obtain a set which is irreducibly connected between P; and P”, but which 
is not an are because it is not closed, as Q” is a limit point of this set 
but is not contained in the set. 

Therefore the condition of Theorem 1 is sufficient. 

By virtue of a theorem of Knaster and Kuratowski,* the points of any 
irreducibly connected set J can be put into (1—1) correspondence with an 
interval (a, b) of the x-axis in such a way that order is preserved. In 
order to show that the condition of Theorem 1 is necessary, we shall 
show that under the given hypotheses, such a correspondence is also con- 
tinuous, and that therefore 7 is an are. 

If the correspondence were not continuous, there would exist two sets 
of corresponding points: 7, 22, 73, ---, of (a, b), and Xi, Xe, Xs, ---. of 
J, approaching points « and Y, respectively, as sequential limit points, 
while x and Y are not corresponding points under the given correspondence. 
Since (a,)) is closed, « is a point of (a,b), but VY is not necessarily a 
point of 7. We can assume also that the set 2, 72, %,---. has been 
selected in such a way that either 7; precedes x;+; on (a,b), for all values 
of 7, or else that 2; follows a;+.1 for all values of 7, and we shall suppose 
that the first of these is true. 

Since « is a point of (a,b), it has a corresponding point XY in J. If Y 
were a point of 7, it would have a corresponding point y in (a,b), and 
since y +x, we can select an integer » such that y does not lie on the 





* Loc. cit.. Theorem 23, p. 221. 
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interval (xp, x) of (a, 6). The points X, and X determine a decomposition * 
of J into three sets: J;, Jo, Z3, the first of which is irreducibly connected 
between A and X,, the second between Y,, and YX, and the third between 
X and B. Moreover, these sets have no points or limit points in common, 
except for X, in the case of J, and J,, and except for X in the case 
of J; and J;. Since the correspondence between (a, b) and J preserves 
order, Y is not a point of /:, and yet J, is the only one of the three sets 


that contains an infinite number of points of Ay, Xz, X3,---. Therefore 
Y is not a limit point of X,, Xz, X3,---. which is contrary to the defi- 


nition of the point Y. Therefore Y cannot be a point of J. 

The point X is a limit point of points of Z, + Js, and therefore we can 
select a sequence of points P,, P:, P;,--- of Z, + J2, such that P; precedes 
P;.1 for all values of 7, and such that the sequential limit of the sequence 
is XY. Evidently not more than a finite number of points of this sequence 
can lie between two successive points of the sequence X4, Xo, X3,---, nor 
can more than a finite number of points of X,, Xs, X3,---, lie between 
two successive points of the sequence P,, Ps, P;,---. We can select then 
a sequence of points Xn, Xm, Xm,,-+-, from X1, X2, Xs,---, and a sequence 
Pus Pn Pay +++, from P,, Py, Ps,-+-, occuring in J in the order Xm,, P,,, 
Xm,» Pn +++. For each value of ¢ let AK; be the subset of J irreducibly 
connected between Xm, and P,,. No one of the sets K; contains a limit 
point of any one of the others. The set Ky is a continuous curve by hypo- 
thesis, and therefore contains an arc Xm, P,,. If we remove trom the 
continuous curve K,’ the points that it has in common with this arc, the 
remainder contains a connected set containing K, which is arewise connected.t 
We can therefore construct an are Xm, P,, in M having nothing in common 
with the are already constructed. In the same way, for each value of, 
we can construct an are X,,, Pr, in M having nothing in common with 
the ares previously constructed. The set M therefore contains an infinite 
number of mutually exclusive ares XY», Pp,, and since the points Xm, 
approach Y as a sequential limit and the points P,, approach X as ¢ 
sequential limit, there must exist some constant « such that all the ares 
of this set are of diameter greater than «. But this is impossible, by 
Theorem V of Paper 1, under the given hypotheses. Therefore the 
condition of Vheorem 1 is necessary. 

THEOREM 2, Jf every proper subcontinuum of a decomposable continuum 
M is a continuous curve, then M is a continuous curve. 

Proof. Since M is decomposable, it can be expressed as the sum of 





-* Knaster and Kuratowski, loc. cit., Theorems 19 and 22, pp. 219-220. 
+R. L. Moore, Concerning continuous curves in the plane, Math. Zeitschr., vol. 15 (1922), 


pp. 254-260. 
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two of its proper subcontinua, each of which is a continuous curve by 
hypothesis. It follows that M itself is a continuous curve. 

However, an indecomposable continuum may be such that every proper 
subcontinuum is a continuous curve. An example of such a set has been 
given by Kuratowski.* In this example, every proper subcontinuum is 
an arc, and the set therefore shows that pseudo-Jordan curves, as defined 
by Yoneyama,+ may exist,—contrary to a statement by the author in the 
first abstract of this paper. 

In Paper 1, we have considered some necessary and sufficient conditions 
that every subcontinuum of a continuous curve M be a continuous curve. 
It is evident that, as a result of Theorem 2 of this paper, it is enough 
to assume that J/ is a decomposable continuum, so far as the necessity 
parts of these theorems are concerned. But this is not possible in the 
sufficiency parts in all cases, as we shall see below. The following two 
theorems are consequences of Theorems 1 and 2 of this paper, and 
Theorems 1V, V, and VI of Paper 1. 

THEOREM 3. Jf every proper subcontinuum of a decomposable continuum 
M is a continuous curve, then (1) M is a continuous curve, (2) M contains no 
R-sets,£ (3) given any positive number e, M contains at most a finite number 
of mutually exclusive continua of diameter greater than €, and (4) every subset 
of M which is irreducibly connected between two points of M, is an are. 

THEOREM 4. LEither of the following conditions is sufficient in order that 
every subcontinuum of a continuum M be a continuous curve: (1) given 
any positive number ¢, M contains at most a finite number of mutually 
exclusive continua of diameter greater than €; (2) given any positive number e, 
M can be expressed as the sum of a finite number of continua each of 
diameter less than ¢, and each pair having at most a finite number of 
points in common. 

Proof. It was shown in the proof of Theorem VI of Paper 1 that, if 
condition (2) is true, then condition (1) is also true, but not conversely. 
Both conditions are stated here, however, since one may be easier to 
apply to a given continuum than the other. The conclusion is true 
whenever condition (1) is true, as was shown in the proof of Theorem V 
of Paper 1, no use being made there of the assumption that MM itself 
was a continuous curve. The truth of Theorem 4 is therefore established. 





* ©, Kuratowski, Théorie des continus irreductibles, Fundamenta Math., vol. 3 (1922), 
pp. 209-210, Figure 1. 
7K. Yoneyama, Theory of continuous set of points, Toéhoku Math. Journal, vol. 12 (1917), 


p. 157. 
t+ An R-set is a continuum N containing a continuum of condensation W, such that 
N—W is uniformly connected im kleinen relative to W. See Paper 1, pp. 32-34. 
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The sufficient condition given in Theorem IV of Paper 1 is not enough, 
if M is assumed merely to be a decomposable continuum. The following 
example shows that M may be a continuum containing no R-sets, and 
yet containing subcontinua which are not continuous curves. The example 
is a continuum 1, which is the sum of two continua, M/, and Me, having 
only one point in common, each of the sets M; being a continuum every 
subcontinuum of which is indecomposable.* If N is any subcontinuum 
of M, and W is any continuum of condensation of N then since WN is 
indecomposable, N—W is not connected zm kleinen at any point, and there- 
fore is not an R&-set, as was shown in Paper 1. In our example, then, 
M contains no R-sets, but no subcontinuum is a continuous curve. 

Nor does it follow from the condition given in Theorem 1 of this paper 
that every subcontinuum of 7 is a continuous curve if we assume merely 
that M is a decomposable continuum. The following example shows that 
every irreducibly connected subset may be an arc and yet W@ may contain 
subcontinua which are not continuous curves. The example is the set of 
straight line intervals joining (0,0) to (1,0), and joining (0,0) to (1,1/n), 
for n = 1, 2, 3, ---. 

THEOREM 5. Jf M is a continuous curve, and D is a domain whose 
boundary B consists of a finite number of continuous curves, and K is the 
continuum obtained by adding limit points to a maximal connected subset 
of M in D, then (1) K is a continuous curve, and (2) given any positive 
number é, there are at most a finite number of continuous curves of this 
type which are of diameter greater than «. 

Proof. Since K is a subset of VM, and B is closed, it follows that K 
is connected zm kleinen at all points of D. If then K is not a continuous 
curve, any point at which K fails to be connected im kleinen is a 
point of B. 

By R. L. Moore’s theorem, if AK is not a continuous curve, there is a 
simple closed curve ABCD in the plane, and a countable infinity of 
subcontinua of K: W, K,, Ko, ---. satisfying conditions (1)-(4) given in 
the proof of Theorem 1. 

Let P and Q be two points of W interior to ABCD. We have just 
shown that W is a subset of B, and therefore P and Q are points of the 
same maximal connected subset B, of B. We can therefore put about 
each of these points a circle interior to ABCD, such that each circle 
contains or encloses no points of the other, and no points of B—B,. Since 
M is a continuous curve, there exist in M two ares P’ P and Q’Q within 
the circles about P and Q respectively, where P’ and Q’ are points of 





*B. Knaster, Un continu dont tout sous-continu est indécomposable, Fundamenta Math., 
vol. 3 (1922), pp. 247-286. 
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some continuum K, of the sequence K,, Kz, Ks,---. Let P” and Q” be 
the first points which these ares have in common with W. We can select 
on the are P’ P”, a set of points P,, Ps, Ps,--- such that P; is the last 
point which P’P” has in common with K,+;, and we can select a similar 
set Q:, Qe, Qs, --- on Q’Q”. These points must all be points of B. The 
points P” and Q” are limit points of the sets P,, P2, P;,--- and Q,, Qe, Qs, «+: 
respectively, and since B, is a continuous curve, for some fixed value of 7 
there must exist arcs P; P” and Q; Q” in B, and within the circles about P 
and Q, respectively. 

These ares have points in common with all but a finite number of the 
continua K,, Ks, K3,---, and on account of condition (2), it is evident 
that, if we remove from K the points which it has in common with these 
two ares, the remainder is not connected. This is impossible, as by the 
definition of K this remainder is a connected subset of MM plus certain 
of its limit points, and such a set is always connected. 

Therefore K is a continuous curve, and the truth of (1) of Theorem 5 
is established. 

The maximal connected subset of W+# that contains M is a continuous 
curve and, if we remove from it the points that it has in common with B, 
the number of maximal connected subsets of the remainder (in the totality 
of domains complementary to B) that are of diameter greater than any 
given positive number, is finite by a generalization of a theorem due to 
W.L. Ayres.* Since the diameter of a set is not increased by adding its 
limit points, it is evident that (2) is also true. 

THEOREM 6. Jf M is a continuous curve and B is the boundary of a 
domain D, whose exterior consists of a finite number of domains, the boundary 
of each being a continuous curve, then (1) every maximal connected subset 
of M in D+B is a continuous curve, and (2) given any positive number «, 
there are at most a finite number of continuous curves of this type which 
ave of diameter greater than «. 

Proof. The set of points B, which forms the common boundary of D 
and a domain # of the exterior of D, is a subset of B, and a continuous 
curve, by hypothesis. Every point of D is therefore separated from every 
point of H by a simple closed curve lying in B,,+ and since D and E are 





*W.L. Ayres, Concerning the arcs and domains of a continuous curve, (abstract), Bull. 
Amer. Math. Soc., vol. 32 (1926), p. 37. Although Mr. Ayres’ hypothesis is that V is a 
continuous curve, the conclusion of the theorem is also true if N consists of a finite 
number of continuous curves. While ignorant of Mr. Ayres’ proof, we had proved the same 
theorem and had presented it to the Society in the first abstract of this paper. 

7R.L. Moore, Concerning continuous curves in the plane, loc. cit., Theorem 5, p. 260. 
See also, R. L. Moore, Concerning the separation of point sets by curves, loc. cit., foot- 
note 6, p. 475. 
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connected, it follows that B, is identical with this simple closed curve. 
Therefore the boundary of the exterior of D consists of a finite number 
of simple closed curves. Let us denote this boundary by B’. 

In Lemma B of Paper 1, we have proved part (1) of this theorem for 
the special case where B is a simple closed curve. As was shown there, 
a continuum K which is a maximal connected subset of M in D+ B is 
connected im kleinen at all points which are not points of B’. If then K 
is not a continuous curve, the continuum of condensation W at points of 
which K fails to be connected im kleinen, must be a subset of B’. Let 
us now select on W a point P, such that if XY is any are in B’ con- 
taining P as an interior point, then P is not a limit point of B’—XY. 
Since K is a subset of M, and M is connected im kleinen at P, we obtain 
the same contradiction as that obtained in the proof of Lemma B of 
Paper 1. Therefore K is a continuous curve, and part (1) of Theorem 6 
is true. 

Suppose part (2) were false, and there were an infinite number of 
maximal connected subsets of M in D-+ B which are of diameter greater 
than some fixed positive number ¢. Then, since we have just proved that 
each of these is a continuous curve, we can construct in each an are of 
diameter greater than «, thus obtaining an infinite collection of ares such 
that points of no two of them can be joined by an arc in M and in D+ B. 
Then, as in the proof of Theorem V of Paper 1, we finally arrive at the 
sequence of arcs: Gn Hn, Gnii Hn4i, «++ having the properties described 
there,* whose sequential limiting set W is a continuum which is a subset of M/. 

Let P be a point which is not a limit point of the end points of the 
ares Gn Hn, Gnii Hn+, +++, and which is either not a point of B’ or, in 
case W is a subset of B’, is a point of B’ such that, if XY is any are 
in B’ containing P as an interior point, then P is not a limit point of 
B’—XY. In this latter case, we can select an are QPR of B’ such that 
no point of the arc, except possibly Q or R, is a limit point of B’—QPR 
or of W—QPR. Having selected P as described above, let C be a circle 
about P, excluding all end points of the ares Gn Hn, Gn4oi Anis. +++, and 
excluding all points of B’ except possibly points of the are QPR. Then, 
since M is connected im kleinen at P, there exists an are Q’P’ in M 
within C, where Q’ is a point of one of the arcs G,; Hx, and P’ is a point 
on W, and is the only point which the arc Q’ P’ has in common with W. 
This are will have points in common with infinitely many arcs of the set 
Gn Hn, Gn4+s Hn4s, +--+, while the only point it can possibly have in common 
with B’ is P’. The entire are Q’ P’ therefore lies in D -- B, and there- 





* Paper 1, pp. 40-41. 
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fore infinitely many of the ares of the set G, Hn, Gaia Anis, ---. lie in the 
same maximal connected subset of M in D-+ B, which is contrary to the 
method of their selection. Therefore part (2) of Theorem 6 is true. 

THEOREM 7. Jf M and N are continuous curves and N is a subset of 
M, and if X is any maximal connected subset of M—N,. then X’ is a 
continuous curve. 

Proof. Any maximal connected subset XY of M—WN lies in a domain D 
complementary to , and the boundary of D is a continuous curve B which 
is a subset of V. Then by Theorem 5 the continuum X’ is a continuows curve. 

THEOREM 8. Jf M and N are continuous curves and N is a subset of M, 
and if K is a set consisting of N and any collection of maximal connected 
subsets of M—N, then K is a continuous curve. 

Proof. KR. L. Wilder* has shown that the number of maximal connected 
subsets of 1/—N is countable and that no point of any one of these 
maximal connected subsets Y is a limit point of any subset of I/—NYX. 
Since each of the sets VY is closed, save for limit points in \, it follows 
that any set K consisting of NV and a collection of maximal connected 
subsets of 1—N, is a continuum. By Theorem 7 and the theorem of 
Ayres mentioned in the proof of Theorem 5, it follows that continuum K 
can be expressed as the sum of a collection of continuous curves which 
satisfy certain conditionst under which the continuum is a continuous curve. 
Therefore K is a continuous curve. 


*Loe. cit., Theorem 9, p. 360. 
7H. M. Gehman, Some conditions under which a continuum is a continuous curve, 
Annals of Math., vol. 27 (1926), pp. 381-384. 
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TRANSFORMATIONS 
OF ONE PRINCIPAL EQUATION INTO ANOTHER. 


By R. GARVER.* 


By a principal equation of degree » we mean one of the form 
(1) a” + ag a®—* +- ag a4 + +s yo 2? + Oni + On = 0. 


Any equation of degree » can be reduced to this form by a Tschirnhaus 
transformation (linear or quadratic) involving at most one square root.t 
We shall consider Tschirnhaus transformations on the roots of (1) of type 


(2) ‘ce ha + ma? + ¥ + kin—2 x? + kya x + hn. 


If (2) is to transform (1) into another principal equation, the two con- 
n 


ditions > y = >y*® = 0 must be satisfied, where by >’ y we mean 2, y (a), 


the x being the n roots of (1). If these two conditions are satisfied, the 
coefficients of 7” and yz”? in the transformed equation will be zero. 
>y is secured directly by summing (2) for the roots of (1), and Sy = 0 
may be expressed as a condition on /p: 


1 a—3 
(3) yt oo es, 
i=1 
where s, represents >)x/. 
We obtain >'y? by squaring (2) and summing; it is linear in k,—1 since sy 
is zero. We may then express >'y? = 0 as a condition on ky-1: 


a 
= ae ie k; ky; Syn, 0 ke, 
—— A=2 72 
(4) — tetrad aevsmnnionen’ 


2 ba kj Snta—j 


j= 





where by >’ we mean that 7 goes from 1 up to the smaller of » and 
4—1, except that neither 7 nor 4—7 takes on the value »—1, nor does 
? take on values which would make 4—7 greater than m. The other ij 
in (2) may be assigned arbitrary values, provided that k, and k,—1 are 
then computed by means of (3) and (4). 





* Received August 30, 1926. 
+See Dickson, Modern Algebraic Theories, 211-212. 
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For actual work, for instance we might be attempting the transformation 
of an equation (which could be taken in the form (1)) to a normal form 
which was also principal, transformations of certain special types are more 
convenient than those of form (2). One such type is 


(5) y = uptry, 


where w and v are constants, and g and w are polynomials of degree not 
greater than 2-1 which possess the five properties* 


(6) D>» = > == > us as a ys? rom >9 yw =e O. 


nu 
where, as above, >’y means > g(a). If we have two polynomials 
i=1 


possessing these five properties, any linear combinations of them will like- 
wise; we shall take » and w in the convenient reduced forms 


(1) p= dw 74 dya™ 24 4 Dy 22+ daiazthn (b= 0, by = 1), 


(8) w= 4x 3+ eam eee bey eet marten (4 = 1, c =0), 
where we write in the coefficients },, b,, ¢. co in order to simplify the 
form of later formulas. 

The five properties (6) impose five conditions on the coefficients of » 
and w. The first, }y = 0, can be solved for b, in terms of the other 0;, 
and Sw = 0 can be solved in like manner for c,. The results are 
similar to (3): 


1 n—3 

(9) Dn = ae mn za b; Sn--is 
i=1 

40) = Date 
i=1 


The equation > yw? == 0 can be considered as determining c,—: in terms 
of the preceding ¢; (and cy, which has already been fixed by (10)). This 
gives 
2n—3 
al CC, 4 Say, — MGs 


A=3 ¢ 
(11) Ga = 2 
2S oy Mt1-j 
J 


=F 
where >”’ is defined as in (4). 





- For examples of the use of functions possessing such properties see Dickson, Modern 
Algebraic Theories, 213, 215, and Brioschi, Opere Matematiche, 293-299. 


* 


10 
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The other two equations, >'y* = 0 and >'yw = 0, can both be solved 
7 yo a 
linearly for bp—1 
2n—38 
VW 9 
oo ee 
19 ii un. 
(12) by = n-—? ? 
2 » x Dj Sn41 j 
= 
2n—3 
‘/ 
at =, p> (i Dj-4 8Sn-i — t bn Cn 
bias A =? 9 
(13) h,, 1 — > . 
/*, 
OG Pnt1-j 
j=1 


where by >’ we mean that 7 goes from 1 up to the smaller of » and 
4—1, except that 2—7 does not take on the value n—1, nor does 7 take 
on values which would make 2—/ greater than n. If we equate the 
right members of (12) and (13) we obtain a quadratic in J,—2, with co- 
efficients involving the b; (except b,-1 and b,—2) and the c;. Using (9), 
(10), (11) and the assigned values of },, bs, &, co we have b,—1 expressed 
in terms of by, +--+, Dr—s, Cy, +++, Cn—2. Then using (12) or (13) to determine 
bn—1, We have tive coefficients, ¢,—1, Cr, Pn—2, bn—1, Db» determined* in terms 
Of bg, +++, Dn—s, C3. +++; Ta-2, Which may be assigned arbitrary values 
(except that denominators in (11), (12), (13) must not be made zero). 

We have at once the 

THEOREM. Any transformation y= uy +vw, where » and W are poly- 
nomials of form (7) and (8) which possess the five properties >» = dy? 
= Sy = >dwv = Yow = 0 transforms principal equations into principal 


equations. 
For we have 
> — =m Dg +v> wD > @ 
ay == UH” 72’ - Put Ds Us - +?» us? - QO. 


As an illustration of the convenience of transformations of this type 
let us consider the reduction of the quintic to the Bring-Jerrard normal 
formt 7° +dy+e = 0, which is itself a principal equation. We may 
take the quintic in the form 
(14) + aga* tart a; 0, 


*Hence for n<_5, polynomials y and w of type (7) and (8) possessing the five properties 
(6) do not in general exist, since there are five conditions on fewer than five coefficients. 
For n = 4, for example, the five conditions are independent, and there are only four co- 
efficients. In fact the only polynomials, both of degree less than 4, which satisfy the 
five conditions without restrictions on the coefficients of (1) are the pair gy = 0, Yw =a, 
or vice versa. 





+ See Dickson, 212. 
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and » and w in the form 
(15) y = a +bya?- bats, 


(16) y= x +e? teates, 


where ¢y, ¢5, 03, bs, b; are determined in terms of cs and known quantities 
by means of (9)-(13). We can take cs; = 0 unless a; (and hence s;) is 
zero, for in that case the denominator 2s, + 2cys,; of (11) would be zero, 
as would that of (13). 

Then as we have seen above 


y = ugtew 


transforms (14) into another principal equation. Further 


| 


(17) yr = Pg + Berg? wt Bue gy? + Fs, 


and the condition > y* = 0 is a cubic in w/v with coefficients which can 
be computed. Hence for suitable choice of w/v, >y* can be made zero, 
and the coefficient of y® in the transformed equation will then also be zero. 

It would also be an advantage if we could say that we suffer no loss 
of generality in limiting an investigation to transformations of the particular 
type y= ugp-+vw. Hence the 

THEOREM. Every Tschirnhaus transformation of degree n—1 which trans- 
forms a sufficiently general* principal equation of degree n (n> 4) into 
another principal equation can be expressed in the form y = ug+vu, 
where » and wW are polynomials of form (7) and (8) which possess the five 
properties So = Ye’? = Sv =Dv’= Soy —0. 

For, taking » of form (7), we can write 


(18) y = key +h (L729), 


where Dy—2, bxn-1, b» can be determined so that Sy = Dy? = Doy = 0. 


For this purpose we use (9), (12), and an equation similar to (13), obtained 


, , ; : h , 
from it by replacing the « by the Aj. Now ( — | has its second 
Wy wy 





coefficient zero, and we have 


* Denominators in the various formulas must be different from zero. 
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ke \ 4 ke a 
ois, -4¢-*z, ~ 0, 








ky 7 ky i ky _ 

D ky \2 Sy 2hew hows 

1 “s hi hi hj 

Hence (¥ »| is a wfunetion of type (8) with > vy = Su? = 0, 

1 "1 

We then have 
ky | 

(19) y =khoethw (y = t ~—— ¥) 


with Ye = Dr = Dy=Dy’=0. Further 


(20) >» = Same a > — 0, 
vy ty 


which proves the theorem. 

In a similar manner we may prove the 

CoROLLARY. Every Tschirnhaus transformation of degree m (4m<n—1) 
which transforms a sufficiently general principal equation into another principal 
equation can be expressed in the form y = ug+vw, where » and w are 
polynomials of form (7) and (8) with n—1 replaced by m, n—2 by m—1, 
etc., which possess the five properties > 9 => 9? = Dv =D wv? = Dew=0. 

















ON RELATED MAXIMA AND MINIMA.* 


By NorMAN MILLER. 


1, Introduction. The problem of finding the relative maxima and 
minima of a function of several variables when the variables are subject 
to one or more auxiliary conditions is familiar to students of the differential 
calculus. We have in the general case » functions of which one is to be 
minimized subject to the condition that the others remain constant. By 
choosing in succession each of the » functions as the one to be minimized 
we have #2 separate problems and the consideration of the relative character 
of the extremes obtained at a minimizing point is a matter of some interest. 
Attention has been called to this problem by J. K. Whittemoret who has 
discussed in detail the relation between the extremes of two functions of 
two variables, each being minimized under the condition that the other is 
constant. The present paper deals less exhaustively with the case of 
functions of 2 variables. In the second section certain sufficient conditions 
are obtained for determining the character of the extremes of the several 
functions at a critical point. The third section is devoted to the dis- 
cussion of a problem which possesses considerable interest in itself and 
which illustrates the application of the general criterion. This problem 
may be regarded as a generalization of the familiar rectangle problem¢ viz., 
to determine the shape of the rectangle of given perimeter and maximum 
area or to determine the shape of the rectangle of given area and minimum 
perimeter. The fact that these two problems have the same solution may 
be stated analytically in the form—If xy = a is a maximum subject to 
the condition «+ y = b (a and y being assumed positive) then x+y = b 
is a minimum subject to the condition «y == a—and in this form it serves 
best as an introduction to the general problem. 

2, General criterion. Consider a set of » functions of » real variables, 


ui (71, We, +°*, Xn), = 1,2,---, NM, 


which at a certain point P, (a1. 2, +--+, vp) satisfy the following hypotheses: 
(1) Each function possesses partial derivatives of the first and second 
orders with regard to all its variables. 


* Received June 10, 1926; presented to the American Mathematical Society September 9, 
1926. 

+ “Reciprocity in a Problem of Relative Maxima and Minima”, American Journal of 
Mathematics XLIII. 1921, pp. 271-290. 

t Also referred to by Whittemore, I. c. 
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(2) The Jacobian of the » functions vanishes 


Ou, Oy au, | 
Ou 0 u'g _ a In | 
0 Us 0 Ue 0 its | 
J =| dz, dr, Ox, |= 0. 
0 Uy 0 Un 0 Un | 
Or, Bay  Oaty 


(3) The Jacobian has at least one column the cofactors of whose elements 
are all different from zero. There is no loss in generality in our supposing, 
as we shall, that the first column possesses this property. 

Suppose now that the values of »—-1 of the functions are computed 
at the point P, 

Uj (x4, De, +°*, In) = Cj, gx 3% «+>, @, 


and consider the problem of finding the relative extremes of the function «, 
when the variables are subject to the conditions 


(1) aig (a1, Xe, °++, tn) = Ch, ¢= 2,3,---, %. 


Choose «, as the single independent variable. At a critical point the 
derivatives of all the functions with regard to , vanish. 


D 


it l 
Sou da; _ a. oo 


j= 605 day 

For consistency of this set of equations in the derivatives daj/d.x; the 
eliminant, which is the Jacobian of the » functions, must be zero. It 
follows that the critical points are determined by the equation J — 0 
together with the set of equations (1). Hence the point P = (aj, 3, -+-, xn) 
is one critical point. The character of this critical point (maximum or 
minimum) will be determined by the sign of the second derivative d?u,/da7. 
The calculation gives 


: t a? WM «a > 
a? uy 1 08a, |= day dag Ou ay 


— tanto don de, ° Se, dat’ 
dat jhe Oaj 0a, day day  jS2 0a; dz; 


We shall use the abbreviation 


dt a®@ 

a Sy OFu; = day hy 

i — —_—————— @ ————" e - e 
jk Onj0ar, da day 





Then 


au Siu, ax 

1 . ce ¢& 1 Aj 

Bin, Ae Oe ee Pn 
. ay 0% 


2 
dx; 


aan ~ 
Ox; dx; 
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vanish. This gives a set of » equations, 
Vv Pu, Ou 
poe TS as 
da j=2 0x; 
Bu 
U,  - —. 
° | jf) 8a; 
(¢ 
(2) U 7" — 0 ug 
° | fF 8a; 
Me a 
? OUn 
‘A | naciidieaia 
l n +2 0 xj e- 
of which the eliminant is 
yp ia 8m Om 
_ da; 02s 0X3 
Vv 0 ly 0 Uy 
| ™ 02s ) Xs 
U Olin Otte 
“mM 0% 0 2 
ai ; : uy _. 
This equation determines oF Ce 
| 
py ot 
™ 0 Fs 
1 0 Us 
“= 8 ate 
. Ou 
l n — 
au, OX 
9 pli eee eo 
dx; 0 Us 0 Us 
01s 0.7: 
0 Uy, 0 tty 
0 1g 0 23 
which may be abbreviated, 
a? uy D 
dx? Oty 





0 oe 


MAXIMA AND 





MINIMA. 


The second derivatives of w2, v3, ---, wu» have similar expressions and these 





a x; 
ly — 0, 
x; 
2 
Uap 0 
2 ’ 
dx* 
° 
Ux _ 9 
» . 
dx; 
d* x; 
ja? = Q 
ax; 
Oy 
OLn 
0 Ue 
Op = QV. 
0 Uy 
OL, 
Oy 
——- | 
OL, | 
0 tts 
O2n 
OUn 
OXn 
0 Us 
O2n 
OUln 
OXy, 


| oT 
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Ui ' , OW . . : 

‘| denotes the cofactor of — in J. The scope of the in- 

XY aT 

vestigation will now be restricted by imposing a fourth hypothesis viz., 
(4) At the point P, the determinant ) is different from zero. It follows 

that # has at the point P an extreme whose value may be denoted by «, 


0 
where | 


/ / , 
U1 (1, Ha, ++. Hn) == 1. 


If now we propose the problem of minimizing the function uw, the 
variables being subject to the n»—1 conditions 


1g 124, Hey ++, La) = G4, i= 1,3, 4,---, 0, 


we get as one critical point, the point P. Moreover the derivatives 
diaj/da, (i = 2,3, +--+, n) and therefore the functions U; have, at this point, 


the same values as in the previous problem. Also by analogy with the 
result already obtained (interchanging w, and a2) 








Ur: 0 Ula 0 Uy 
0 La 0 Xn 
. 0 0 ty 
OF — 
V's 0 Xn 
i, 
_ 0 Un O Un 
. | Un + pina alee “teas 
d* us | 0X3 Oxy D 
———«s ; a as eee rns 
dx; | Om 8 0h 0 Us | 
0 Ls 0 J's 0 In | 7) x - 


| OU, Os 8 Us | 


0 Xe 0 1g On 
0Un 0 Un 0 Utln 
0 Le 0 Hs 0 Mn 


According to the hypotheses this derivative exists and is different from 
zero; consequently the value uw: = cy is a maximum or a minimum. 

The same method applied to the function “, shows that the value cx is 
an extreme of this function when the variables are subject to the con- 
ditions imposed by the »—1 equations 


Ui GG, § = 5, 2, ahi k—1, k-+-1, vets Me 
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Moreover the character of the extreme is determined by the sign of the 
quantity 


D 


8M: | , 
Ox a 


The expressions for the derivatives d’u;/dx? which test the character 
of the extremes at (a1, 73, ---, x) in the n separate problems have the 
same numerators. Their relative signs therefore depend on the denominators 
which are the cofactors of the elements in the first column of the Jacobian /. 
The character of the extremes will be the same for those functions for 
which the corresponding cofactors have the same sign. 

3. Example. The rectangle problem mentioned in the introduction is 
an illustration of the foregoing theory when applied to the two functions of 
two variables representing the perimeter and area of a rectangle. A general- 
ization in three dimensions would be concerned with three functions repre- 
senting the sum of the edges, the surface and the volume of a rectangular 
parallelepiped. The generalization may evidently be carried to dimensions. 
As, however, the extension is direct we shall, in order to avoid the cumber- 
some notation of n variables, give the analysis for the case n = 4. Con- 
sider then the four symmetric sums, 


um = «+ty+2+7, 
Ws = csytaeet+taot+yz+yit+eat, 
Ws = xyz+ayt+aezt+ yet, 


Uy = wvyzt. 
Equate to zero the Jacobian of these functions 


1 1 1 1 
ytet+t atet+t utytt xtyt+z 
yetyttet wxetat+ezt w«ytat+tyt xytwret+ye 
yet ret ryt LYZ 


J = 


| 
| 


As an equation in x this is a cubic with the three roots x>—y, «=z, 
x==t, If therefore we select arbitrarily different values for y, z and ¢ 
and then for az choose any one of these values, say x = y, the Jacobian 
will vanish. For this set of values of the variables let the values «, ¢s, 
(3, ¢, of the successive functions be calculated. Provided that the deter- 
minant D of section 2 does not vanish at the point chosen, each of these 
constants is a relative extreme for its function subject to the conditions 
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imposed by the other three equations u; = ¢;. For a general point (x, y, z, #) 
the determinant D has the following value, where primes denote differentiation 
with respect to «. 


0 ! 
yt +t+yd/tyt+7/l  «tett aty+t wt+y+e 
(etby'+ y+be+ly+e)t' 
2 “+ (x-- dye +leta2y't LE t+trttz t rytat+yt xy vet yZ . 
+(aty)Zt 


zty’ - yte + yz Utaxzy/'t' os ; 

tuy7/t+aty'2’ ~ vy ve 
At the critical point the derivatives of w,, Wz, v3, uy Vanish; moreover «= y. 
This leads to the following simplifications respecting the elements of the 
first column 


yt7tt = —1. 





(e+by +ly+d2’+ly+2)t = —z—t, 
zty+ytz+yzt = —aet. 
Hence at the critical point 

0 ] ] I 

—1+yz+yt+2't ytet+t 2y+t 2yt+e 
», —2—-t+iyytby?Z 

D=2| YOY oe 219 oe 
tytayt+ay/t ery as yreyt ree 

—zt+yeyt +y?2t : 

r yey! vy yat yt Yr z 


+-yty'z’ 
which, by simplification and expansion reduces to the form 


D = 2(y—z?(y— OP (e— 0b. 


Since y, z and ¢ are three different numbers it follows that D +0 at the 
point in question. Hence, suoject to the auxiliary conditions already ex- 
plained, each function « has a relative extreme ¢; at this point. 

The investigation of the character of these extremes requires a know- 
ledge of the cofactors of the elements of the first column of J. These are 
the 3-rowed determinants with proper signs, of the matrix, 
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] ] 1 
ytet+t 2y-+t 2y+2 
ye+yt+et y°+2yt y+ 2Qyz |° 
yet yet yz 


Denote by D,, Ds, Ds, YD, the determinants obtained by omitting in order 
the Ist, 2nd, 3rd and 4th rows and affixing the signs +, —, +, —. 


| 


I 1 I 
D = —| ytet+t 2y-+ft Py: 
yzt+ytt+et y*-+-2yt y+ 2y2 


which by an easy reduction becomes 


1 l l 
ti y+ y+ = @ 
et yt y 
1 I I 
R= ytet+t 2y-+t 2y-++z - yD, 
yzt yet y> 
! 1 | 
D, = —iyztytit+et y+2yt yt 2y: | — yO, 
yet yt uy" 
ytet+t 2y-+-t 2y+2 
D, = ‘yz-+yt-+it y°+ 2yt ye +2Qyz = 7y*®, 
yzt yt yz 


® + O since y, z and ¢ are three different numbers. Hence the four cofactors 
are proportional to y*, —y*, y, —1. It follows that, if y is positive, the 
signs of these cofactors alternate while, if y is negative, the signs are all 
the same. In the former case maxima and minima alternate for the series 
of functions at the point in question while in the latter case the extremes 
are all of one kind. 

It is clear that the method applies to the case of » variables a1, a9. +++, an 
and the result will be merely stated. Form the » symmetric sums 
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> > 
UW = 2%, 

“Sa 
Us = 2 Xi Vj (7 + dD, 
lg = Dy Vi 25 Mr, (2,j, k all different), 
Un == Wy Wey oes Une 


Let n—1 different constant values be assigned to the n variables, two 
of the variables assuming the same value, and let the values of the functions 
be calculated for this point 


Ui = Ci; ¢== ], &, «++, we, 


Then the constant ¢; is a relative extreme for the function «; subject to 
to the conditions imposed by the other n—1 equations. Moreover, if the 
one value which is assigned to two variables is positive, the extremes of 
the «’s will be alternately maxima and minima while, if this value is 
negative, the extremes will be all maxima or all minima. 

It follows that if the character of any one of the extremes mentioned 
in the theorem just stated is known the character of all the extremes is 
known. There remains to be solved the problem of determining the character 
of a particular extreme. We shall therefore direct attention to the last 
function «, and examine its variation by a method which throws additional 
light on the problem. 

If the numbers ;, #2, ---. 7, are regarded as the roots of an algebraic 
equation of the nth degree, then the functions ~; are the elementary sym- 
metric functions of these roots. Hence if 


(3) Ni= Cis i= 1,2,---,n—1, 
then the .’s must satisfy the equation 

(4) a! — a +b eg at oe (YT tg (1) tt, = 0.2 
Hence under the conditions (3) w, is a function of the single variable 2, viz., 


tn = (— 4 1 {a"*— (4 qh 1 | Cs a : ae - {... $i Cn 1 sr} , 


The extremes of ut, require that du,/dx = 0, in other words that equation (4) 
and its derived equation should have a common root, which leads again to 
the condition that at least two of the » values of 2 must be equal.* If 





*This method of deriving the condition was pointed out to me by Prof. C. F. Gummer. 
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the graph of w, be plotted against « then according as » is odd or even 
the curve may be represented schematically as follows. 


u Uy, 


[\. . . 
[0 I 


n even 
n odd 











, and . : n 
In case n is odd wu, has at most ——5—~ relative maxima and ~—>- 


relative minima, in case 2 is even at most < relative maxima and yal 
relative minima. The condition that to a given value of a, say tpn = a, 
should correspond n real values of x is the condition that the line uw, = a 
should cut the graph in 7 real points. This will be true only when there are 
n—1 distinct extremes and when the smallest relative maximum is greater 
than the greatest relative minimum. If this be the case, then the smallest 
relative maximum of a, is the absolute maximum of im, if the condition 
be imposed that all the variables 2, 12. ---, 2, are real. Again, if this con- 
dition holds, let a = x; be the value of « which gives the smallest relative 
maximum and let a horizontal tangent be drawn to the curve at this point. 
This line will cut the curve in #—2 other distinct points, whose abscissas 
may be denoted by 3, 73, +--+... The set of values a4, 77 = 91. 73, 4. +++, 7H 
for the » original variables furnish the maximum value of w, subject to 
equations (3). A similar method gives the values of the » variables whieh 
make #, a minimum. 

If, then, a set of real values of the variables 7; (two and only two 
variables being equal) is known to furnish an extreme of w», the character 
of the extreme can be determined by observing the position in which the 
two equal values occur when the n» values are arranged in order of 
magnitude. For the first relative extreme (counting from the left) of w, 
is in every case a maximum, hence the abscissa corresponding to any 
relative maximum (minimum) will occur in an odd (even) position in the 
series of abscissas for which 2, has this value. It follows that the statement 
of the foregoing theorem regarding the » symmetric sums may be completed 
as follows: If the value which is assigned to two variables occupies an odd 
(even) position, counting from the smallest, in the order of magnitude of 
the »—1 constants then the extreme of w» is a maximum (minimum). 
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This completed theorem, in case the variables are all positive, may be 
phrased in geometrical language, the function «; representing essentially 
the 7-dimensional hypersurface content of a rectangular parallelepiped in 
n dimensions. In this sense it is a generalization of the rectangle problem 
of two dimensions. 

It may not be amiss to add a numerical illustration of the 3-dimensional 
case. If 2, y, z denote the edges of a rectangular box then the functions 


u=4(@+y+2), 
vw = 2(ry+ye+en), 
w= ryz 


denote the sum of the edges, the surface and the volume. If w be extremized 
under the conditions « = 96, v = 360 then, regarded as a function of one 
edge x, 

w = a®§—2427+ 1802, 


and the extremizing. values are « = 6 and x = 10. If x = 6 the 3 edges 
are 6, 6, 12 for which w = 432. If x = 10 the 3 edges are 10, 10, 4 
for which w == 400. The general theorem then leads to the following 
conclusion in which the term “box” is understood to mean rectangular 
parallelepiped. A box 6><6><12 has a greater volume than any other box 
with the same surface and sum of edges, a smaller surface than any other 
box with the same volume and sum of edges and a greater sum of edges 
than any other box with the same surface and volume. A corresponding 
statement in which “greater” and “smaller” are interchanged applies to the 
box whose dimensions are 10104, 
QUEENS UNIVERSITY. 
January, 1926. 
























ON FREDHOLM’S INTEGRAL EQUATIONS, 
WHOSE KERNELS ARE ANALYTIC IN A PARAMETER.* 


By J. D. 'TAMARKIN. 


1. The reciprocal of the kernel K (a, §) of a Fredholm’s integral equation 
u(a) = f(@)+aA ["Ke, E) uw (E) dé 


is the function & (a, &, 2) which is determined (uniquely) by the equations 


* 
Ria, §,4)+- Kila, 3) = 4 f R (x, 8, 2) Ks, 8) ds 


b 
ii af, K (a, 8) ® (s, §, Ads. 


Atter Fredholm, it is well known that, under certain restrictions upon K(z, §), 
the reciprocal & (7, §, 4) is meromorphic in 2. 

This fact, in the symmetric case, has been proved by Hilbert7, the only 
assumption being, that the integral 


*b » 
| f K (a, §) *dad& 
oJ el 


exists. The asymmetric case required some further restrictions as to the 
kernel K (x, §). 

As far as we are aware, it was Hobson, who carried through Fredholm’s 
method under the most general suppositions concerning the kernel K (v, §), 
namely either 

(a) The suecessive iterated kernels 


Ky (a, §) = K (a, §), 
ot 


a) 
K(x, §) = I K (x, 8) K (s, 8) da, «++. Ky-auls, 9 = { K(z, 8) Ky-2(s, &} ds 


Ja 


are unlimited, but the Kernel X,, (7, §) is limited on the square 


i= ¢ 5 6; assesib 


* Received August 22, 1926. 
t Grundziige einer allgemeinen Theorie dev linearen Integralgleichungen, Gott. Nachr. 
1906, pp. 157-227 (vierte Mitteilung) = monograph under the same title, Leipzig und Berlin, 
B. G. Teubner, 1912, pp. 109-156. 
On the linear integral equation, Proc. Lond. Math. Soc.. (2) 13 (1914), pp. 307-340. 
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and the integrals 
* 
fixejala, [Rie 8\ ae, 


[Pi ke, §)\ dz, Sete [| kaa, §) | dx: 


exist and are bounded on (a, b); or else 
(b) The kernel K (zx, &) is of the form: 


K (a, §) = w(x) rv (8) ee 5) 


xr—&\*’ 
where « <4, Q(x, §) is bounded, and mw (x), v(x), if not bounded, are such 
that the product « (x)v (x) is absolutely integrabie on (a, b). 

Either of Hobson’s suppositions (a), (b) in some respects is more general, 
but in other respects less general than the Hilbert’s condition above. The 


situation may change essentially if, instead of the classical Fredholm’s 
equation, we have a more general one: 


(1) u(x) = f(x)+ [ Ke, E, 4) (8) d&, 


where the kernel K(z, §, 4) is analytic in 4. The reciprocal of the kernel 
K(x, §, 4), which now is determined by the equations: 


& (x, § D+ Kea, §, 2) =f" Ka, 5, 2) KG, § Dads 


(2) 
= [ Ke, 8, 4) R(s, &, A) ds 


may not exist at all, for instance, in the case of the equation 
ua) =fO+vO+ivel [e@uwds: [ewkar =1; 
[o@v@ar =o. 
The reciprocal cannot exist here and the homogeneous equation 
u (a) =|" Ke, &, Aju (§) d§, 


for all values of 4, possesses the evident solution 


u(x) = y(a)+Ay (za). 
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A slight modification in Hobson’s conditions and arguments is sufficient, 
however, to prove that the reciprocal of the kernel K(z, &, 2) is meromorphic 
in 4, if only it exists for at least one value of 2. 
. The purpose of this note is to establish the same result under a con- 
dition which reduces to that of Hilbert in the case of the kernel 4 K(z, §), 
and also to discuss a more general case when-the kernel K(z, &, 4) is itself 
meromorphic in 4. The line of attack is quite different from that of 
Fredholm and Hobson; our method is based upon the ideas of Hilbert* and 
H. von Koch,+ who applied the method of infinite determinants to Hilbert’s 
equations. 

2. First, let us indicate the formal part of the method. We denote by 


(3) a, (x), a(x), +++, Om (x), «++ 


any closed set of functions, orthogonal and normalized on (a, b). If f(@) 
and (x) are any two functions which are integrable together with their 
squares on (a, b) and if a 


fu = [0 F@) on(@) dx, — gn = J 9 @) nla) ax 


denote. the Fourier’s coefficients of f(x) and » (a) with respect to the set (3), 
then we have the so called Parseval’'s formula: 


freswae = Si on: 


The inequality 


shows that the series of the right-hand member is absolutely convergent. 
If the function » (7) (but not f(x)) depends on any number of parameters 
the integral 





5 2 
| gy (x) *dax 


* Grundziige etc., Finfte Mitteilung, Gétt. Nachr. 1906, pp. 439-480 — monograph, 
pp. 174-185. 

t Sur la convergence des déterminants infinis, Rend. del Circolo Mat. di Palermo, 28, 1909, 
pp. 255-266 (263-264). The method of H. von Koch has been used by J. Mollerup, in order 
to express the Fredholm’s determinant of the iterated kernel Ky (x, §) in form of an infinite 
determinant: Sur Videntité du déterminant de Fredholm et d’un déterminant infini de 
v. Koch, Bull. des Sci. Math. (2) 36, 1912, pp. 180-136. Under more special suppositions the 
same has been done by J. Marty: Transformation d’un déterminant infini en un déterminant 
de Fredholm, Bull. des Sci. Math. (2) 33, 1909, pp. 296-300. 


11* 
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being uniformly bounded, then the series >» Jn Gn converges uniformly. Now 


n==1 


we set 
ki (a, 4) =[ Ke, SA) (S) dé, ki (8,4) = Ke, &, A) 0; (x) dx, 


hyj(4) ={f K (a, &, 4) «4 (8) oj (ax) db dx 
*b 
= fia, 2) on) as =f hale, 2) ay(@) ae, 


*b 
ti(x, 2) =f @ (x, & or) a8. 


(4)) 





Then by virtue of Parseval’s formula 
2) 
[2 8, 4) K(s, §&, A)ds = >i (§, 4) £; (x, 4). 
a j= 


Multiplying (2) by ;(&) and integrating over (a,b), we get a system of 
equations for the unknown coefficients f;(%, 4): 


(5) f(a, 4) + kilo, 2) = D hey (d) t (a, 4). 
j= 


The problem now is to solve this system and to prove that the coefficients 
f;(x, 4) determine a function, which satisfies the equations (2). 

3. The system (5) will be solved by absolutely convergent infinite deter- 
minants.* We shall use the following sufficient condition for the simultaneous 
absolute convergence of the infinite determinant 


Ay Ay --- Ay 
An Asp +--+ a Oif i +7, 


e427 Lif i=j, 


Re ere he - , Ag = dy +ay, i= | 
Aa Ajp be cs Aj; 


together with its minors of all orders: 
(*) The series 


(7) Pai 


are convergent. 
All the “usual” rules of the theory of finite determinants can be applied 
to infinite determinants. 


_ 
a 


| hig 





* See footnote 7 p.129, and also: Sur wn théoréme de M. Hilbert, Math. Ann. 69 (1910), 
pp. 266-283. F. Riesz, Les systémes d’équations linéaires a une infinité d’inconnues, Paris, 
Gauthier-Villars, 1913. We give below some necessary details and complements. 
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Let. Ay denote the cofactor of the element A, in the determinant A. 
If we set 


and denote by A the cofactor of the element Ay in A”, then 


A» > A, 





A> Aj as n>. 
It has been proved by Hadamard* that if 


| tty, 





nl Gin 


is any determinant of the nth order and if 


nr 
8i* —_ > Civ * 


v=1 





n 
oj = 2 | en! (i, j = 1, 2,---, n), 
r= 
then 
a 3.3 ae 4 iz iy ees 
(APS 878,?---8? and |A*?< a70,2..- 6,2. 
In our case this es 


xz 


j= 


ot 


(8) jamPsy” 


\ 


a 


Sa fs ee {1-+2) au| + 3 \ay'" 








i i z im 
5 


where J/ is a positive constant which depends only on the values of the 
series (7). In the same way: 


i“) 
(9) |APP< 1 Ay |? = Mj ; Ay? < n> Au? = mi? 4a, 
Hence 
(10) A= 1, Mi|\ SM, Ag Mj, . MG SMG FS). 















* Résolution d'une question rélative aux déterminants, Bull. de Sci. Math. (2) 17, 1893, 
pp. 240-246. A very simple proof of Hadamard’s theorem, in the case of complex cy, is 
given in the book by G. Vivanti, Elementi della teoria delle equazioni integrali lineari, 
U. Hoepli, Milano, 1916, pp. 41-44. 
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The imequalities (10) assure the absolute convergence of any determinant 
which is obtained from A by replacing any row or any column by -a 


sequence 
Oy, Hg, +++, Opn, ss 


for which the sum s \@,|” is convergent. The same argument proves 
n=1 
further that the bordered determinant 


fi = An Are ++: Ay 
, KX 

(11) Any = [8 An Ae os Ay ol Ag i 
° . . . ° ° ° ° - | i, jut 


yi An Ap +++ Ay 


ee ee aes ee 





is also absolutely convergent, if the series 
es) o0 } 
mist, sale 
j=1 $=1 


are convergent. Hence the double series of the right-hand member is 
absolutely convergent. The inequalities (8), being applied to the deter- 
minants A,,y and 
me aT Je «uo 9 La 
ly» An Ay +++ Ain| 
AY, = | Ye ye “re 





Yn An Ang Ann | 
show: ie fe | 
Fore Par TI ‘iyi "+ 2 |Aul" 
cot pe i=1 
(12) Poe ce eee 
wal | Sit TT fiat +2 4or 
= j=! = 





Hence the determinant A,.,, as a linear form in either of two sets of 
quantities 


(13) yy Wey 2%, By 23 Yr, Yo, -**s Yay vee 


satisfies the inequalities: 


2) 


(14) \Ac,y* < D |x|? Ms, (y); Ary? S 


fA 


Ne 


|yi\® » Ms (x), 4 


~ 
— 
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where M, (y) does not depend on 2, x:,--- and M,(x) does not depend 
on Wty Yay ++ *s 
Any linear form 


(15) i). = > ly ty 


y==1 


in infinitely many variables z,, 2.,---, 2y,--- is called bounded (German: 
beschrankt), if, the sequence 2,, 22, --- being arbitrary, we have for all n: 


u 
Lhe 


| ¥=1 v=1 


where M is a positive constant which does not depend on ». It is well 
known* that a necessary and sufficient condition that the linear form (15) 


Pt . ° 
be bounded is that the series > |J,|* be convergent; in this case 
v=1 
Libis we. 
vy=1 


Consequently Az,, is a bounded linear form in either of two sets (13); 
this yields the convergence of either of the series 








3 a : 
iyi + 2) | ul? 
A j= J 


x wo) 
for any two sequences (13) with convergent sums > |2;|?, > |yi|*. 
j=1 i=1 


J 
4. We are now going to consider a system of infinitely many equations 
in infinitely many unknowns: 


(16) my Ag ts = Gi, 


gma 


8 +++ Ay, -- ) 


* Cfr. E. Hellinger and 0. Toeplitz, Grundlagen fiir eine Theorie der wnendlichen 
Matrizen, Math. Ann. 69, 1910, pp. 289-330 (294-295). 


where the matrix 


satisfies the condition (+). 
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By a “solution” of this system is meant any sequence 


re ee oe 






for which the sum 
(17) 









converges and which satisfies the equations (16). 
- It is readily seen that the convergence of the series 


(18) Sia 


i=1 




















is necessary for the existence of a solution of (16); this is shown by the 


inequalities, easy to prove:* 





L x 
, > ’ te ~ “ 
Gi S 2) \4y fj S |b + Mij sj ; 
j= Jj=1 













We have to consider two cases: 
1°, Suppose that the determinant A of the system (16) is +0. In 
this case the convergence of the series (18) is also sufficient for the 
existence of a solution of (16) which is uniquely determined by the formulas: 











(19) 
where 


(20) Ai = Aji ¢; 
j=1 











denotes the determinant which is obtained from A by replacing the elements 
of the ith column by the sequence ¢,, @,---. It is obvious from what 
has been said before, that the series (20) is absolutely convergent, as well 


as the series 
< 1 
. renner 
>| ; _— 
{=} 


*This may be done by a repeated application of Cauchy’s inequality: 


> AS B, 3 < bd «,,|* 2D \*, 3 







i2 
Aji cj | ‘ 


Ms 
Ms 


Vay 
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This shows that the substitution of the expressions (19) in (16) yields 
a determinant of the type Ax,y. where x, #2, --- and y:, y2,--- are 
replaced by Aj, Aw, --- and c, @&,--- respectively. Changing the order of 
summation, which is permissible because of the absolute convergence, we 
see at once: 


(21) 
where 


(22) 


depend only on the values of the series (22). The inequality (21) seems 
to be new; it may present some importance in the applications of infinite 
determinants. 

2°. Suppose now that A = 0. It has been proved by H. von Koch 
that the condition A = 0 is necessary and sufficient for the existence of 
a solution of the homogeneous system 


xX 
(23) > Ag t = 0, 
i 


for which ds: c;* + 0. It has been proved also that, if A = 0, there 
j=1 

exists such an integer + that A and all its minors of the orders 1, 2, --- (7 —1) 

are zero, but at least one of the minors of the th order is different from 

zero. In this case the homogeneous system (23) admits of exactly r linearly 


independent solutions and the same is true of the transposed system 


4) 


& Anti = 0. 


i= 


H. von Koch has found also the necessary and sufficient conditions for the 
compatibility of the nonhomogeneous system (16) (when A == 0) and has 
given the most general expression for the solution of the system (16). 

5. A very important observation must now be made, concerning the 
case when the coefficients Aj,, c; of the system (16) are functions of 
a certain parameter z. Suppose that Ay (z), c:(z) are analytic in 2 on an 
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open domain (D) of the z-plane. Suppose also that the condition (¢) is 
satisfied, that the series oe. 
i > a)? 
- ¢=1 


is convergent on (D) and, which is essential, that the sums 


9) 


(24) Ziaee, Liao, Ziaee 


i,j=1 ‘= 


are bounded on any fixed closed subregion (D,) of (D). By virtue of (8), 
(9) the determinants A” (2) and Ap (2) are analytic on (D) and uniformly 
bounded on (Do), which shows, by virtue of an important theorem of Montel*, 
that the limiting functions A(z) and Aj(e) are also analytic on (D) and 
that the convergence of A” (z) to A(z) and of Aj’ (2) to Aj (2) is uniform 
on (Do). Consequently the solution ¢; (2) of the system 


es) 


(25) 2 AGOGO = al) (i = 1,2,--+) 


j=1 
is meromorphic on (D), under the condition that A(z) is not identically 
zero. The poles of ¢;(z), if there be any, must coincide with the roots of 
the denominator A(z). Suppose that A(z) is not identically zero; every 
fixed region (Do) contains but a finite number of the roots of A(z), and 
the functions ¢; (z) are analytic on every closed subregion (D,) of (Do) which 
contains no roots of A(z). Finally, it is readily seen that the determinant 
Ax (2) is also analytic on (D,) and meromorphic on (D), under the con- 


dition that ) 
ae (2), Xe (2), at Es " (2), ¥2 (2), es 


are any two sequences, which are analytic on (D) and for which the sums 


Mos Sino, Sino! 


t=1 
are bounded on (®,). 
6. Let us return to our problem. The following theorem will be established: 
THEOREM 1. Stppose the kernel K (x, §, 4) of the integral equation 


(27) ue) = f@)+[K@, & Du@as 


is analytic in 4 on an open domain (A) of the 4-plane and for almost all 
points (x, §) of the square: 

esas b; asésb. 
oe Lecons sur les séries de polynomes a une variable complexe, Paris, Gauthier-Villars, 
1910, pp. 18-19. 3 

















INTEGRAL: ‘EQUATIONS. 

Cuppebe that the. tntegrals -.: ) 
A 

(28) " “de K (a, §, 4)? dé, fi K (a, §, 4) "dx 


exist for akan all values of x and & respectively, and that, on every closed 
subregion (Ao) of (A): 


*% 
a) [ixexnrasne, fikwsara < Ke, 


Fy (a) being a: positive. function which depends only on-(49) and which is 
integrable on (a, b).* Then the reciprocal & (x, &, 4) of the kernel K (a, &, 4) 
either is meromorphic on (A) for almost all values of x, §, or does not exist at all. 

In the special case when K (a, &, 2) is an integral function in 4, the 
reciprocal. & (x, §, 4), if it exists for at-least one value of 4, must be-equal 
to a quotient of two integral functions in 4. In the case of the classical 
Fredholm’s equation the restrictions of Theorem 1+ reduce to those of 
Hilbert (1). 

7. The conditions of Theorem 1.are not sufficient to ensure the system (5) 
satisfying the condition (+), but they are sufficient if; in the syst*m (5), 
the kernel K (x, &, 4) is replaced by any kernel of the form: 


eh 
(30) - Koy (a, 8:2) J" Ke, », 2) K%(s, § 2) ds 
where K(x, &, 4), K®(a, §, 4) are any two kernels which satisfy the 
same conditions of integrability.as the kernel K(a, §,4). This is the 


reason why we proceed to establish Theorem 1 for the kernel Ky (z, §, 4) 
instead of for K(x, ,4). Under the conditions of Theorem 1 the double 


b Pb 
integrals f. f | K(x, &, 4)\?}dad® (i = 1, 2) exist for all values of 4 in 
(4) and, on (49), we have: 


* 
(31) J, 3 Ka, &4) dad <= No” (¢ =-1, 2). 
The values of x and of § for which the integrals 


* 
(32) | -- I K(@, §, ° dé, f. K®(@, §, A) Pdx (i = 1, 2) 





*iy: what follow’ we designate by F(x) any function of this type so that, for instance, 
instead of cF,(x), where c is a constant, we shall write simply Fy(x). The notation N, 
will be used in order to designate any constant, which is determined by locating the sub- 
region (Ao), but which does not depend on A in (A,). 
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do not exist, shall be called singular values, all other values of x, § non- 
singular. The singular values constitute a set of measure zero, and for all 
nonsingular values of a, § the kernel Ky(x, §,4) certainly exists and is 
analytic in 4 on (4). Only nonsingular values of x, § shall be considered 
in what follows. 

Using Schwarz’s inequality it is readily seen: _ “ 


Ko (x, é, h) 3 < "y (a) Fy (), 
*b 
(33) ; J. Ky (x, §, A) ids Ss Fy (x), f | Ky (a, §, i) Adx % Fy (§),* 


LL Ky (a, é, ) Pda dg < No on (Ay). 


Let S* (x, §, 4) be the reciprocal of the kernel Ko (x, §, 4). We set, as in 2: 





* *% 
Ki (x, i) ins f Ko (a, §, i) w;(§) ds, Ki, A) Kage f Ko (x, §, i) (x) dx, 
* gb * 
Ky(d) =f) [Kole $2) oi($) wy(e) a8 dx = fK/G, 2) oi(8 dk 


=f Kie, A) w; (x) dx, 
* 
t¥ (a, 4) =| R* (x, §, A wi (EAE, (FE, 4) = [2 (a, §,4) w(x) dx. 





(34) 





The system of 2 is replaced by the system 


) (35) fi (a, A+ Kix, 4) = DY Ky AH @,4, G=1,2.--. 
J=1 
We denote 
— Ky(4) =: ayj(A); Ki(a, h) = ci (A); — fi (x, A) = & (4), 


and proceed to test the conditions (*) of 3. By virtue of Parseval’s formula 


\’ ~ < < *o 4 tat 
p> ah)? = > | Ki(A) -_ = > | Kj (&, 4) 2d St 
‘j= J=1 i=1 Jj=!1 a 
= Jae 2) KG, 2) Jak J, | Kole, 8A) dc S No 


¥ See footnote * p. 137. 

{ We can invert the order of summation and integration by virtue of a well known 
property of Lebesgue’s integrals: If a sequence of integrable functions ¢, (a), ---, pu (x), --- 
converges almost everywhere on («, 8), and if | ga(x)| = g(x), where g (x) is a positive 
jntegrable function which does not depend on », then: gu(x)da—-> |" g(x) da, as no, 
See, for instance, De la Vallée-Poussin, Cours d’Analyse infinitésimale, t. 1 (3rd ed.), 
1914, p. 264. 
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The same Parseval’s formula shows also: 
9) on 
a | (a) * = 3 Kile, A) r— [ | Ko(a, &, 4) \*d& < Fy (x), 
#=1 =} 


. si , es v5 + yy ; 7 s i ; V: 
for all nonsingular values of «; finally, using Schwarz’s inequality 


, | au (A)| = 2 Ki) 


t= 


n 
a ¥ [" f fixe (a, 8, 4) K®(s, &, 2) @;(x) 0; (8) dx d¥ ds 
ix1}7@ Ja a 





b : Ba 7 
i f asf | K® (x, 8,2) ®dax | K®(s,8,4) *dé < I Fy (s) ds == No. 


The conditions of 3~5 thus being satisfied, we see at once that the deter- 
minant 9,(2) of the system (35) is absolutely convergent, together with all 
its minors of all the orders, all these functions being analytic on (4). 

Suppose that B,(4) is not identically zero. Let (-4,) be any fixed closed 
subregion of (4) which does not contain any root of B,(4). The solution 


. a= — 8 (2) = Be 


of the system (35) is then analytic on (-4,) and the sum 
a. 
(37) 2, | bi(2) 


is bounded on (4,), for fixed nonsingular value of x. 

8. Suppose now that D,(4) + 0. By virtue of the Riesz-Fisher theorem,+ 
there exists a function ® (x, §, 2), which is uniquely determined, for almost 
al! values of §, by the conditions: 


*b 
(38) . Cathann thd  G~—is.-) 
and for which 
SL ite,a "=f" oe, 9 28. 
i= 7 


We shall prove that this function @ (7, §, 4) satisfies the equation 


ab 
(39) OG, §, 4) + Kola, &, 2) =f @(w, «, 2) Kole, & as. 


+ Ctr. T. Lalesco, Introduction a la théorie des équations intégrales, pp. 95-96. 
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Applied to the functions ® (x, §, 2), Ky (x, §, 4) Parseval’s formula. shows: 
i ® (x, s, 4) Ky (s, §, Ads -2 Kj (&, 4) ff (a, 4). 
Multiplication by «;(§) and integration yield then: — é 
Jie) a8 P00, 2) Kol, 8, de = fae ae BK De 2 
= Si, aK Gd 0 @ ax ; 

= ¥ Ky@ ti, 4) = He, )+ Kile, », 


i 
because of (35)... Hence, the functions 
[OG DKG 8d) as; OE D+ KO, 82. 
have the ‘same Fourier’s coefficients with respect to the closed set sa 
be a me ‘ 


Consequently the equation (39) is satisfied for almost all values of §. The 
exceptional values of § (which constitute a pointset of measure zero) shall 
be considered also as singular. If we set R*(x, §,2) = O(a, §, 2), the 
equation 


(40) R* (x, g, i) — a 3 (a, §, i) + [x (x, s, i) Ko (s, §, 2) ds | 








is thus established for all nonsingular values of « and &, that is almost 
— The right- nant member of (40) may be written as follows: 


so. -o Kola, § i)-+ 2K (§, A) £7 @, 2) 


— Ko(a,§,4) Ki (&, 4) Ki (§, 4) 
1 | K,(z,a) Ay (4) Age (A) 


D(A) Ki(w,4) Aes (A) Ago (A) 


(41) 


If we remember what has been said in (5) we see at once that this expression 
is meromorphic on (A), 
We may start as well from the system 


(38') HE DEKE =D Ket (= 1,2,--9, 
j=1 


t See footnote? p. 138:-— 











INTEGRAL EQUATIONS. 141 


instead of from system (35). The corresponding function R** (a, §, 4) which 
is determined by the conditions ; 


(38’) [ R** (x, E, 4) oi(x) dx = E*(&, A) emt, 2, ++ 
will satisfy the relations 
R** (x, §, 2) = —Ko la, &, + [Ko (x, 2) 8** 6, A) ds 


| ~~ Ke, g, A) K, (, 4) Ky (x, A) 
_ 1 | BEAD An® An@ 
DG! Ks@i)  4iv@) tn) = 


(41’) 


for all nonsingular values of z,&. The determinants of the right-hand 
members of (41) and of (41’) being equal, the functions R*(x, §,2), K**(x, §, 2) 
coincide almost everywhere. This proves that the function S* (x, §,2). satis- 
fies both equations of the reciprocal kernel 


“(eb 
K* (ar, §, 4)-+ Ko (x, §, 4) = f R* (x, 8, 4) Ko (s, §, 4) ds 
(42) b 
= |" Ko(a, s, ) 8* (, § Dds. 


9. Take any integral equation 


(43) u(@) = f@)+ [ Ke, bu wae, 


whose kernel K (x, §) satisfies Hilbert’s condition: 


> fb | 
(44) | J K (x, 8) "dx dé 
Ja a 


exists. The reciprocal & (x, §) of the kernel K (x, &) is the function which 
satisfies the equations 


(45) & (x, 9) + K(x, 8) = [ Rw, ) K(s, Has, 
(46) R (0, H+K Ge, 8) = [Ke ) RG, Has 


simultaneously. By the “solution” of the equation (43) is meant any 
function u(x) for which the integral 


(47) ey u(x) ®dax 


i ai il dai ii le aC 
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exists and which satisfies the equation (43), f(#) being any function, inte- 
erable together with its square. 
Accordingly we shall require the existence of the integral 


(48) [ [ite &) Pda d§. 


It is readily seen that (45) is a sufficient condition for the uniqueness of 
the solution of (43). Namely, multiplying (43) by & (/, 2) and integrating 
we find that, if the solution of (43) exists, it must be equal to 


(49) no) = ff RO, HF @ ab. 


On the other hand, (46) is a necessary and sufficient condition for the 
possibility of the representation of a solution of (43) in the form (49) for 
an arbitrary f(x). This can be shown by a direct substitution of (49) in (43). 

Hence the reciprocal & (x, §) cannot exist if the homogeneous equation 


(50) u(r) = f K (x, 8) u (8) dé 


has a solution which is not zero almost everywhere, or if the nonhomogeneous 
equation (43) has no solution for an arbitrary f(z). The same remains true 
if we replace the equation (43) by the associated equation 


%» _ « « . 
(43’) r(a) = f(w~)+ f. K (&, a) vr (8) d&. 


This can be proved simply by permuting the letters x and §. It is also 
obvious that, if the reciprocal & (2, §) exists, it is unique. Finally it may 
be easily proved that, if the homogeneous equation (50) has a solution + 0, 
a necessary condition for the compatibility of the nonhomogeneous equation (43) 
is given by 


*b 
(51) [ro v(ajda == 0, 


where v(x) denotes any solution of the associated homogeneous equation. 
All the facts mentioned above are well known, but usually they are 
established under somewhat different suppositions concerning the kernel 
K(z, §).* 
10. Now Theorem I may be easily established for the kernel Aj (x, §, 4). 
It follows from 8 that, if D(Z) + 0, the reciprocal of the kernel Ko (2, §, 2) 
* Hilbert (footnote * p. 129) extended the classical results of the theory of Fredholm 


to the kernels of the type A(x, §), using the theory of bilinear forms in infinitely many 
variables. The same will be done below by more elementary methods. 
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is represented by the function &*(x, §, 4) which is meromorphic on (4). 
If D(A) = 0, the reader may show exactly in the same fashion as above, 
that the homogeneous integra] equations 


u@) = ['Ko@, 8, u@ads;  v@) = ['KE, x, Yo@ak 


possess the same number of linearly independent solutions, which are not 

zero almost everywhere, so that the reciprocal can not exist for such 

values of 4.. This implies that each root of the denominator D(A) represents 

a pole of the reciprocal &* (x, §, 2) and that this reciprocal does not exist 
at all, if D(A) is identically zero. 

11. So much for the kernel Ky(x, §, 4). We return to the kernel K(z, &, A) 

and to the integral equation 


(27) ula) = fa) + KC, &, Nu@as 


of Theorem 1. We shall prove that if 2 is any fixed value for which the 
reciprocal R(x, §, 4) of the kernel K(x, §, 4) exists, then it is always possible 
to find such an integer m for which the reciprocal Rm (ax, §, 4) of the mth 
iterated kernel Kym,(x, §, 4) also exists. 

For this purpose we introduce an auxiliary parameter ¢ and we consider 
the integral equation 


(52) ua) = g(x) =e [| K@, , uaa. 
We set 
k(x, §) = K(a, §, 4) 


and denote by f(x, §) the reciprocal of the kernel k(x, &). Our supposition 


is, that this reciprocal exists, so that the homogeneous equation 


b 
(53) ok ia f. k(a, 8)u(é)aé 


has no solution for @ = 1. We have to show that the homogeneous 
equation 


64) u@) =f"im(@, )u@ds; kn @, 8) = Kn, §,2), 


has no solution for at least one value of the integer m + 1. If the con- 
trary is the case, then for any given m there exists a function gm (x) which 
is not zero almost everywhere and which satisfies the equation 


b 
(55) gm (2) =f tem (2, 89m (B)dE. (em = 2, 8, -->) 


12 
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vitae . 
nt eee rs arene ae aE, Se 
: es See ae Bas HS dil . 


a 











J. D. TAMARKIN. 





144 
On setting* 


b 
Yme() = Gm @d+ef k(e, 9, (848 


(56 
b 
sa tem’ km—1 (x, §) Pm (§) a, om = I, 


we see at once that Wm -(x) is a solution of the integral equation 


b 
Ye a) = @ J. (@, 8) Ym,e(@) a8. 


If in (56) we substitute, instead of «¢, all the distinct roots 6, &---ém of 
the equation «” = 1, we must obtain at least one function +0, because 


MOPm(x) = 2 Yme(2); 


and ym(x)+0. The corresponding value of ¢ is certainly +1. Thus we 
have established the existence of infinitely many characteristic values of 
the integral equation (53) which are distinct and which are situated on the 
circle |o| = 1. An immediate substitution shows that, if @ is a charac- 
teristic value of the equation (53), g? is a characteristic value of the equation 


b 
(56) ula) =o fh Ge, 8) u@) ab. 


Hence we obtain infinitely many characteristic values of the equation (56) 
which are distinct and are situated on the circle |e! = 1. This is im- 
possibie, however, because, the kernel e?k, (x, §) being of the type Ko (a, &, @) 
the reciprocal f, (x, §,0) of e?k,(x, §) either does not exist at all, or must 
be meromorphic on the whole g-plane. The former case is certainly ex- 
cluded here, because the integral 


(57) [Pf lett (e, ))azas 


may be made arbitrarily small by taking || sufficiently small, which implies 
the convergence of Neumann’s series for the reciprocal f, (x, §,e).t Hence 
f,(x, §,@) is meromorphic in ge, and consequently it can not have infinitely 
many poles on the circle |o| = 1. 





*E. Schmidt, Zur Theorie der linearen und nichtlinearen Integralgleichungen, Math. 
Ann. 64, 1907, pp. 161-174 (162-164). 

tT E. Schmidt, Zur Theorie der linearen und nichtlinearen Integralgleichungen, Math. 
Ann. 63 (1907), pp. 433-476 (448). 
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12. We exclude the case when the reciprocal of the kernel K(z, &, 4) 
exists for no values of 4, in which case Theorem 1 is trivial. Thus we 
may assume that for a certain fixed value of integer m the reciprocal of 
the kernel K,, (x, §,4) exists for some values of 4. The kernel Ky» (2, &, 4) 
being of the type Ky(z,&,4) the results of 10 may be applied to this 
kernel, whence the reciprocal Rm(a,§,4) of Km(a, §,4) is meromorphic 
on (4). Let 4 be a fixed value which is different from any pole of 
Rm (x, §, 4). Tf u(x) is a solution of the equation (27), the same function 
must be a solution of the equation 


(58) u(a) = fn a) + J Km (@ 8, 2) ul) a8, 


where 


(69) fin a) = f+ Ke, 8) SE) AE+-- + [Kms (@, 8,2) FB) aE 


which is readily proved by successive substitutions. On setting 


(60) Q(x, g, A) =— K(a, g, a) Sat. Shy (x, g, 4) + Xm (x, g, A) 
+f m(x, 9,2) Ks, §,2)de+ --- +f Sm (@, 68) Kma (6&2) ds 


we bring the (unique) solution of (58) to the form: 


b 
u() = Sula) — J) Sm (28,2) fn (8) AB 


(61) 5 
= f@)—[2@,s,07@ 48. 


Conversely we can prove that (61) represents a solution of (27). In order 
to do this we shall proceed to show that 2 (2, &, 4) satisfies both equations 


62) Q(B N+KG, 8%) = [' 2(e, 4,2) KG 8,2) as, 
(63) O(a, § )+K (a, §, 2) = [” K(@, 8,2) 2(6, 8,2) ds 


for the reciprocal of the kernel K (a, §, 4), so that, denoting this reciprocal 
by & (a, §, 4), we have: 


SK (x, &, 4) = Q(a, §, 4). 


The equation (62) may be verified by a direct substitution of (60) in (62). 
The relation (63) in the classical theory usually is deduced from the 
Neumann’s series, simultaneously with the relation (62). In our case this 

12* 
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can not be done immediately and we have to find some other way of 
establishing (63). For this purpose we again introduce another parameter e@ 
and the kernel k (x, §, 0) = oK (a, &, 4) and its iterated kernels ky (a, §, @), 
ks (a, §, @), --+ which reduce to K (az, §, 4), Kz (x, §, 4), --- for @ = 1.* 
For sufficiently small |o| the reciprocals 


f (a, §, @), f, (x, §, @), +++ 
of all these kernels exist and we must have 
f(x, §, 0) = w(x, &,e) = —k(@, §, e)— ---— km-1 (2, §, 0) + f(a, §, @) 
+ ['tm(a, 8, ek 8 0) det +--+ [tm le 6 na (e ede. 


Hence for small |e |: 
*b 
o(2, Fe) +k(x, 80) =f ole, s, kG, § as, 


(64) 
0 (2, tk@, Be =f kas, ols, 8 eds. 

The left- and right-hand members of the equations (64) are meromorphic 
on the whole o-plane, the same being true of f(a, §,¢). The equations (64) 
must hold true for all values of @ for which all the functions in question 
are analytic, in particular for @ = 1, which is not a pole of f» (x, §, @), by 
hypothesis. Hence (63) is established; at the same time we have established 
the existence of the reciprocal & (2, §, 4) for all values of 4 which are 
different from any of the poles of R» (2, &, 4). 

13. The expression 2 (zx, §, 4) obviously is meromorphic on (4). Let us 
see now what happens when 2 = 4%, is a pole of Rm (x, §, 4). We have 
two cases to consider: 4 is or is not a pole of 2 (za, &, 4). 

1°. Suppose that 4) is not a pole of 2(z, §,4). The function 


Qo (x, §) = 2 (a, g, do) 


then is perfectly determined; it certainly satisfies all our conditions of 
integrability as well as the equations for the reciprocal, so that the reci- 
procal & (x, &, 49) exists in this case and it is represented by 2 (a, &, 4). 

2°. Suppose now that 4, is also a pole of the function 2 (z, &, 2). We 
proceed to show that the reciprocal of the kernel K (2, &, 4) can not exist 
in this case, that the homogeneous equations 


ua) =f K@,54)u@ as; v@) =f KG, 2, rv @az 





*The notation here differs slightly from that of 11. 
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possess solutions u(x), v(x) which are not zero almost everywhere, and, 
finally, that the nonhomogeneous equation (27) has no solution if f(x) is 
arbitrary. 

Let r be the multiplicity of the pole 4 of 2(a, §,4), so that in the 
neighbourhood of 4 = 4, we have an expansion 


R(x, 8,2) = Q(x, §,2) = fee + +. RD 7 + P(x, §, A—s) 


where r(x, ) $0 and P(x, ,4—2,) is analytic. On multiplying the 
equations (62), (63) by (A—4,) and making 2A, we have: 


b b 
tr(2y 8) = [ar (ws) KG, 8, do) de = [ K(x, 9, 49) xr(6, 8) ds 


which makes all assertions above almost evident. 

Thus, if the reciprocal R(x, §,2) of the kernel K(z,&,4) exists for at 
least one value of 4, it is equal to a function 2(z, §,4) which is meromor- 
phic on (4). Hence Theorem 1 is proved. 

An easy application of the elegant method due to W. A. Hurwitz* will 
enable the reader to extend other classical results of the theory of Fred- 
holm (so called Ist, 2nd, and 3rd theorems of Fredholm) to the kernel 
K(x, §,4) of our Theorem 1. It ought to be noted also that Theorem 1 
remains true, if in the conditions of the theorem the kernel K(z, §, 4) is 
replaced by any iterated kernel K,,(x, §,2) supposing, however, that the 
functions K(z, §, 4), ---,; Km-1(x, §,4) are integrable. 

14. We go over now to a more general case where the kernel K(z, &, 4) 
is meromorphic itself, under the restriction, however, that the poles are 
independent of x and § We shall establish 

THEOREM 2. Suppose that the kernel K(x, &,4) of the integral equation 


(27) u@ =S@+[K@,§ 2) u® a® 


satisfies the following conditions: 

1°. K(x, §,4) is meromorphic in 4 on an open domain (A) of the 4-plane, 
the poles being independent of x,§ (a<x<b, a<E <b). 

2°. The conditions of Theorem 1 are satisfied on any open subregion 
of (A), which contains no poles of K(z, §, 4). 

3°. The coefficients of the negative powers of (A—4) in the expansion 
of K (a, &,4) in neighbourhood of any pole 4g: 


* On the pseudo-resolvent to the kernel of an integral equation, Trans. Amer. Math. 
Soc. 13 (1912), pp. 405-418. 
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Gu@ §) 
Ca 


are represented by sums of a finite number of products of a function of x 
alone by a function of § alone: 


(66) g(x, §) = BS g(x) wO(E)* (9 = 1,2,---, p), 
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(65)  K(v,$,a) = hic + 4S) + re, 5, 1—) 


























each factor being absolutely integrable together with its square on (a, b). 
Then the reciprocal of the kernel K(x, &,4) either is meromorphic on (A) 
or does not exist at all. 

The conditions of Theorem 1 being satisfied on every open subregion (4) 
of (4), which is free from poles of K (x, §,4), we see at once that the 
reciprocal &(z, §, 4) is meromorphic on (4). Let 4) be a pole of K(z, &, 4) 
and (c) a circle around 4), whose radius 6 may be taken arbitrarily seal. 
Theorem 2 will be proved if we can show that & (x, §,4) is meromorphic on (c). 

Again we may confine ourselves to the consideration of the kernel of 
the type Ky (x, §,4) because, if the reciprocal of the kernel K(z, &, 2) exists, 
the same is true of the reciprocal of a certain iterated kernel K,,(z, &, 2), 
and if we prove that the reciprocal &,,(z, §,2) is meromorphic, the same 
will be true of R(x, &,4) by virtue of (60). 

Hence we may assume that K(x, &, 4) itself is of the type Ky(a, §, 4). 
The formulas of 8 applied to the kernel K(x, &, 4) yield: 



















(67) 
where 


K(x, 5,4) = 







1—ky (4) —Iie (A) 
D(A) = han @) 1— Is (i) cai 









(68) — K(z,&,4) kh (&, 4) kp (&, 2) p 
D(x, §, 2) = ky (ar, 4) 1—kyi(4) — hy (A) | 
PO eh ae. | 
and F 
«o =[/K(,#,u@as, WE, =[Ke,§,)o@ae, 





ky) = J" ["K@, §, doi @ oy @)d$ae. 


* Some of the factors 9%) (x), y(~) may be equal zero. 

































INTEGRAL EQUATIONS. 149 





It seems at first sight that 4) must be an essential singularity of R(x, §, 4) 
because the numerator and the denominator of (67) seem to contain infinitely 
many negative powers of (A—A,.). This is not, however, the case, and 
we are able to prove that there exists a fixed positive integer x such that 
either of the products 


(A— 4)" DA),  (4—4o)* DG, §, 4) 


is analytic on (c). If this is true, the reciprocal R(x, §, 4) is equal to 
a quotient of two functions analytic on (c), and hence it is itself mero- 
morphic on (c). 

15. The proof is based upon a curious property of certain determinants 
of a special type: 

LemMA. Suppose that the elements ay(z) of a determinant A(z) of the nth 
order are functions in a parameter z, and that 


m—l1 
ay (2) =D +2” 6,,(2), 
@==] 
oe 
cf) = ape q?, 


where m and o@ are given integers, such that 


m $5 os, mo<n, 


INV 


PY, gi are given constants and Oy (2) are given functions which are analytic 
in the neighbourhood of the origin. Then A(z) has the root z = 0 of 
multiplicity which is at least 


__ m(m+1) a” 


mn 
2 


We shall use the notation An,,m,« (2) to designate any determinant of the 
type of A(z), in which the integers n, m,o are replaced by mo, mo, % 
respectively. Let 7n,,m,o denote the multiplicity of the root z = 0 of 
the determinant An, mo, (2). We have to prove that 


tn, m,o 2 mn— MTD ,, 


The coefficient Ad can be considered as a linear form in o quantities 


9 (v = 1,2---0), 


iy 
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If we set 


6 
I (a) = ae rp? Ly» 
v=1 
we obviously have: 
cl) —_ I's) (q). 


Now, take the constant term cf) of the element «j(z). Since the number 
of linearly independent forms in o quantities is exactly o, we may suppose, 
without loss of generality, that all the linearly independent forms of the set 
1) (ar) (¢ = 1, 2,---, m) 

are contained in the o first rows of the determinant A(z). The forms 

m (x), ines: © (x), 
then, are linear combinations of the first o forms 

1 (x), in 1 (x). 
Hence, by taking suitable linear combinations of the first o rows of A(z) 
and by subtracting them from the remaining (n—o), we can reduce to zero 
the constant terms of the elements 

aj (2) (= o-+1,---,m; 7 = 1, 2,--+, m). 


The character of the coefficients ) (s >0) obviously will not be changed 
by such an operation: the forms 


I (x), +--+, I (a) (s>0) 
will merely be replaced by their linear combinations 
1o ere Lo (x) 
and the coefficients cis) will be replaced respectively by the coefficients 
6) = 19 @) (¢@=1, 2,---, m—1; i,j =1, 2,---, 0). 


After this transformation the determinants of the (n—o)th order, which 
are contained in the matrix of the last (n—<¢) rows of A(z), obviously are of 
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the form @”~* An—c,m-1,0(2), and the expansion of A(z) in the elements of 
the last (n—o) rows shows at once: 


A(z) = e”~* times a linear combination of An—c,m—1,0 (2). 


This proves that 


Tn, m,6 — n—o-+ Tn—o,m—1, 6+ 


On substituting (n—o) instead of nm and (m—1) instead of m,--- it is 
readily seen that 


Tn, m,o = (n—) + (n—20)+---+ [n—(m—1) 6] + An—m—19,1,0- 
Now the same argument as before shows that 


Ako 2 k—a 
Hence 


m (m+ 1) 
ee Bassied 


Tn mo = > (n—o)-4-- --+(n—mo) = mn— 


As a check on our lemma, note that for the determinant 
2Outpmg 262+ pige +++ 260in+pi dr! 


Ont Peas 2002-+ poq2 -++ 20nm+ po dn 
A(e) =| Sea aa eatin = ee se 


wee 2O0n2+ Png2 +: ee ee | 


it may be proved immediately that 


ms Ou * Gin 
0 


nie stn Ry 


A(z) = 2" [o+2 Pi Vj a}, 9 


where © denotes the cofactor of the element 6; in 9. 

16. In order to apply the lemma above to the proof of Theorem 2, we 
may observe that the radius d can be taken so small that the circle (c) 
is in (4) and that expansion (65) can be used. On substituting (65) in (69) 
we see 


Aa ky ® = Da—Ayer+ F foe) oa) dx [Py @ oe as 
+ Py(A—%). 








Ee ec ee ee ee ee 


Sees pT Te ae ere 
netee Laie De inlet phen aaa bet Zh 

= Pee Stes ‘iad Tes 

nner os a e ie 
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Hence it is obvious that the oredinst 
1—kyu (A) = —ki(A) +++ ~—Kin(A) | 
Se 


is a determinant of the type treated in our lemma, the only difference being 


that z is replaced by (A—A)). Setting « = eet ) 


that (A—A,)* D™ (2) is analytic on (c). If we observe that D™ (2) and there- 
fore (A—A,)* D™ (4) are uniformly bounded on the contour of (c) and that 


o, we see at once 


(A —4o)* D™ (2) > (4—4o)* D(A) on (c), 


except at the pomt 44), an immediate application of the theorem of 
Montel* will prove that (A—4A,)* D(A) is also analytic on (c). The same 
argument may be applied to the determinant 


Died ag $4) h(S,4) +--+ Kn (&, 4) | 
D®” (x, §,4) = z ky a, oes 1—ky (4) --- —Ian (A) 

with the result that (A—4))* D(z, §, 4) is analytic on (c). -Theorem 2 thus 
is proved. 

The supposition 3° of Theorem 2 is essential for the meromorphic character 
of the reciprocal of the kernel K (a, &, 4). If this restriction is removed, 
the reciprocal & (a, §, 4) may have 4) as an essential singularity; this is 
illustrated by the example of the integral equation 


u@) =f@+ 7 [PK@ Dua, 


whose kernel K(x, &) is definite symmetric: the characteristic values of 
this equation have zero as limiting point, so that 4 — 0 is an essential 


singularity for the reciprocal of +k (x, §). On the other hand it may 
happen that the reciprocal of a meromorphic kernel K (z, &, 4) is analytic 
on the whole 4-plane; for instance, if K (x, §, 4) is a reciprocal of another 
analytic kernel K’ (x, &,4): the reciprocal of K (zx, &, 2) coincides with 
K’ (a, &, 4). 

~ * See footnote * p- 136. 

DARTMOUTH COLLEGE. 




























ON THE EXISTENCE OF THE ABSOLUTE MINIMUM IN 
SPACE PROBLEMS OF THE CALCULUS OF VARIATIONS.* 


By LAWRENCE M. GRAVEs.+ 


One purpose of this paper is to make more accessible to American readers 
part of the theory developed by Tonelli in his Fondamenti di Calcolo delle 
Variazioni.t Tonelli has discussed semi-continuity, sufficient conditions for 
the existence of the absolute minimum, necessary conditions for a minimum, 
sufficient conditions for a relative minimum, and the existence and uniqueness 
of extremals joining two points, obtaining many new theorems and extending 
the theory to cover a great variety of cases. For many theorems already 
standard in the Calculus of Variations, Tonelli has greatly weakened the 
hypotheses, thus making a distinct advance in the theory. Out of this 
great mass of material the present paper selects a single line of theorems, 
relating to the existence of the absolute minimum for problems in ordinary 
or non-parametric form. Other important parts of the theory of Tonelli 
may possibly be presented in later papers. 

Instead of restricting attention to integrals involving a single function y (x) 
we shall consider integrals depending on k functions y, (x) --- yx (x), that 
is, we shall work in space of k-+1 dimensions. Not all of Tonelli’s 
theorems extend readily to higher spaces, — I have selected some that do. 
Incidentally I have modified and simplified some of the proofs. 

A large part of Tonelli I is taken up with the author’s theory of Lebesgue 
integration.§ We shall assume here the familiar theory of Lebesgue inte- 
gration, as presented, e. g., by Bliss, de la Vallée Poussin, or Caratheodory.|| 
Another point of Tonelli’s presentation from which we shall diverge is his 
use of Cipolla’s device] of sequences of sets to avoid using the Zermelo 


* Received September 13, 1926. 

+ National Research Fellow in Mathematics. 

{The two volumes of this work which have appeared will be referred to in the sequel 
as Tonelli I and Tonelli I. 

For an explanation of Tonelli’s point of view, see a note by him in Bull. Amer. Math. 
Soc., 31 (1925), p. 163. Also see the review by Dresden, Bull. Amer. Math. Soc., 32 (1926), 
p. 381. : 

§ Tonelli has since presented a still further altered and simplified theory in ,,Sulla 
nozione di integrale“, Annali di Mat. (4), vol. 1 (1923-24), pp. 105-145. 

|| Bliss, Bull. Amer. Math. Soc., 24 (1917), pp. 1-47; dela Vallée Poussin, Intégrales de 
Lebesgue, etc.; Caratheodory, Vorlesungen iiber reelle Funktionen. 

J] Cipolla, Sul postulato di Zermelo e la teoria dei limiti delle funzioni, Atti della Accad. 
Gioenia in Catania, (5), vol. 6 (1913), Memoir V. 
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postulate. While I am fully in sympathy with Tonelli’s point of view 
with regard to the Zermelo postulate, it seems desirable here to simplify 
the notations and proofs as much as possible in order to expose more 
clearly the main line of reasoning and the principal results. Those readers 
who wish to avoid all use of infinite arbitrary choice can readily insert 
Cipolla’s device in the proofs, and can also assume Tonelli’s theory of 
Lebesgue integration. 


I. Notations and definitions. 


We shall retain a large part of the notation used by Tonelli. Some 
changes are necessitated by the extension of the theory to higher spaces. 

1. Points (y: --- yx) in k-dimensional y-space will be denoted freely 
by y or by y Following the tensor analysis notation we shall omit 
summation signs, indicating summation by equating indices. E. g., 


k k 
Yi yao = yi Y2i nilyiy ui = ->) mi Sy; uj Ui 


The principal k-partite symbols used are y, y’, fy. 
By the notation ||y|| we shall mean the greatest of the absolute 
values | y|. 
2. A curve : 
C: y= y@), (a, b), 


consists of k single-real-valued continuous functions (y: (x) --+ yx (x) = y(x) 
defined on a finite closed interval a < x < b.* As a singular case we 
may have a=b. In all other cases, the left hand end of the interval 
(a, b) is always written first. The interval (a, 6) may be different for 
different curves. 

For the discussion of limits, Tonelli defines various types of neighbor- 
hoods (e) of a curve C.+ It is more symmetrical to define the distance: 
of two curves, following the notions of Fréchet, and to define neighbor- 
hoods (C) in terms of distance. Uniform convergence, limit in terms of 
the “proper” neighborhoods (@) of Tonelli, and limit in terms of distance, 
are equivalent notions. 

As a preliminary we define the distance ||, g:|| of two functions 


f1 (x), (a, by), Pe (x), (a2, be), 


* Cf. Tonelli I, p. 347, where y (x) is required to be absolutely continuous. 
TI, pp. 71, 348. 
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to be the maximum of the quantities 


a — Ms | ’ 
bj —b, |, 
9 (x) —2(x)| on the common interval of definition, 
|p: (a1) — %2(%)| on ae < 
| V1 (2) — H2(a2)| on a 
| G1 (b:) — ye (x)| on , 
| Ps (7) — Hs (bz) | on dy 


Then we define the distance |!C,, C,|| of two curves 


A 


a, if aa<a, 
dz, if a,< de, 
bs, if bs <<be, 
b,, if <b. 


x 


WA WA WA IA 


IA HA WA 4 


x 
x 
4 


C: Y= (x), (a, b;), Cy: yy = ys (x), (ag, bs), 


to be the greatest of the & numbers || y1;, yoi||. The distance || C,, C,|| may 
as easily be defined directly if desired. 

The distance ||C,, C,|| has the four properties characteristic of Fréchet’s 
distance function, viz., 


1G, Gil > 0, 

» 1G, Gil] = 1G, Cell, 

. C,, || = 0 if and only if C, coincides with C., 
~ HCG, Goll S Cy, Celi +1] Ce, Cs |}. 


It should be remembered that |/y/| and ||C,, C.|| are distinct symbols 
with different meanings. 

We define the neighborhood (Cy)o of a curve Cy to be the class of all 
curves C for which ||C, C)||< 9. The neighborhood (g )p of a function 9 
is defined similarly. 

3. Curves of accumulation.* We say that a set K of curves C has 
a curve of accumulation C, in case every neighborhood (Co), contains 
curves of K distinct from C,. A sequence {C,} has a curve of accumu- 
lation Cy in case every neighborhood (Cy), contains an infinity of curves 
of the sequence (not necessarily distinct from C)). 

Corresponding definitions hold, of course, with curves replaced by functions. 

As an indication of how Cipolla’s idea of sequences of sets enters, we 
say that a sequence {X,} of sets of curves has a curve of accumulation C) 
in case every neighborhood (Cy)p contains curves from an infinity of the 
sets Kn. 


* Tonelli I, pp. 73-75 and 348. 
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4. Equi-continuity and absolute continuity. Related to the idea 
of the total variation of a function is that of the variation of the function 
on sets of intervals of measure 4, or the 4-variation.* For a function » 
on (a, b), we define g 

Vet) = BY | 9(b)—9(a)|, (A>0), 
V_(0) = 0," 


where the symbol B stands for the upper bound of the sum taken for 
every finite set of non-overlapping sub-intervals (a;, bj) of (a, b). the sum 
of whose lengths is less than cr equal to 4. 

The oscillation on intervals of length 4, or 4-oscillation, is defined by 


Op (4) = Bl 9(x2)—9(x)|, (4>0), 
0,(0) = 0 


where the upper bound B is taken for all intervals (2,, zz) of length less 
than or equal to 4. 
The functions Ve and Oc for a curve 


C: y = y(), (a, b), 


are defined in the same way, the expression | »(bj)—y¢(a;)| being replaced 
by ||y(®)—y(q) ||, ete. 

The continuity of the function Og is equivalent to the continuity of the 
function g itself. In case the function V, is continuous, the function » 
is absolutely continuous,t and has a derivative y’ almost everywhere on 
(a,b). Similarly, in case the function Ve for a curve C is continuous, 
we say that C is absolutely continuous. 

Now consider a set W of functions y. We define 


Ow (4) = BO, (A), Vw (4) = BV, (A), 


where the upper bounds are taken with respect to all functions g in W. 
In the same way, for a set K of curves C we define 


Ox(4) = BOcKd), Vr(4) = BVe(a). 


In case the function Ow is continuous, the functions of the set W 
are said to be equi-continuous.t In case the function Vw is continuous, 





*For this terminology, and for the properties of the 4-variation, cf. Caratheodory, 
Vorlesungen tiber reelle Funktidnen, pp. 510 ff. 

t Cf.. Tonelli I, p. 63; Caratheodory, loc. cit., p. 513. 

t Cf. Ascoli, Le curve limiti di una varieta data di curve, Mem. R. Acc. dei Lincei, | 
18 (1883), pp. 521-586; Arzela, Sulle serie di funzioni, Mem. R. Acc. Sci. Ist. Bologna, 8 
(1899-1900), p. 176; Tonelli I, p. 77. 
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we shall say that the functions of the set W are egui-absolutely con- 
tinuous. 

We say that the functions of a set W are uniformly bounded in case 
there exists a constant M such that 


lal<M, |bi< MM, |o@)!<M, 
for every function 
9 (x), (a, b), 
in W. 
Definitions similar to all the above hold for classes K of curves C. 
5. Approximate convergence.* Consider a sequence {g»} and a 
function 9, 


a kh oe ee. 


all of which are measurable on their respective intervals of definition. 
Denote by Eng the set of points in the interval common to the two intervals 
of definition for which 


Yn (x) —9 (x)|>e. 


Then we say that the sequence {y,} converges approximately to » in case, 
for every pair of positive numbers « and ¢ there exists an integer N such 
that, when n> N we have 


m Eno <€, \dn—al<e, \bn—b| <e. 


Here the notation mE denotes the Lebesgue measure of the set E. 

6. The integral Jc. We consider a function f(z, y, y’) of (2k+1) 
arguments, defined in a certain domain R of the (2, y, y’) space. The 
domain F# consists of all points (a, y, y’) for which (2, y) is in a domain A 
of the (k-+1)-dimensional (x, y) space. The domain A, which is the 
fundamental set of points in which admissible curves are to lie,+ is an 
arbitrary set of points of the (x, y) space, restricted only by the condition 
that the part of A contained in an arbitrary hypersphere is closed. The 
function f and its k partial derivatives f,, are supposed to be defined and 
continuous on the domain R. 

If the continuous curve 


C: y= y@), (a, b), 
* This notion was introduced by F. Riesz under the name of “convergence en mesure’’. 
See the paper Sur les suites de fonctions mesurables, Comptes Rendus, 148 (1909), p. 1303; 
Tonelli I, p. 92. 
+ Called “campo A” by Tonelli. See I, p. 201. 
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lies in A, and if yo(~) are k functions measurable on (a, 0), then the 
functions f(x, y(x), yo(x)) and f(x, y(x), yo(x)) are measurable on 
(a, b).* To show this we may take the intermediate step of showing that 
the functions f(z, y(x), y’), ete., are continuous in their (k+1) arguments 
together, and then apply the theorem in Caratheodory. 

An ordinary curve 


Cc: yy = y (a), (a, b), 


is one such that: 1) the points of C belong to the domain A; 2) C is 
absolutely continuous; 3) the integral 


b 
Te = J. Fle, ya), ¥/ @) de 


exists (in the sense of Lebesgue), the integrand being set equal to zero 
on the set of points of measure zero where the derivatives yj (x) do not 
exist finitely. 

The following two conditions on the integral Jc are used as hypotheses 
in most of the theorems we shall derive. 

(1) For all points (x, y) in A and all points y’ and y’, 


8 (a, y,y¥',y') = 9, 
where & is the Weierstrassian function, defined by 
& (2, ¥y; y’, y') == J, ¥y; ¥)—SG, Yy; y¥)—Yi—wWSy; (x, y, y’). 


(II) For every bounded and closed set A contained in A there exist 
constants M>1 and «>1 such that, if (x, y) is in A and ||y'||>M, then 


Say, y¥)>\ly'\*. 


In the plane case, Tonelli does not require the hypothesis (II) for his 
theorems on semi-continuity,+ but for the existence theorems condition (II) 
seems to be essential even in the plane. 

In case the second partial derivatives fy; ,; exist and are continuous, 
a condition equivalent to (I) is that we have 4: fy; y; 4; 20 for every 
(x, y, y’) in R and every point 7. In this case Tonelli calls the integral Ic 
quasi-regular positive. However, condition (I) is the form actually used in 
the proof of the theorems we shall consider. The other terms used by 


*See Caratheodory, Vorlesungen iiber reelle Funktionen, p. 377; Tonelli I, p. 349. 
+I, pp. 383-400. 
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Tonelli to characterize various types of integrals,—regular, quasi-reguar 
normal, ete.,*—will not concern us here. 

Hamilton’s principle, when applied to certain problems in dynamics, gives 
rise to an integral Zc satisfying the conditions (I) and (II). The integrand 
will be of the form 


Sa, yy) = yigy (@, y) yj +h, y), 


where the first term is a positive definite form in y for every point (2, y) 
in the domain A. 

7. Closed classes K. If K is a class of ordinary curves C, we say 
that K is closed in case K contains all its curves of accumulation which 
are ordinary curves.+ 

As examples of closed classes K we may mention: 

1) K consists of all ordinary curves joining two fixed points having 
different abscissas. 

2) K consists of all ordinary curves joining a fixed point to a fixed 
closed set of points. 

3) K consists of all ordinary curves joining two fixed points and having 
a third point in a fixed closed set of points. 

4) K consists of all ordinary curves joining two fixed points and lying 
on a given closed surface or hypersurface. 

The great degree of generality of the classes K engenders a corres- 
ponding degree of generality in the existence theorems of § 13. The 
determination of a minimizing curve for the integral Jc in a class K falling 
under example 4) is a problem of Lagrange with finite side conditions. 
Such a problem arises from the application of Hamilton’s principle to 
problems in mechanics involving holonomic constraints.{ 

8. Semi-continuity.§ We define lower semi-continuity, which is the 
only kind we shall talk about. For upper semi-continuity and maxima 
of J¢ the signs and inequalities are reversed. 

We say that the integral Jc has lower semi-continuity at an ordinary 
curve Cy in case: for every positive ¢ there exists a positive d such that, 
for every ordinary curve C in (Cy)y we have 


Ic Be Ic,— é,. 


In case Jc has lower semi-continuity at every ordinary curve C, we say 
simply that Zc has lower semi-continuity. 

*T, pp. 360, 361. 

+ These classes are called “complete” by Tonelli (II, p. 281). The word “closed” is 
in accord with the established usage of point set theery and the theory of abstract sets. 


t Cf. Bolza, Vorlesungen iiber Variationsrechnung, p. 554. 
§ Tonelli I, p. 361. 
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Il. Preliminary theorems. 


9, ASCOLI’s THEOREM.* If the functions of the sequence {9n(x)} are 
equi-continuous and uniformly bounded, then there exists at least one function 
of accumulation 9» of the sequence.t 

CoroLtaRy. If the curves of the sequence {Cy} are equi-continuous and 
uniformly bounded, then there exists at least one curve of accumulation Cy 
of the sequence. 

To prove the corollary we apply the theorem to the sequence of 
functions {yni}._ Then there is a subsequence {yn,1} approaching a function 
of accumulation 4, uniformly. Then we apply the theorem to the sequence 
{Yn,2}, and so on. 

LEMMA 1. Let Cy be a curve of accumulation of a set K of curves C. 
If the curves of K are equi-continuous, we have Oc,(4) < Or); if equi- 
absolutely continuous, we have Vo, (4) < Vr(A). 

This lemma follows from a consideration of the inequality 


| yo (a1) — yo (x2) || < || yo(as1)—y (a) || + || yur —y ) || 
+ || y (xe) — yo (xs) || < 2||Co, C|| + Ox(a,— 2), 


where 22<x,, and y(z,) is to be replaced by y(b) in case x, >b, and 
similarly at the left hand end. Since there are curves C in every neighbor- 
hood of Cy, we have 


{| Yo (21) — yo (a2) || < Ox(x,— %2). 


(1) 


To show Vo,(4) < Vr(4), we have to consider a finite number of in- 
equalities like (1). 

10. Properties of measurable functions and Lebesgue integrals. 
SCHWARZ INEQUALITY (generalized). Jf «>1, and f and g are functions 


of x measurable on the measurable set E, then 


a—1l 


feta ax| <(f. istea)" (f, ial** az) * 


provided the integrals on the right hand side exist.t 





*See Ascoli, Le curve limiti di una varietd data di curve, Mem. R. Acc. dei Lincei, 
18 (1883) pp. 521-586. 

+ The proof will be omitted here. See: Arzela, Sulle serie di funzioni, Mem. R. Acc. 
Sci. Ist. Bologna, 8 (1899-1900), pp. 176 ff; Fréchet, Su quelques points du Calcul Fonctionel, 
Palermo Rendiconti, 22 (1906) pp. 11 ff; Roussel, Journ. de Math., 5 (1926), p. 395. 

For a proof applicable to the very general types of classes K we are considering, see 
Tonelli I, pp. 78-85. If one restricts attention to classes K of functions all defined on 
the same interval, the earlier proofs are adequate. Tonelli’s theorems pay attention also 
to sets and sequences of sets of functions 9. 

* Cf. Tonelli I, p. 165; F. Riesz, Math. Annalen, 69 (1910), p. 456. 
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LemMMA 2. Lf the function » is absolutely continuous on (a,b), then for 

every 4 > 0 we have 

V_(4) < Bf. y'(x)|\ da < 2V_(d), 
where the upper bound of the integral is taken over all measurable sets E 
of (a, b) having measure less than or equal to 2.* 

For the next lemma it will be convenient to define “step functions”’. 
We say that a function g on (a, b) is a step function in case (a, b) is 
divisible into a finite number of sub-intervals interior to each of which » 
is constant. 

Lemma 3. If the function » is measurable on (a, b), then there exists 
a sequence {Pn} of step functions converging approximately (§ 5) to g. 
If the function y is bounded, the sequence {yn} may be required to have the 
same bounds. 

As a basis for the proof of this lemma we take the property of measurable 
functions on which Tonelli founds his theory of Lebesgue integration, viz. 

If g(x) is measurable on (a,b) then for every positive « there exists 
a closed set E in (a, b), of measure >(b—a—e) such that the function ¢, 
regarded as defined on £, is continuous.7 

Corresponding to « = 1/n, let E, be one of the closed sets of the 
theorem just stated. The complement of Z, is the sum of a denumerable 
set of non-overlapping open intervals. Then we define an intermediate 
function W,, continuous uniformly on (a, >), equal to » on E,, and linear 
on each interval of the complement of Z,. On account of the uniform 
continuity of Ww, we can obviously construct a step function », satisfying 
the inequality 


1 ag 
Pn (x) — Wn (x)) < a (aszsb). 


Then we have 
\ 1 
pn (x) — 9 (x) <— 
except on a set of measure less than 1/n. 


11. The next two lemmas are fundamental for the main theorems. They 
replace Tonelli’s fundamental lemmai and assist in simplifying the proofs. 





* For a basis for the proof of this property, see, e. g., de la Vallée Poussin, Intégrales 
de Lebesgue, §§ 71-74. 

+ Cf. Lebesgue, Comptes Rendus, 137 (1903), p. 1228; Vitali, Una proprieta delle funzioni 
misurabili, Rend. del. R. Ist. Lombardo, (2) 38 (1905), p. 599; Tardini, Sulle funzioni 
misurabili, Giorn. di Mat. di Battaglini, 49 (1911), p. 23. 

tT, p. 213. 
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Lemma 4. Suppose the function g(x) is bounded and measurable on the 
interval (a, b), and let W be a class of equi-absolutely continuous functions » 
defined on the same interval (a,b). Then for every «>0 there exists ay >0 
such that, for every g in W for which |p(x)|\<y we have 


[9 @ g@ae\<e. 


Suppose M > |g(x)| on (a, b), and let {gn} be a sequence of step 
functions converging approximately to g. (Lemma 3.) Assume Vyw(A) = 0. 
(In the contrary case the conclusion is obvious.) Denote by Ene the set 
of points of (a, 6) at which 





Tk é 
I@)—9@)|> SRE w” 
and fix an » so great that 
Vw (m Ene) < aw . 
Denote the intervals on which the function g, is constant by (aj, bj), 
(j =1.---mp,). Then we have, by lemma 2 and other familiar properties 


of Lebesgue integrals, 


| ee 3 ; 
fe ¢ (9g —gn)dx| < om {. gy dx s 2M -2Vw(mEn) <=, 


/ é U ae = 
a y- gn) dee | = 6 Vw (b — a) fis idx s 3’ 


| fap : 
Jom dz| = Pe s M D> (\p (bj) + |g (a))\) < 20% My. 
J ¥% J 





For y sufficiently small this gives the desired inequality. 

Lemma 5. If the integral Ic satisfies the condition (Il), and if K is 
a bounded class of ordinary curves such that Ic has an upper bound on K, 
then the curves of K are equi-absolutely continuous.* 

Let A be a bounded closed set in the domain A, containing all the 
curves of K, and let M and « be constants corresponding to the set A 
according to condition (II). There exists a constant N>O satisfying the 
inequality f(x, y, y’) > —N for all (x, y) in A and for all y’ with ||y/|| < M, 
and hence for all y’, by condition (II). Let D be the maximum difference 
of abscissas of points in A. Then Jc has a lower bound on the class K, 





* This lemma is implicitly contained in Tonelli’s proof of theorem 3. See II, p. 282 ff. 
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greater than or equal to — ND. Let L be the upper bound of Jc on K. 
Then for a curve 
C: y= y (x), (a, b), 


of K, we have, if £, is the set of points where |y'||>M, and &, the 
set where ||y'|| << M, 


” 2 
£ ll \i*da < Me D+f. rc, y, y)dx 


< M“D+L—f fe, y,y)dx < M*D+L+ND = 


We shall now show that the inequality 


Py “dz iH 


holding for all the curves of XK, is sufficient to guarantee the equi-absolute 
continuity of the curves of K. Let « be an arbitrary positive number. 
Then for every set E of points in (a, b) on which 


= 
von > (22), 


we have 
» , 5 
ij fii \! f i\a—1 a ~ {| ij 
H > [lly ny 1} dx Sex € £4 ida, 
and hence 


(2) Jrliviax <<. 


For a set £ on which 
1 


iv@i s C2), 


we have 
1 


3 ‘tha <a 
(3) Juliy’ ae < ( - mE. 


Henee for every set # of points of (a, 6) having 


ejfje\* 
rate 4 
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we have by combining (2) and (3), 


1 ly ida <«. 
This yields the equi-absolute continuity of the curves of K, with 
1 
Vr(a) a 2(Hie—)«, 


lll. ‘Sufficient conditions for semi-continuity. 


12. THEoREM 1. Jf the integral Ic satisfies the conditions (1) and (II), 
then Ic has lower semi-continuity.* 

We desire to show that, for every ordinary curve Cy) and every positive 
number « there exists a positive @ such that, for every ordinary curve C 
in (Cojo we have Ic—Ic,>—e. To do this we break up the intervals 
of definition of 

C: y= y@), (a, b), 
C:  y = yo), (ao, bo), 


into sets E,, Hy, and Exo, (a, b) = H,-+He, (do, bo) = LH, +go, such that 
yo(x) exists and is bounded on £,, while the measures of F, and Exo 
are small. 

Let A be the set composed of all points in the domain A at a distance 
not greater than unity from some point of (). Let K be the class of all 
ordinary curves lying in A, for which Jc<Jc,. Then the curves of K 
(if such exist) are equi-absolutely continuous, by lemma 5 of the previous 
section. 

Let M and «@ correspond to the set A, according to condition (Il). As 
was shown in proving lemma 5, there is a constant N>O such that 
F(a, y, y')>—N for all (x,y) in A and all y’. If Ep denotes the set of 
points in (a, b)) for which | y5|' >> P, then mEp approaches zero with 1/P. 
Now there exists a positive constant 6< ¢«/16N and <1, such that 


a oe Bs 

(4) f, Je, dx < =e 16 

+whenever the set H has m# <0. Fix a number P such that 
(5) P>M, mEp <0, 


We require g to be less than 0, and such that all ordinary curves in (Co)o 
are in A. Let a’ = ao+d, b’ = b—d, Ey = (a’, b')—Ep, Fo = (a, b)—F,, 





* Tonelli, I, pp. 400-406. 
7 The notation fc,, corresponding to Io,, denotes f(x, yo (x), yi (x)). 
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Exo = (ao, bo) — E,. Then if the curve C of the class K is in the neigh- 
borhood (Co)p, we have 


(6) yo! =P on &, mk, <— 50, m Heo < 30, 


le—Ie, = J, fo—fe,) aa + J, fede —J, fe, de 


>J, (fo—Jfec,) da —Nmk2— = 


yt aie : é 
. J. Ye—Se,) dz — > - 


The integral remaining on the right is the sum of the following four 
parts : 


e a 8 (x, y, yo, ¥) de, 
apie J, [f(, Y; yo) — f(x, Yo, yo)] dx, 
=a I. [yi— youl Ly; (x, y. yo) — Sy; (aw, yo, yo)] dx, 
= J, v6 — wa Fy: (es vo, i) de. 
By condition (I), we have i, 20. Since f is continuous and || yo(%)|| < P 


on E,, we have |i,| < «/8 when ¢ is sufficiently small. Similarly we have, 
since the curve C is in the class K, 


a ae cgemcgicas  Saee P 
~— é | 2 Viclby — a + 2) +f Yo! da at RB 


whenever ¢ is sufficiently small. To show that |i,,< ¢/8 when @g is suffi- 
ciently small, we apply lemma 4 to each term. For the 7th term we set 


g(x) = fy (a, yo: yo) on E,, 
= § on (a,b')--E,, 
g(x) = yi(x) — yo (x). 


THEOREM 2. Stppose the integral Ic satisfies conditions (1) and (Il), and let 


( 0 : Y Yo (x) ’ ( Mo. bo) 
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be an absolutely continuous curve lying in the domain A, for which the 
integral Ic does not exist. Then for every positive number mw there exists 
a positive @ such that, for every ordinary curve C in (Co)p we have Ic> w.* 

The proof deviates only slightly from the proof of theorem 1. For the 
class K we take the class of all ordinary curves lying in A, for which 
Ic<. The two sentences involving the inequalities (4) and (5) are to 
be replaced by the two following: 

There exists a constant P > M such that: 



















1. ; 
mEP< aay J, fader ets, 


where E:p = (a, b))— Ep. Also there exists a positive number 6 < 1/16N 
such that, for every subset HE of Kp having mE <0 we have 


Pit ye 
Jpfoda| <. 


The inequalities (6) are to be replaced by 





lini< Pon k, mk <agy? m(Eyp — E;) < 26. 





and (7) is to be replaced by 


le=J,Uo—felaa+f, fode—f, ,fade+J, foar 





> fi e—saldet+w+1)—+—2 


16° 

The integral remaining is handled exactly as before. Hence Jc > yu. 
Consequently there are no members of the class K in (Cy)p when ¢ is 
sufficiently small. 


IV. Sufficient conditions 
for the existence of the absolute minimum of Ip. 


13. We consider first the existence of a minimum in a bounded class K, 
and extend to unbounded classes in theorem 4. An additional hypothesis 
is needed to insure a minimum in unbounded classes, and cases in which 
this condition is fulfilled are considered in § 14. 


“Cf. Tonelli I, p. 443. It is the proof of this theorem which requires our lemma 4 in 
place of Tonelli’s lemma in I, p. 213. 





ABSOLUTE MINIMUM IN SPACE PROBLEMS. 167 


THEOREM 3. Suppose the integral Ic satisfies the conditions (1) and (II), 
and let K be a bounded closed class of ordinary curves. Then Ic has an 
absolute minimum on K.* 

As was shown in the proof of lemma 5, Jc has a lower bound on the 
class K, and hence a greatest lower bound i. Let {C,} be a minimizing 
sequencet for Jc in K, i. e., {C,} satisfies the condition 


(8) Io, S i+-, (mn = 1, 2,---). 


Then the curves of the sequence are equi-absolutely continuous, by lemma 5 
(§ 11). Hence the sequence has a curve of accumulation Cy, by the corollary 
to Ascoli’s theorem (§ 9). By lemma 1, C, is absolutely continuous. The 
curve Cy lies in the domain A, since A is closed in every finite portion 
of (x, y) space. By theorem 2 (§ 12) and the condition (8), C, is an ordinary 
curve, and hence is contained in the closed class K. Therefore Jc, > 1%. 
Since by theorem 1 Jc has lower semi-continuity, Jc, <7. Hence Jc, = 7. 

For the statement of condition (III) and for later use, we introduce 
the notation Sp, to denote the “sphere” (circle in case k = 1, hypersphere 
in case k>2) having radius @ and center at the origin. 

(Il) For every bounded closed set A in the domain A and every positive 
number L there exists a positive @ such that, if C is an ordinary curve 
having at least one point in A and at least one point outside the sphere So, 
then Ic>L. 

THEOREM 4. Suppose the integral Ic satisfies the conditions (1), (I1), and (11D), 
and let K be a closed class of ordinary curves each of which has at least 
one point in a given bownded closed set A of points of the domain A. Then 
Tc has an absolute minimum on K.t 

Let z be the greatest lower bound (finite or infinite) of Jc on the class K. 
Then there exist curves C in K for which 


Iex<it+tl=L, if i is finite, 
lo<i = L, if i = —o. 


Let @ correspond to the set A and the number L according to condition (II), 
and let K be the subclass of K consisting of all those curves of K which 
have no points outside the sphere Sp. Then K is bounded and closed, 
and Jc has 2 minimum 7< L on K. If? were greater than 7, there would 
be curves in the class K —K making Ic<i< L, which is a contradiction. 


Hence i = 7 = minimum of Jc on K. 


* Tonelli II, p. 282. 
+ Tonelli II, p. 281. 
{ Tonelli II, p. 307. 
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14, In applying theorem 4 to particular cases, it is useful to have some 
criteria for condition (II). We state five further conditions, for which 
with (III) the following relations hold:* 

(IV), (V), and (VI) imply (ID; 

(IV) and (VII) imply (IID); 

(VIII) implies (VI). 

(IV) The maximum difference of abscissas of points in the domain A is 
Jinite. 

(V) There exists a constant N>O such that f(x.y,y')>—N in the 
domain R. 

(VI) There exist constants M>0O and a >1 and a function » (y) defined 
and continuous for all values of y, such that : 

1) p(y) >0 whenever |\y|! > M; 

2) lim jy*9y)=2; 


yll =o 
3) f(@,y,y¥) = \y'\* ey) for every (x,y, y') in R with | y| > M, 
ly’ || 2 M. 
(VII) There exist positive constants c, d, a, B, such that we have, for all 
(, Y; y') mn R, 
Say, y) = 9@, y)—Y¥ , y), 
g(a, y’') Selly’ | ter?—a, W (a, y) < diiy\'*4+d. 


(VIII) There exist positive constants M and c such that we have, for all 
(a, y, y') in R with || y'|| > M, 

St (a, Y; y) 2c ly’ | . 

We shall show first that (IV), (V), and (VI) imply (III). Let D be the 
maximum difference of abscissas of points in the domain A. Fix a constant p 
greater than M and greater than the maximum of | y/| in the bounded 
closed set A. Consider an ordinary curve 


C: y = y(@), (a, b). 
having at least one point in the set A, and with maximum || y(x)|| = Y > 2p. 
Then there exists an arc 

Cr -g = y@, (a, b). 


of C, having 
\y(x)|| = Y at one end-point, 
y(x)|| = p at the other end-point, 
p<ily(@)|\<Y at interior points. 


* Of. Tonelli II, pp. 308, 311. 
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For every number g = p, the function g (y) has a minimum g, on the closed 
set of points in the y-space for which p < || y|| <q. Also, gy, >0 since 
p>M. We have also the preliminary inequalities 


~ gb Je b 
| f ily ‘de| < o—aef y' |i az, 
a Ja 
r.. 


~< Y¥—p = | y)'—|y@) < |) y@—y@) 


ab _ sr 
ac’ f y dz S [iyi ar. 


4 eb é 
ag De [ | y « dx. 
’ Ja 


The first is obvious if « = 1, and follows from the Schwarz inequality if 
«>1. The second is readily verified, and (9) results from combining the 
first two. 

Now let E, denote the set of points in (a, b) where | y'(x)| > M, and 
E, = (a, b)—E,. Then 


i = Sif dx + jit dx = vy Se iy \“dxe —N(b—a) 


a 


= Py | | : y’ \“dax— M*(b— a| — N(b—a) 


} 


4 a 1 3 a 
af Vy ( 5] De sas Vp M¢ D—ND., 

Hence 

(10) IL, = &+ | pfett2 vy ¥* = ne + —¥, M*D—2 ND. 


a. b) — (@, 6) 


It remains to examine the behavior of y,Y*. From the condition (V1,) 
we have that for every positive number H there exists a positive g > p 
such that, whenever | y | >q we have 9 (y)| y!“> H. Now if a point y 
for which yy = y (y) has | y) <q, then Yyr= G,° If on the other hand. 
‘y|\>q, then gy ¥*>H. In either case, if Y is greater than *, g, and 
Hjy,, then yy Y¥“>H whenever Y>Y. Since the other terms on the 
right of (10) are fixed, we can make J,>L by taking Y large enough. 

To prove that (IV) and (VII) imply (III), let the symbols D, p and Y 
have the same significance as before. The inequality (9) is still valid if 
we replace (a, b) by (a, b), and @ by (1+a@+). Then we have 
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fis (x, y’) dx — f° (x, y) dx 
¢ _ I] y’ ter? da — af y \'** dx—2dD 
c Y \l+«+2 


Pe 
iV 


IV 


—dD Y***—2 dD. 


Since a, 8, and ¢ are positive, J, approaches +o with Y. : 
That the condition (VIII) implies (VI) is obvious. Also it is simple to 
make a direct proof that (IV), (V), and (VIII) imply (IID). 
As examples in which some of these conditions are satisfied, Tonelli cites 
the following cases in the plane: 
72 


f=y", f= 7a tis, 


A case in the plane in which a minimum does not exist is the following: 
f = y"—y’, and K is the class of all ordinary curves joining the 
points (0, 0) and (4,0). A sequence {C,} composed of the equal sides of 
isosceles triangles on the base (0, 0), (4, 0), with increasing altitudes, makes 
lim Io. = —o, 


THE MIXED MEAN FUNCTION.* 


By C. A. SHoox. 


1. Definition and existence. In dealing with the problem of finding 
the potential of a circumference of radius a at a point P in its plane at 
a distance @ from its center, where e<a, Gauss employed the arithmetico- 
geometrical mean of two numbers. For brevity we shall refer to this as 
the mixed mean. This mean may be defined as follows. Let a and b be 
two positive numbers, a>b. Let a, = (a+)/2 and b, = Vab. Similarly, 
let dn = (an—-1+ bn—s)/2 and bn = Vana bas. It will be shown that 
as m increases without limit, lima, and limb’, exist and moreover that 
these limits are equal. This common limit is called the mixed mean of a 
and b. We shall denote this by (a, b). Gauss showed that if M is the 
total mass of the circumference, then the Newtonian Potential, V, at P is, 


qdiiestemm Se —— 
w(a+e,a—e) 


v= 


The proof of the existence of the common limit is as follows. Since 


b<a, a+b< 2a, or ats <a, or a,<a; also, since a >b, a+-b>2b, 
a+b 


“ >b, ora, >b. Hence, 


b< wy <4. 


Since a>b, ab>b’, or Vab>b, or b, >d; also, since a>b, a*>ab, 
or a>Vab, or b,< a. Hence 


b< b<a. 


Similarly, step by step, b< a,<an—; and bys < by <a. 

Since the a, form a decreasing sequence all terms of which are greater 
than b, lima, exists. Since the b, form an increasing sequence, all terms 
of which are less than a, limb, exists. 3 
Now, since b, PO b, a; — b, <& — b, or Baan b, <. a 


Likewise, 


As — be < ae by <- 7 and finally, 


* Recaived September 19, 1926. 
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lim (ay teat by) = 0, or lim an = lim Bis 


2. Mixed mean in terms of elliptic integrals. To obtain an explicit 
formula for « we shall start with the integral, 


*271 


dw 
» Vu sin? o + v* cos? 








(2) vue) = | 


We note first that »(u, v) = y(v, u). This results if we put = o'+ 2/2 


and notice that | 
*371/2 °27t 
= J, 


on account of the periodicity of the integrand. A second property of ¢ 
is that y(u, wu) = 2a/u. A third property of » will appear from a change 
of variable of integration in (2). Let two sides of a triangle be 4(w—v) 
and $(w-+v) and let the angle included by these sides be 2m. The triangle 
is uniquely determined by these parts. Now let *—w be the angle 
opposite the side 4(w+v), thus defining a relation between » and w. We 
shall change the variable of integration in (2) from » to w. Let r be 
the side opposite the angle 2m and « = 3(u+v), y = 4(u—v). Then 


u? sin? o + v? cos*@ == (a+ y)? sin’ w + (2—y)* cos? @ 
= g+y?+ 2zry (sin? o — cos* ) 
= 2*+ y?—2 ry cos2 
ae, gh 
But 2? = 7?+ y?+2rycosw, so that r = V 2*—y? sin?w—y cosy. The 
law of sines gives 
ysinw = « sin(w—2o) 
yoo dw = x cos(wW—2e) (dw —2dea) 
=Ve—y/ sixty (dY—2de) 


V x? —y? sin? YW —y cos w 





daw - Va ee 
2V a? —y? sin? y 
se 


2V o2?—y? sin? w 
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Thus we have, 
*471 F 
yp (u, v) = 3 | Vier Ma cS ae 


0 Vat—y* sin® mw 





“ho ‘(@— y) 5 sin? We: r Tos? t wy 


“uv sin® Fy } (u b a costw 


(3) 





, Vurvl. 





ees ot — oat. ea 
= 9{Y uo, —3— ¥\—3 








Here we have the most fundamental property of y, namely, 


: 

g (u,v) = p(ty, 1) = Plus, v2) = -- 

where, 
_ Un + Un ’ ; cee’ : ; 

Uni = 9 ; Vr = Un Un - 

' 

’ 

; 


If « is the mixed mean of w and v, we have, on going to the limit, 













2a 


(4) y(u,v) = o(4, -) = — 














Mt ' 
But referring to (3). 
2/2 ] i 
y(u,v) = 4 hk aoa 
3 ae tut oF (uo) sin? ow . 
: dy 


el pt 


u—v)\? ., 
aay F + sin’ uy! 












8 u—v a 
P| BE 
ute’ \utv’ 2, 


where F' is the elliptic integral of the first kind. (4) and (5) give, 













; 

ee’ 

(6) p(u,v) = — = i: _ =. * 
+F es " + v 3) : 





which expresses the mixed mean in terms of a well known function. 


Putting uv = 4, v = 1, for example and taking F(2 : =) == 1.752 from 


a table we obtain from (6) w(4, 1) = 2.243. This ‘value is easily verified 
by direct calculation. We obtain successively, 





















B 
: 
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Lay Rar CED 2 SS 


a ARS ERS Be? ac NE BRERA AEE 








’ 
Cee a ee ee eee ee 
ae = <a geen —_ = —s ee ptee ‘ ae jane < att «ainda te i ee aie 
* ye bs 2 wrt, pone bateney: »-~ grarbne pi en = " 5 
= —r " - em ar ee > mriet mes Ta 
- : = “5 fags al an 2 et eo =e Bees 
oP Y a alto 
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4 1 
2.5 3 
2.25 2.236 
2.243 2.243 


The rapid convergence to the common limit, making the computation 
of » simple matter, suggests the reversal of (6). To do this note first 
that (6) gives, 











(244) 
v 
a ad julv—1 2\" 
(— 3° 5 

(7) (u,v) = om (~, 1}. 
Hence, puttin u—" __ k, we get 

»P Cute oe 

7e | : os 

(8) F (k, 7)“ Se ETSD 


an equation which makes possible the rapid calculation of the complete 
integral of the first kind. 

3. The derivatives of «(x). By (7) the mixed mean of two numbers 
can always be made to depend on the mixed mean of their quotient and 
one. We shall therefore in what follows suppose the second and smaller 
argument to be one and shall write «(x), x >1, and consider w as a function 
of one argument only. Since we shall deal only with complete elliptic 
integrals, we shall write F or F'(k) for F(k, 1/2) and E or E(k) for E(k, 7/2), 
the complete elliptic integral of the second kind. A prime will always 
denote differentiation with respect to zx. 

Dividing both sides of (6) by v and putting u/v = x», k = (a— 1)/(x+1), 
we get, 








(9) ft (x) ae 7 a 
which may also be written, 

Wie 2 ok eS 
U0) PO =F G=De@ ~ FT e@ 
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Putting Ay = V 1—F?* sin’ 


” k sin* g dy 
(Ag)® 


k = coe 
ages hi 0 


“o/2 
se dy 
oF iY Ae ee rd, Ay 


ax pares oan 


ak _ 2 
dx (a + 1)®’ 
we have, 


(12) = 


ee eee BaP 
dx ~~ Qar(a*—1) 


or in terms of »#, 


(13) FP = 


(x +1)? E—42F] 


1 
oo [(a+1)4H— aa}. 


We are now in position to find »’. Multiplying (9) by F and differ- 
entiating with respect to 2, 


pPtpP = — 


whence, replacing F’ by its value, 


(14) we’ (x) = ees —~ jy #2—2 BI. 


This may also be written, 


x (+1? 1f =z 


a e) = TSGon Flatt orl 


To find mw” it is perhaps easiest to start from (14), but we must first 


find EZ’. Now, 
7/2 
E ={ Ag dg, 














——— ee ee nw err 
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so that 
dE | m2 sin’y dy 
cle 2 ge EE ee 
dk 0 Ay 
; = 1 
16 mee a » wie amma das 
(16) i f (ay ie}?! 


lin p 
nee F). 


From this we get 
2 


(17) oe ee 
ts a ee ee oe 
(18) Ek = 2p (@—1) [4 wk a(a-+1)). 


Equation (14) may be written 


mwa (a—1) pe! = anar—2 pL, 


whence, differentiating, 
nwa (a—1)e’+a(Qae—1) ew’ = an'ae tap —s4puw’ E—2 AE’, 
Replacing KH’ by (18) and FH by (14), we get, after reduction, 


a— p' (3 2*—1) 


(19) cpp” = Qa’ +y — 


We have so far considered «(~) only fora >1. If O0<a#=—1, obviously 


so that | 
and | 
i "@) = Z30"(Z). 


4, Particular values. We shall next discuss the values of m and its 
derivatives for special values of 2, namely 0, 1 and «. If we form the 
mixed mean of x and 1, },=Va. But w>b, and since by taking x 
large enough, Vz can be made as large as we please, lim p(x) =o. 

r= 0 






































THE MIXED MEAN FUNCTION. 


It is also necessary to examine lim s«/x” for positive values of m. Since 


r= 06 
lim F =o, 
Bas (x) (x) a 
fe NT a ee: ee ee 
Jim x Jim. 4 i +1 Jim. 4F 0. 


Next, if 0<n<l, 
un 2) yg 0) 

















r=o gh ica (x +1)" 
oe (@@+1)* 
i z=ao F(k) 
m(1—n) a (a*— 1) 1 ga tae 
eee OT . aa 
(a + 1)* 
== a 
since, from (9), Jim —— = 0 and lim EF = 1. 
=Fi r= 
Hence we bene 
THEOREM: As x increases without limit, 
Lo) tends to zero, n= 1, 
increases without limit, n<l. 
From (15) we have immediately, 
lim w’ (x) = 0 
Since, : . 
dE {= gy dy 
dk e/J0 ll . 
yw — —2@—1) (* sin’ dy 
(c+1)* Jo 
so that 
lim E’ = 0 
e=1 
But, 
“page. Get ae J). i re 
i= x*—1 ahd as r+1l «—1’ 
so that, 
is HO iki ns Bde Sn ak te BP oe 
tin Ez tin =, oy lin — 0 


From (15), 
ak on nm atl 2Fx—@+iE 
cs 4 22 F* z—1 
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Since for x = 1, F = a/2 = E£, 


lim, pe) = = him [2P’e+2F—E—(e+1)E'] 
r=1 


aw=1+ 
i 
a" 
For x = 0 we have from (20) and (21), 


eee Seg 
(oe) = limsrm (—) = lim w(x) = 0. 





w/c) = sim [w (5) — Zw (Z)] = Jimbo —20'@ 
= line |- SE + garb rs 
sate. 


The values of w”(x) are obtained by limiting processes similar to those 
already employed. The following table exhibits the various results. 


" 


n | 
| 

ean 

1 

ie | 


5. Tables of w(x). We are appending tables giving the value of w(a) 
to four significant figures for values of x from 1.0 to 20.0 at intervals 
of 0.1 and from 0 to 100 at intervals of 1. The intervals were chosen 
to make accurate interpolation possible, although at some points in the 
table the intervals, for convenience, are smaller than would be necessary. 

For «<1 we can find w(x) by (20). For x > 100 we may use a reduc- 
tion formula obtained as follows. 

x+1 


2 


| # 





| —e 
Beery. | 
4 


SK cit 
Ow § | F 


0 





Mixed mean of x and 1 = mixed mean of and V x, by definition: 








= Vz times mixed mean of orl and 1, by (7); 
2V «x 
so that 
ie take 
23 w(2) = Vaz (252). 
(23) f(x) *\ove 


This may also be proved by means of Landen’s transformation. This 
formula gives w(x) for values of x up to about 40,000 in terms of m(z) 
for values of x less than 100. It may also be written, 








(24) 


u(a) = Vw (cosh 


1 
> log 2| 


THE MIXED MEAN FUNCTION. 


which may be found useful if adequate tables are available. 
For large values of x, (23) becomes approximately, 


(25) 


For x = 1000 the error is less than one percent and for x > 10,000 the 


Vv. 


(ce) = Vp Fh. 


error is less than one part in 1500. 


gS ° 
~] 


BESES 


1 

1. 
1. 
2. 
2. 
2. 
3. 
3. 


f=r) 
— 
«] 


oo » » 
im r=  & bo 
se oS or co 

- m ©O e «I 


0. 

0 
4.251 
7.167 
9.84 

12.38 
14 83 
17.20 
19.51 
21.79 
24.02 


30 


Table of values of the 


1.000 

4.560 

7.442 
10.10 
12.63 
15.07 
17.43 
19.74 
22.01 
24.24 


2 


1.098 
1.541 
1.942 
2.316 
2.674 
3.020 
3.355 
3.681 
4.000 
4.313 
4.621 
4.924 
5.224 
5.519 
5.810 
6.097 
6.382 
6.664 
6.945 


2 


1.457 

4.864 

7.715 
10.36 
12.88 
15.31 
17.66 
19.97 
22.24 
24.46 


YALE UNIVERSITY. 


eo 


4 5 


1.192 1.238 
1.624 1.664 
2.019 2.057 
2.389 2.425 
2.745 2.780 
3.088 3.122 
3.421 3.454 
3.746 3.778 
4.063 4.095 
4.375 4.406 
4.682 4.713 
4.985 5.015 
5.283 5.313 
5.578 5.607 
5.868 5.897 
6.154 6.183 
6.439 6.467 
6.721 6.749 
7.000 7.028 
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g 


wow wrens - + 
SF es 

oe 

~ © 


~] 
_ 
a 


oO > > 
nb © om] 
2ReeES 


5.548 
5.839 
6.126 
6.410 
6.693 
6.972 


3 4 5 


function (z). 


6 


1.283 
1.705 
2.094 
2.461 
2.814 
3.155 
3.487 
8.810 
4.126 
4.437 
4.743 
5.045 
5.342 
5.636 
5.925 
6.211 
6.495 
6.777 
7.056 


6 


7 


1.327 
1.745 
2.132 
2.497 
2.849 
3.189 
3.520 
3.842 
4.158 
4.468 
4.773 
5.075 
5.372 
5.665 
5.954 
6.240 
6.523 
6.805 
7.084 


7 


8 


1.371 
1.785 
2.169 
2.532 
2.883 
3.222 
3.552 
8.873 
4.189 
4.498 
4.804 
5.104 
5.401 
5.694 
5.983 
6.268 
6.552 
6.833 
7.111 


8 


9 
1.414 
1.825 
2.206 
2.568 
2.918 
3.256 
3.585 
3.905 
4.220 
4.529 
4.834 
5.134 
5.431 
5.723 
6.011 
6.297 
6.580 
6.861 
7.139 


9 






























THE FOCAL POINT FOR THE PROBLEM OF LAGRANGE 
WITH ONE VARIABLE END POINT.* 


By Lee H. McFarvan.t 


Introduction, In the Problem of Lagrange of the Calculus of Variations, 
we seek to determine among the sets of functions 


(1) " (x), Y2 (x), s+) Yn (x) 
satisfying the conditions 


(2) yi(a1) = ya, Yyil®2) = Yor 
and the system of m differential equations 


(3) Pa (x, Yi, °***> Ynys Yi, +++; Yn) = 0 (a = 1,---,m<n) 
one which shall render 


2 
(4) = {'s Yiy***, Yn; Yis+*+s Yn) dx 


a minimum value. We shall suppose 2,<2,. Hereafter the set (7, y1,---, yn, 
Yi, +++, Yn) Will be indicated by (a, y, y/); thus the integral J is denoted by 


1=['se,y, yao 


and the differential equations (3) become ge (xz, y, y’)==0. The ranges 
of 7 and @ will be from 1 to m and 1 to m respectively. We shall find 
it convenient to employ the notation of tensor analysis. The sum 
yi: Ai+ y2 A2+--++4nAn, for example can thus be represented by the 
single term, y; A;. When the index 7 occurs twice in the same term, it 
is understood to represent the sum of m terms of the same type. . 

In this paper, we shall consider the problem in which the second set 
of conditions in (2) are replaced by the following ones, 


(5) Yi (a2) = Y; (2), 4 bl X(t), 


or, considered as a problem in geometry, one for which the end point 1 
of the curve Ej». defined by y; = yi (x), shall be regarded as fixed while 





* Received September 21, 1926. 
t National Research Fellow in Mathematics. 
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the end point 2 shall be required to lie on a curve L, defined by the 
equations 
(6) w%=— Yi, «x= Xi. 


The arc Ey, must satisfy certain well known conditions which have 
been derived for the case where both end points are regarded as fixed. 
We shall begin our discussion with the treatment of the first necessary 
condition, the well known Euler-Lagrange multiplier rule. As we proceed, 
it is found necessary to consider admissible variations of the are E,, and 
admissible families of variation arcs. We are lead to a set of necessary 
and sufficient conditions for the existence of a family of admissible arcs. 

As the result of computing the first variation of the integral J, a further 
necessary condition, which the arc E,, must satisfy in order that it may 
minimize J, is obtained. This is the transversality condition, which must 
’ be satisfied at the point 2. 

The second variation is expressed as an integral in x and the variation 
functions 4; (x). By treating the problem of minimizing this integral as 
a problem of Lagrange in x4-space with one variable end point, the focal 
point condition, analogous to the condition of Jacobi for the plane problem, 
is obtained. A determinant whose zeros give the abscissa of the focal 
point of the curve Z on Ej, is easily derived. 

The treatment of the second variation of the integral J shows that the 
abscissa x, of the focal point of Z on Zs, must not lie between 2, and 2, 
if Ey, is to render J a minimum value. By a geometric argument, we are 
not only able to arrive at the same conclusion but we may also exclude 
the case where zs coincides with z,, provided the envelope of the one 
parameter family of extremals containing Z,, and cutting LZ transversally, 
does not have a cusp for x = zy. 

1. First necessary conditions. The following hypotheses are useful 
in the work that follows: 

(a) The set of functions y(x) defining the arc Z,, whose minimizing 
properties are to be investigated, are continuous on x, x2, and this interval 
can be subdivided into a finite number of parts on each of which the 
functions have continuous first derivatives. 

(b) For values of (2, y, y’) in the neighborhood R of E,:, f and g« have 
continuous derivatives of the first four orders. 

(c) The matrix 


| a. >. Oe | 


. 
| 
, 


| Pmy, *** Pmy, |) 
is of rank m along Ejs. 
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The functions X(¢), Y(t) have continuous first and second derivatives for 
values of ¢ sufficiently near ¢,, where ¢, determines the point 2 on L at 
which it intersects £,,. 
Under the hypotheses just made, Bliss* has proven the following theorem: 
For every minimizing arc E,, there exists a set of constants c;(¢ = 1, ---, n) 
and a function 


(7) F(a, y, ¥,4) = on ftagt--+ the Gm 
such that the equations 


are satisfied at every point of Ey, The constants 4, and the functions 
Ae (x) (a =1,---, m) are not all identically zero on x, x2 and are continuous 
except possibly at values of x defining corners of E,s. 
Equations (8) and (3) serve to determine the functions y;(x) and 4«(z). 
Let us assume the determinant 


F, Yiy, Pay; | 


(9) Riz, y,¥,A4) roa Pay; 0 





does not vanish along F,,. The system (8) may be replaced by the set 


dF , 
(10) Fy,— 7, vi = 0. 


Subsequent considerations will exclude the possibility of 4) having the 
value zero. We may without loss of generality let 4, have the value 1. 
The system of equations 


(11) oe Fy (x, y, y’; 4), 0 = gale, Y; y) 
has solutions for yi, 4. near the values x, yi, yi, 4c, vi belonging to Ey» 
since R(x, y, y’, 4), the functional determinant with respect to y;, de, 


does not yanish. Let the solutions be 


(12) Yi = Wj (x, Y; v), ha = Na (a, Y; v). 





* Bliss, Trans. Amer. Math. Soc., vol. 19 (1918), pp. 305, 314. See also The Problem of 
Lagrange, lectures by Bliss, Summer quarter, 1925, University of Chicago, mimeographed 
by 0. E. Brown of Northwestern University. This will hereafter be referred to as 
“Lectures”. 

































Bolza* 
d . 
_ = W (x, Y; v), 
(13) dvi 
dx ye Py; (x, Y; W(x, Y; v), a(x, Y; v)). 





of equations has for solutions the set of functions 





This system 











ae bn) = (x, a, b), 


vi = V(X, Mh, + ++, Any D1, +++, On) = vj (x, a, b) 


(14) | ies yi (a, M1,°***, An; bi, : 


containing Hy. for special values of the parameters ajo = yi (xo) = yoo 
bio == vi (ao) = vio Which are the initial values of yi, 4% at x = x. 
Substituting the functions (14) in the last m of equations (12), determines 
a set of multipliers 4. (a, a,b). The functions y, yj, vi, vi, 4c have con- 
tinuous partial derivative of the first three orders for all sets of values 
(x, a, b) = (20, yo, vio) in the neighborhood of those defining Z,,. Such 
solutions are called extremals. The extremal Fj, is therefore imbedded in a 
2n parameter family of curves each of which is a solution of equations (10). 

2. Admissible families of curves and variations. Let y; = y; (x, b) 
be a one parameter family of arcs having the continuity property (a), 
containing the arc Ej, for b= bo, satisfying equations (3), passing through 
the point 1 and intersecting the curve L. The functions yi (x, bo) satisfy 
the m equations 


Pay, Yib (x, bo) + Pay; Yin (x, bo) = 0. 






The functions y»(x, bo) are called the variations of Ey, Any set of 
solutions 4; (2) satisfying the m differential equations 


(15) Pay, 9i (XL) + Pay; ni (x) = O 


is called an admissible set of variations for Ey». 
If we have given the matrix 


1,1 (a) + +0: ns, (2) | 








| tna (@) + s+ 2+ m,p (2) | 





* Bolza, Vorlesungen iiber Variationsrechnung, pp. 592-594. 
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Equations (10) may now be replaced by the equivalent form used by 
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whose columns constitute p sets of admissible variations, it may be shown 
that there exists a p-parameter family of admissible arcs 


(16) Yi = Vi (a, by, ++ * by) 


containing Ey. for b: = bo = , ---, by = 0 and having the functions 91,5 (x) 
as variations with respect to b,(s = 1,---,p) along E2.* 

Let there exist 2% sets of admissible variations 7,1 (x), ---, 4i,2n (@), 
such that 








mi,1 (a1) +--+ >> m1,2n (a1) 
Nn,1 (a1) +++ +> n,2n (a1) 
si ete geo 
Yn,1 (x2) Sen aes Yn, 2n (x2) 


is different from zero. The extremal £,. is said to be normal on the 
interval z,2,. For a normal are 4, does not vanish and may be taken 
equal to 1. 

The statement that the family y= yi(z, b) contains #,, for b = 0 and 
intersects ZL, means analytically that there is a function ¢(b) such that 
t(0) = # and 


vila, =, y(X@),b) = Yite®). 


Differentiating these 2” eqnations with respect to 6 and letting 6 become 
zero, we find the equations 


yin(ar, 0) = 0, yi (we, O) X" (te) te (0) + yn (we, 0) = Vi (te) (0), 
which, written in another form, are 
(18) ni(ai) = 0, mi(ae) = 2(Y'’—y'X’)*, 
where t = %(0). Hence, for every one parameter family of admissible arcs 
yi = yilaz, b), containing Ey. for b= 0, the variations i (x) must satisfy 
equations (18). 


Consider now a set of variations satisfying equations (18). It is to be 
found that every such set is a set of variations for an admissible family 





* Bliss, Lectures, pp. 5-6. 
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yi = yi(x, b) containing Hy. for b= 0. It is possible first of all to con- 
struct a 2-+1 parameter family of arcs 


(19) yi = Vi (a, b, hi, PAR ben), 


containing Ey. for b = bk = be = --- = dom = 0 and having (2), 
i, (x), +++, %i,n(%) as its variations with respect to b, bi, ---, be, respect- 
ively, where the last 2 sets of y’s are those of the determinant (17).* 
Now select a function ¢(6) such that ¢(0) = #% and #(0) = +. The 
2n equations 


(20) 


yi(a1, b, bi, bo, eeey bon) — yaa - 0, 
yi(X (t@)), b, br, be, ++, ban) YK) = 0 


are satisfied for (b, bi, ---, ben) = (0, 0, ---, 0) and have for their functional 
determinant with respect to 0, be,---, ben the determinant (17). Since 
this determinant does not vanish, there exist 2m functions b, — B, (bd), 
be = Bo(b),---, ben = Bon, (b) having continuous first derivatives and 
vanishing for b=0O. Replacing bj, be,---, bon in the set (19), we find 
a one parameter family of admissible arcs 


(21) eee yi(x, b, Bi(d), ---, Bon(b)) = yi(x, b), 


containing E,, for b=0. The following 2 equations are true 


yi(ar, b, By(d), They Bon (d))— yaa = 0, 
yi(X (@)), b, Bi(0), «++, Ban(b)) —¥i(t@) = 0. 


The differentiation of these with respect to b gives, for the value b = 0, 


ni (x1) + Hi,1 (x1) Bi (0) +... Vi,2n (21) Bin (0) = 0, 
y' (x2) X' (te) t + yi (are) + i, 2n (2) Bi(O) + - - + qi,2n (22) Bon (0) — Y¥'(t2)¢ = 0. 


By virtue of equations (18), the first term in each of the first n of the 
above equations vanishes while the first two terms of the remaining » are 
cancelled by their last terms. The resulting equations are linear and 
homogeneous in Bi(0), ---, Bo,(0) and have (17) for the determinant of the 
coefficients. Since (17) does not vanish, we have Bi (0) = --- == Ba,(0) = 0. 
Hence the variations of the family (21) are 


yin(x, 0) = gi(x) + yo, B, (0) p= 1,-+-, 2m) 
= 9i(2). 





* Bliss, Lectures, p. 6. 
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We have proved the following theorem : 

For every one parameter family of admissible arcs yi = yi(x, b), con- 
taining E;: for b = 0, the variations 4: (x) = yin (x, 0) satisfy the differential 
equations (3) and the end conditions (18) at the points 1 and 2. Conversely, 
Sor every set of functions 4i(x) satisfying these conditions, there exists an 
admissible family yi = yi(x, b), containing Ey, for b = 0 and having the 
Junctions ni(x) as its variations along E,s. 

3. The variations of the integral J. If the integral J is taken over an 
admissible set of arcs containing E,, for b = 0 for which the derivative t, (0) 
of the previous section is different from zero, then J becomes a function 
of b. The upper limit z, becomes x, = X(#) = X(t(b)) = a(b). The 
integral J may then be written 


Ste epee seem ore 


(0) 


I(b) = a S (a, y (x, b), y (a, b)) dz. 


In order that Z,, shall minimize J, it is necessary that the function Z(b) 
shall have a minimum value for ) = 0; J,(0) must vanish and J(0) must 
be positive or zero. Differentiating 7(b) with respect to b gives 





0) 
Io(b) = f(x, y(a, b), y' (a, dB) a | +f. (Sy, yo + Sy, yo) de. 


The expression 
0) 
he a+ in hee (Pay, Yin + Pay; Yn) dx 


has the value zero along an admissible arc. Let this be added to the 
above expression for J, (bd). 


h(b) = F(a, y(z, d), y' (a, b), A(a, b)) xe he 
0) 


tJ, Fu yot Fy yo) de. 





If the terms containing yj are integrated by parts and b’set equal to zero, 
we have 





! : aF , 
10) = F@,y, y¥', 4) %+ya Fy | + [ov (Fy.— = vi dx 
1 


“— F(a, Y; y, A) xo + yo Fy; P 
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since Ey, is an extremal. This last expression must vanish if J,(0) is to 
be zero. But 2(0) = X’t P, Yid P = t)(¥j—yj X’ P. Since (0) is not 
zero, we must have 


F(a, y, y', 4) X' + Fy (Yi-—yi X)? = 0 


if J,(0) is to vanish. This gives us the Transversality Condition. 
If the arc E;, is to minimize the integral I, then, at the end point 2, 
the condition 
(22) (F— yi Fy) X' + Fy Vil = 
must be satisfied. 
Differentiating J(b) a second time and letting b = 0, gives 


I" (0) = Fa,t+F B+2F, yg my t2Fy yy, Xl 


+f (2@ + Fy, yoo + Fy; yin) dx 


where F , 
20 = Fy,y, Ni qj t+ 2Fyy; ni Nj+ Fyy; Hi Nj; 


Integration by parts reduces the terms following 2 in the integrand to 
Yin Fy; ¢ 
Hence 
I" 0) = Fay+ PF’ + 2B, yy x + Fy (2%, 9%, + Yas) P 


ot i o dx. 


The expression for 7”(0) may be further simplified by use of the n+1 
equations 


x2 (b) = X(¢(b)), yin (0) = yi (a2 (0), 0) = Ya (t(D)). 


(23) 


From these we may obtain the equations 
dx, P oe 2 d* x2 |? ee ; t \2 
“ab = X's), db? | = X ty +X" tl, 
dyi2 2 
db 
d? yin fe i" 92 , / 2 
ape |) 6 Co B+; ty + 2p + Yeo | 


Yity+Y"s P. 


= yiaot+ yo? = Y' to)’, 
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If F’ in (23) be expressed as 
al a Fret yi Fy,+ yi Fy; 
and, if y;’ 2 is obtained from equations (24) in the form 


ae. pee d* yin Po Bee 2 , 
i dp? i 7 Yin %y — Yano? 
then (23) becomes 


' ' a* yi: |: 
I") = (F—y, F,)ayt+ (f+; Fath, — +2F, yp! 


2 
+ [20 dx. 


Now by making use of the equations in the first, third and last rows 
of (24), the Transversality Condition (22) and equations (18), one obtains 





I") = (F—y, F,) X"4+ F, Y/+ Fa—y, F,)X°+2F, X' YG) 
(25) + [20 ax 
= Abe P+ [20a 


where A has the value 


(F— yf Fy) X"+ Fy, Y"+(Fe— yi Fy) X°+2F,, XY’. 





4, The analogue of the Jacobi condition. The expression for Jj, (0), 
derived in the last section may be transformed into an integral in 7; (x) 
without terms outside of the integral sign. For brevity, Y/— y; X’ P will 
be written 9; so that from (18) we have 9; t = 4; (x2). From these equations, 
we have 


f (0) = 2? = 9 (a2) + i (2)/0? 


where e? = gf + --- +@?. The customary assumption is made here that Eis 
and Z are not tangent at 2. Consequently 0? +0. Equation (25) may 
then be given the form 


’ */(d : 
(26) 70) = "(A tant 20) do 
where Z is a function taking on the value A/g* for x == 2. 
We shall now consider the problem of determining the set 7;(x) satis- 
fying the differential equations (15) and the initial conditions (18) which 
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shal! render the integral (26) a minimum value. This is a calculus of 
variations problem in xy-space with the endpoint 1 fixed while the point 2 
is restricted to lie on the straight line 

(27) x= Xs, ni = TQi. 


It will be assumed that Ej, is normal on every subinterval of x, z,. For 
our xq problem, the equations of variation are identical with those of the 
original xy problem. Hence the new problem in x9-space is a normal one. 

If the sum 


m 
22 Me « (Pay, V+ Pay; i) = 


is added to the integrand of (26), then 


(28) I"(0) = a ( Lei@) nile) +28) az 


where 
m 
So = a+ = Me (Pay, Ni + Pay; mi). 


The integrand of (28) will be designated by 2 (a, y, 7’). The Euler 
equations for the integral (28) are readily shown to be independent of the 
term d (Li (x)- i (x))/dx. They are 


° d 


These are called the accessory differential equations.* They have 2 inde- 
pendent sets of solutions 


Yia,; "es Yna;; Axa, ere Ama, 


Y1d;; rety Ynb, » Ai, tee, Amb,» 
and every set of solutions must be of the form 


m1 1o = = tx Yay (x) + de IA, @), 


80 Qn mee: = Ck Yna, (2) + a Ynd, (x) ; 
(30) iy (x) = ya (x) + dy Ax, (x), 


ory = Ck ee tebe Listed, 
where the he range of k is 1 to n. 
* von Escherich, Wiener Berichte, vol. 107, p. 1236. 
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The transversality condition at the point 2 in xy-space is 
(O— 4; Oy) 2, + nie Oy, = 0 
or since along the line (27) we have 2; = 0, 7ir = @;, this condition becomes 
(31) gi D,, P a= 0. 
Remembering that 20 = 2 2+ L'nini: +2 Laini, we find 


Oy; = Qy+ Lal? 
and (31) reduces to 
(32) 04 (2; + Lai) P = 0, 


The function 22 may be expressed in the form 4; 2,, + 9’ 2, + pe Qu 
The second variation then becomes 


y" (0) = Lui ni P +f (ni 2), -- ni 2, + fe 2.) dx 


from which we obtain 


a 


(38) I") = Laut 2g + E ni (Mn— J My) dz 


after performing an integration by parts and making use of the fact 
that Qua vanishes along E,,. The term of (33) free of the integral sign 
differs only by the factor ¢ from the left hand member of (32). Thus 


als , l 
I" (0) = tle (Lut 2,))] P+f n(M, — = oy) dx. 


Let there exist a set of solutions 4; (x), we (x) of equations (29), not 
all identically zero in 2,22, satisfying the Transversality Condition (32) 
and having the (x) vanish simultaneously for some value zs, where 
X, <%y <2. Using these functions 7; (x), #e (x) on the interval 2 2, and 
setting 4: = 0, we = 0 on x 2s, it is clear that 7" (0) takes on the 
value zero. If there exists such a set of solutions 4; (x), ma (x) of the 
accessory equations, we shall see that it is possible to make J” (0) take 
on negative values. 

At x = a, the functions 4:(~) just defined are continuous but the 
ni (x), Ha(x) are not necessarly so. If these functions minimize J” (0), 
the corner condition* 


*D. M. Smith, Trans. Amer. Math. Soc., vol. 17, p. 466. 





PROBLEM OF LAGRANGE. 


@ 


Wle,—0 = Oy |, 40 


would have io be satisfied. Since ®,;— 2,:, when ;== 0, the above 
condition becomes 

Qui |e = Ly, Lets 
if we form these n equations and remember that qi vanishes on the 
interval 2,2, and that the m equations (15) hold, we find 


Fy, nk + Pay; Me = 0, 
Pay; nk | = 0. 


We may regard these as »-+m linear homogeneous equations in 1; (xs), 
a (3). We see that the determinant of the coefficients is R(x, y, y’, 4). 
Since this determinant does not vanish along Z,,, the quantities 7; (2,;+ 0), 
ta (%3 +0) necessarily vanish. The solutions of equations (29) are uniquely 
determined by the values of ;, 7; and we for x= 2x3. The only set for 
which 4; = 4; = #« = 0 is the set 9; = 0, we = 0, which contradicts the 
assumption that the 9; (x), w«(x) did not all vanish identically of zs 2x,. 
If there exists a set of solutions of the accessory equations, vanishing 
simultaneously for x= 23;, where 2,<.23;< 2, satisfying (32) and not 
identically zero on 23 x:, then they cannot satisfy the corner condition and 
therefore do not minimize 7” (0). There must, therefore, exist 9; (x) which 
furnish a negative value for J” (0). 

A point 3 on Ey, for which there exists a set of solutions 9; (x), we (x) 
of the accessory equations, satisfying the end conditions (18), and the 
condition of transversality in 2 y-space at the point 2 and having all the 
functions 4; (x) vanish for x = as, is called a Focal Point for L on Eye. 

In order to characterize the point x3 more specifically the transversality 
condition (32) may first be written 


(35) oi (Lait 2,:) = tLeioit oi (gj Puy, +a} Fuzy, + Me Ge yi) 
= t[A+ ee Fyy) + ce Ant de Be = 0, 
where 

A = (F—yj Fy) X"+ Fy Yi'+(Fe—yi Fy) X°+2Fy, X'Y'?, 


Ay = Fy y; Qj Yia,+ Pay; Qj dea, | ? 
i2 


By. = Fyy; Qj Yio, + Pay; Qj dev, | » (@,7 = 1,++-,n; @ = 1,--+, m), 
































i 
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The solutions (30) of the accessory equations, which satisfy the equation (32 
and have all their functions 4;(~) zero at a particular value x must have 
constants cx, d, satisfying the equations 

O = Ck Yia, (w) + dk yo, (@), 
Git = Ch Yia, (X2) + de Yoo, (2), 


where r is also a constant to be determined. Evidently these equations 
have solutions not all zero if and only if the determinant 


A+ ee Puy; Ay By | 
H (x, 2) = | —e Yia, (22) Yio, (22) 
0 Yia, (2) Yio, (x) 


vanishes. The zeros of the function H(z, x.) are therefore the abscissas 
of the focal points of Z on E\g. 

THEOREM. Jn order that an arc E\s, normal on every subinterval on 
1, %, shall render the integral I a minimum value, it is necessary that 
the determinant H (x, xz) shall not vanish for x,<x< 22, or in other words, 
that there shall be no focal point 3 of L between 1 and 2 on E,z. 

For n = 1, m = 0, the function H (x, x2) is identical with the expression 
given by Bolza* for the determination of the focal point of a curve for 
the case of one variable end point in the plane. 

If the end point 2 is fixed the expressions X’, Y/ vanish and the same 
is true of A, Ax, By. To determine the conjugate point of 2, the 2m con- 
stants cx, de may be eliminated from the 2” equations 


Ck Yia, (#2) + dk yo, (%2) = 0, 
Ck Yia, (2) + de yo, (x) = 0, 
which gives 
Yia, (a2) Yid, (x2) 


= 0 
Yia, (w) Yid, (x) 








for the determination of the Conjugate Point. 
5. The Envelope Theorem. As shown in §1, the extremal Ey, 
may be embedded in a 2n-parameter family of extremals 


(36) a (x, a, b), he arth he (x, a, b), 





*Bolza, Lectures on the Calculus of Variations, University of Chicago Press, 1904, 
p. 107. 
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Pee me ggeMen nt reer Lame 


containing E,. for the set of values (a;, bj) = (aw, bio), where aw = Yi (t). 
Now suppose the a; in the set (36) are replaced by the functions Y;(¢). 
We thus obtain an (n-+1)-parameter family of extremals 


(37) “x= Yi (x, Y (0), b) = Vi (x, t, b), 


each of which intersects the curve LZ and containing the curve 2, for 
the set of values (¢, bj) = (t, bj). Let the members of the family (37) 
be substituted in the equation 


(38) T = (F—yiv) X'+Y¥in, = 0. 






he = he (x, Y (t), 0) = de (x, t, db), 























If E,, satisfies the Transversality Condition, this equation has a set of 
solutions (t, b;) = (ts, bm) and can easily be shown to have for its partial 
derivative with respect to ), at the point = 2, the value ex. Since 
by hypothesis at least one of the quantities 0, 02,---, @, is different from 
zero, it follows from the theorems on implicit functions that 7’ — 0 may 
be solved for some b, say bs as a function of the remaining b’s and ¢, in 
the neighborhood of the set (t2, bi). This function is continuous and has 
continuous first derivatives in the neighborhood of this set of values. 
Inserting the function just found, in the set of equatien (37), we thus 
obtain an m parameter family of extremals cutting L transversally and 
containing £,, for special value of the parameter. Let us write this family 
in the form 
(39) v%i = yilx, Cry Cay sey Cn) 


where c, = t¢ and ¢s, ---+, ¢, are the remaining b’s exclusive of Ds. 
Let x; be a value of x less than a, such that the functional determinant 
of the family (39) with respect to the c’s for the values cj defining Ey, 


| ‘a4 
A(a, Cio) —— | . . Py . . | 
Yac,. °° Yue, 











vanishes and is different from zero for 7; < «<2. Furthermore suppose 
that Ax(xs, co) + 0. By the method used by Bolza* for an n parameter 
family of extremals through a fixed point in the Problem of Lagrange with 
fixed end points, the following theorem may easily be established: 
THEOREM. For the extremal Es, along which R(x, y, y’, 4) + 0, let there 
be a point xs defined as above and for which Ax(vs, co) + 0. Then it is 
possible to determine (4, +--+, ¢n as functions of a parameter y having con- 
tinuous first derivatives, such that the one parameter family of extremals 





* Bolza, Vorlesungen iiber Variationsrechnung, p. 615. 
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(40) yi = yilx, c(y)) = w@, 7) 


contains E;, for some y, say 7o and such that the members of the above 
Samily have an enveloping curve d touched by Ey, for x = xy. 

The proof of this theorem is a mere repetition of the argument of Bolza 
and is therefore omitted. Without difficulty one may identify the point 
x == 2, on Ey, with the focal point of the preceding section. 

We may now apply the following theorem due to Bliss.* 

Let yi= yi(x, e) be a set of extremal 
ares with multipliers 49 = 1, Aa = Ae(x, e). 
The values of I on two arcs Ey, and Ese 
of the family satisfy the equation 


I(Ese) ee I(E;,) = I* (Ds) ae (Cys) 


with the value of the integral 


P igs = {Frazt(ay — yi dx) Fy 


along the corresponding segments Cy; 
and Dy, as shown in the figure. 

In Z* the differentials refer to the path of integration and yj; to the 
variable extremal. 

The family of extremals (40) satisfies the conditions of the theorem. For, 
the determinant (17) is not zero by hypothesis for values of x, y, y’, 4 in 
the neighborhood of those defining Z,,. Owing to the continuity properties 
of the functions in the differential equations defining the variations :(2), 
it is possible to determine a positive constant J, such that for |y—y7o| <0, 
the determinant (17) will remain different from zero. The members of the 
one parameter family of extremals (40) for values of y in this neighborhood 
of yo are therefore normal. There exists then for values of y sufficiently 
near 7o a set of multipliers 4) = 1, 4c = 4e(x, 7) of the type required in 
the theorem. 

In order to apply the above theorem, we let the curve L correspond to 
the are C,, and the envelope d of the family (40) to the are D,;. We shall 
assume that the curve d has a branch projecting from 5 as shown in the 
figure. If the point 4 is selected sufficiently near 2 we shall have 





I (E52) og I(Es4) a at (dss) coins (Ly) . 





* Bliss, Lectures, p. 48. 
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The term 7*(Z,) vanishes since every 
member of the family (40) cuts Z trans- 
versally and the vanishing of the inte- 
grand of J*(Z.,4) expresses the Trans- 
versallity Condition. Since d is tangent 
to every member of (40) the expressions 
dyi—yji dx all vanish along d and we 
have J*(ds5) == I (dss). Hence 


I (£2) = I (dss) + I (Ess) 


or by adding J (3) to each member 
of this last equality, one obtains 


T(E\s2) ‘ I(E\3)+ y | (dss) + 1 (E54). i 





We may show however, that the are Ky, = Ayy +3; + Ey, is not an 
extremal. If it were an extremal, it would possess a unique set of con- 
tinuous multipliers 4) = 1, 4 == 4 (x) since it contains no corners. These 
multipliers would be identical with those of the extremal £,, along E£,;. 
However, the values of yj, yi, vi or rather those of y, yi, 4¢ at the point 3 
determine the extremal £,, uniquely. Hence A,, would coincide with £. 
which is not the case. There must exist, then, arcs joining 1 and 4 which 
furnish a smaller value for the integral / than the are F,, does. The 
argument holds when 0 coincides with 3. 

We may summarize our results in the following theorem: 

THEOREM. Let there exist a curve d which is the envelope of a one para- 
meter family of extremals cutting L transversally and containing EF,» for 
a special value of the parameter. Suppose furthermore that d does not possess 
a cusp for the value x = x3 where Ey, touches it. Then in order that Fi» 
shall render the integral I a minimum value with respect to its value along 
other curves joining 1 and the curve L, it is necessary that the value x3 defining 
the point of contact of Ey, with the envelope d shall not lie on the intervall x». 

The analytic proof of § 4 excluded the focal point from lying between «x, 
and z, but places no restrictions upon the form of the envelope at the 
point with abscissa 2;. By making a special assumption with respect to 
the form of the envelope d for x = xs, the argument of this section shows 
that in order that Z,, shall render 7 a minimum value, the point of con- 
tact 3 of E,. with d must not only be excluded from lying between 1 and 2 
but must also not coincide with 1. 
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Introduction. The ordinary treatment of the differential invariants 
of affinely connected manifolds involving the actual construction of the 
invariants by processes of algebraic elimination is applicable only to the 
simplest type of linear invariant. Evidently there is room for a qualitative 
treatment of invariants offering the possibility of study of whole classes 
of invariants without their actual determination. In the present paper 
we have undertaken this on the basis of the differential equations 
which determine all the invariants of the manifold. The differential 
equations of the absolute scalar invariants are studied in detail; in 
this connection we show that they constitute a complete set of invariants 
of the manifold. This common idea of a complete set of invariants is 
distinct from the notion of a fundamental set of invariants, which is 
introduced in § 10 and which does not seem to have been clearly perceived 
by writers in the theory of differential invariants. 

It is shown in § 12 that the general invariant theory at which we 
arrive is formally equivalent to the invariant theory of a certain continuous 
group of »® parameters. 

* Received September 28, 1926. 
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At the end of the paper an extension of our work is made to include 
the treatment of affine differential invariants which involve a set of arbitrary 
functions and their derivatives. 

In a later paper we shall apply the methods used here to the case of 
the relative quadratic differential form. This work will stand in somewhat 
closer analogy to that already done by various writers on quadratic 
differential forms, among whom is especially to be mentioned the name of 
C. N. Haskins.* It is on this account that a criticism of the work of 
others will be deferred to our second paper. 

1. Affine differential invariants. Let the set of analytic symmetric 


functionst . 
Tig, a, -.+, a) = rhe, a?,..., 2%) 


determine the affine connection of an n-dimensional manifold It whose 
points are represented by codrdinates («’, x*, ---, 2”). 
We shall denote by the symbol @ any transformation 


af = fil, x, ..., 2%) 


of the group of arbitrary analytic transformations with non-vanishing 
Jacobians. As is well known the functions Tes have the transformation: 


—» 9gt 02 xt i Oa dat 
(1, 4 eee Oe 
U1) + Ox? ax” ax? “# ox" age 





under a transformation G of the (x) codrdinates. It is the invariant theory 
of the transformations (1.1) which constitutes the theory of the affinely 
connected manifold QM. 

A set of functions of the I’s and their derivatives of the form 


ert ar ar 
(1.2) a SE: #5} 
a? Bay’ .-. Bat 


will be called an affine differential invariant if each function of the set 
retains its form as a function of the I'’s and their derivatives under the 
transformation © of the (x) codrdinates and the transformation of the 





* Haskins, Trans. Amer. Math. Soc., vol. 3 (1902) pp. 71-91; ibid., vol.5 (1904), pp. 167-192. 
For other references see R. Weitzenbiick, Enc. d. Math. Wiss., Bd. III,, Heft 6, pp. 60-65. 

+ Unless otherwise stated subscripts and superscripts can take on positive integer 
values (1, 2,---,). We shall also employ the convention throughout our paper of letting 
a repetition of an index in a term stand for a summation over the values (1, 2, «--, ») with 
respect to this index. 
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Junctions T which is determined by the transformation © according to the 
law of transformation of the system of functions T.* In this paper, how- 
ever, we shall restrict the term invariant to scalars or tensors and more 
generally to relative scalars or tensors of arbitrary weight.t 

By means of a system of normal codrdinates (y', y*,---, y”) we can 
immediately express the differential invariant (1.2) as an algebraic invariant 
(in the sense that all derivatives are explicitly eliminated) depending on 
a set of variables A. These normal codrdinates (y) are completely 
characterized by the identities 


Cosy) yy? = 0 


where Cup denotes the affine connection in the (y) codrdinate system, and 
a set of initial conditions - 


dai 
ae Sgr. a 
of aoe yf" 


- d, when af = q. 

Under a transformation G of the (a) codrdinates, the normal codrdinates (y) 
which are defined by the (x) codrdinates and a point (q) suffer a linear 
homogeneous transformation: 





y' ‘baal ai y© 
where 
, (227) 
a = |—— ; 
’ Oa r=4q 
The process . “extending” a tensor R is as follows.t Let the 
components Ru. ie in the (x) codrdinate system become W,, M- — in the 
(y) codrdinate system. Then the equations 
am a 
ha ‘Vp: nee a ) arene oe 
dy? ... dyt]y—0 
define a set of functions 
(- 
Ry Vip +d 


of the (#) codrdinates which constitute the components of a tensor . 
The tensor ® is called the mth extension of the tensor R provided that 





* For a more extensive discussion of the definition of an invariant see a forthcoming 
Cambridge tract by 0. Veblen, Invariants of Quadratic Differential Forms. 

¢ Cf. O. Veblen and T. Y. Thomas, Trans. Amer. Math. Soc., vol. 26 (1924), p. 373. 

{ 0. Veblen and T. Y. Thomas, Trans. Amer. Math. Soc., vol. 25 (1923), §11, For brevity 
we shall refer to this paper as V&T. 
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there are m subscripts in the set (p, - 
is defined by the equations 


--,q). Ina similar manner a tensor A 





t | Aes 
i A ae ay’ --- ay? y=0" 


The tensors A are called normal tensors on account of their definition by 
means Of normal codrdinates.* 

Let us now transform the affine differential invariant 7 to a system of 
normal codrdinates (y) with origin at an arbitrary point (q) of the affinely 
connected manifold and evaluate at the origin of this system; the /”s 
become zero and their derivatives go over into the corresponding normal 
tensors A. Thus 7’ becomes 


(1.3) Ter. Or fag 35 Maye) 


and we may immediately state the following replacement theorem for affine 
differential invariants.7 

THEOREM I, Any affine differential invariant (1.2) can be put into the 
Jorm (1.3) by replacing the [’s by zero and their derivatives by the corre- 
sponding normal tensors A. 

For the particular case in which the invariant 7 is assumed to depend 
on the functions I alone the replacement theorem shows that 7’ reduces 
to a set of constants and consequently would not be spoken of as an 
affine differential invariant. Hence there exists no affine differential invariant 
which depends on the functions J alone. 

The ease with which we have proved the above replacement theorem is 
but a single illustration of the many advantages of the use of normal 
coérdinates. 

Definition. An affine differential invariant (1.2) will be said to be of 
order yr if at least one rth order derivative of a component of the J°s 
occurs explicitly in the invariant. 

The idea of an affine differential invariant may be extended to the case 
of a set of functions of the T’s and their derivatives which depend also 
on a set of auxiliary arbitrary scalar functions F™ (x) and their derivatives. 
Such an invariant will have the form 


*Q. Veblen, Proc. Nat. Acad. Sci., vol. 8 (1922), p. 192. Sec also V.&T., § 9. 

+ See T. Y. Thomas, Math. Zeit., vol. 25 (1926), p. 729. Regarding the so-called “ Reduktion” 
theorems, see R. Weitzenbick, Invariantentheorie (1923), pp. 349-462. 

t We need not assume that s=*-+1, ‘as is usually the case in the corresponding 
differential parameters of the Riemannian geometry. 
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oa at ae a’ ri k) s Rw 
(1.4) Tie at (Iégs Es «5 Gs Fm es ee 
8x” Oa” ..- 02 ox" da"... da8 
where the index k may take on values (1, 2, ---, w). 
If we let FY”,.--, a stand for the first to the sth extension of 


F® respectively, we can, by a process analogous to that by means of 

which we arrived at Theorem I, state the following replacement theorem. 
THEOREM JI. Any affine differential invariant (1.4) can be put into 

the form 

(1.5) They 03 Aupys °°) Aupy.ias PY; Fr’ «++; Fae--¢) 


by replacing the T’s by zero, their derivatives by the corresponding normal 
tensors A, and the derivatives of the = by the corresponding extensions 

We observe that the functions F“ themselves remained unchanged in 
the replacement process of Theorem II. 

It is obvious that the set of scalars F can be replaced by a set of 
tensors in the above replacement theorem. 

For the particular case in which the invariant (1.4) is assumed not to 
depend on the derivatives of the J’s the replacement Theorem II shows 
that 7 reduces to a set of functions depending on F™ and its extensions 
and consequently would not be spoken of as an affine differential invariant. 
Hence there exists no affine differential invariant which is dependent only 
on the Is, the F® and the derivatives of the F”. 

2. A complete set of tensor invariants. In the general problem 
of the equivalence of two affinely connected manifolds I and M determined 
by two given sets of functions Lup and Ti; respectively, we inquire if there 
exists a transformation 
| dae 


(2.1) 6:4 = /@... =, - 5 + 


Ox 

by means of which the /’s can be transformed into the I's. If this is 
possible we say that the two manifolds M and M are equivalent. 

Connected with the equivalence problem is the concept of a complete 
set of differential invariants. A set of affine differential invariants of an 
affinely connected manifold YN is complete if algebraic necessary and suf- 
ficient conditions for the equivalence of X with any other affinely connected 
manifold I can be expressed in terms of the members of this set. 

It is clear that each normal tensor A is an affine differential invariant.* 
We can therefore proceed immediately to demonstrate the following theorem. 


*For a method of deducing expressions giving the normal tensors in terms of the Js 
and their derivatives see V. & T., pp. 568-569. 
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THEOREM II]. The totality of normal tensors A constitute a complete set 
of affine differential invariants. : 
To prove this theorem we first write down the following infinite sequence 


(o SS Sa; 4i f+ 6 

Aggy Ug = Aure Ue Ug Uy 
: “yo eps é “# viGdioift 
(2.2) Agpye Us saat Auvor the us uy, ug 


Obviously a necessary condition for the equivalence of two manifolds PM 
and IN determined by 7’s and F’s respectively is that the above infinite 
sequence possesses a numerical solution 
(2.3) g= PF, P=, w= Kh. 

We shall prove our theorem if we show that this condition is also suf- 
ficient. To do this we erect normal codrdinates (y) and (y) with origins 
at the points z = q, x = q respectively. Connect these normal codrdinates 
by the relations 

(2.4) y = ub y* 


where ui, is the set of constants // in (2.3). Let us denote the affine 
connection in the normal coérdinates (y) and (y) by Cap and Cup respectively, 
We can then write the following familiar expansions* 


yi . 4 " 1 i ” é : 
Cup — Aapy (q) yf + 9! Aepyd (q) y Y 2 oS are ee 
(2.5) Sint 
ee wee ae ee L 
‘en. Aes (GQ) Y i 91 Aesya(Q) y ¥ + suet te AD hare 


Since by hypothesis the relations (2.2) hold between the normal tensors A (q) 
and A(q) it follows that the affine connections C and C have the law of 
transformation 


6 i yi 2h Yr 
(2.6) Cup tg = C wr Ve U3 


under the relation (2.4). This assertion is shown readily by calculation 
on employing the expansions (2.5). The relation (2.4) in conjunction with 
the relation between the codrdinates (x), (y) and the codrdinates (x), (y) 
defines a relation 

(2.7) xg = fF (z',.-., 2% 

* Of V. & T., p. 566. 
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between the codrdinates (x) and the codrdinates (x). The relation (2.7) is 
such that «= q when x= gq. Furthermore 02'/0z7° = hi, when x = q. 
This last statement may readily be verified by using the fact that at the 
origin of normal codrdinates 62°/3y“ = 0%. In fact 

dat By) ayk 


0 xt i yj ak i 

(sze)= GS ay* ie), = dj hi. Oe = he. 

It follows therefore that under (2.7) the affine connection 7 is transformed 
into the affine connection I, i. e., the relations (1.1) are satisfied by (2.7). 
This concludes the proof of our theorem. 

3. Complete sets of identities of the A-invariants. In our sub- 
sequent discussions we shall find it necessary to consider the identities 
satisfied by the normal tensors A. It is known* that the normal tensors A 
satisfy the following identities 


; i i i i oo hal 
(3.1) Aapyd..it aie Ageayd...23 Agpyd..-t Aepgur...63 s (Acsye...r) = 9, 


where (#v---o) is any permutation of (yd---7v) and S denotes the sum 
of the terms obtainable from the one in the parenthesis which are not 
identical because of the two other sets of identities. For example, 


(3.2) Mee + Ales + Mein ey: Aigy } Ab ay 


It has been shown by one of ust that the identities (3.1) constitute a 
complete set of identities of the normal tensor Aj5,9...-. By this it is 
meant that every identity satisfied by the invariant Anpye...t can be deduced 
from the set of algebraically independent identities (3.1) by algebraic 
processes. 

4, Number of algebraically independent components of the 
A-invariants. Since the identities (3.1) constitute a complete set, it 
follows that the enumeration of the independent components of any normal 
tensor A from (3.1) will yield the total number of algebraically independent 
components of the normal tensor A. Let N(n, p) stand for the number 
of algebraically independent components of Bag: with p-+2 subscripts 
(aBy---v) in the n-dimensional manifold M. If then K («, 4) denotes 
the number of combinations with repetitions of « things taken / at a time, 
we shall have the following formula: 

*V&T, p. 568. 

7 Cf. T. Y. Thomas, Math. Zeit., vol. 25 (1926) p. 714. The proof depends essentially 
on the fact that the normal tensors A can take on preassigned values consistent with the 


identities (3.1) at a point of the affinely connected manifold for a suitable choice of the 


functions rie 
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(4.1) N(n, p) = n(K(n, 2) K(n, p)— K(n, p+ 2)) 


as a consequence of (3.1). Since K(u, 4) = w(w+1)---(a@+4—1)/2! 
we find 


N(n, p) = 5 ( ee Cee at [r(m+1)(p+1)(p+2)—2(n+p)(n+p+1)]. 


On further reduction we have 








42) NO) = > a ea lm 2) +) +20]. 


5. Variations of tensors under infinitesimal transformations. 
Our subsequent work requires the determination of the expression 


[ee ed (# ae 


(5.1) 


under the infinitesimal deformations 
4 = gi +ek (zx), 
The transformation law of the tensor 7’ in (5.1) can be written in the form 


z dat 0a™ 8a” Ba? Im:-.np Oa Oa Bar O28 
5.3) Ye Bae ie © cn A EOE m 3. th ae an 
(5.3) Teh ea @ t) A opt = oan” a” “B78 g7a oxo axe art 


From (5.2) we get 
dat 


(5.4) sai = dite 


ag (x) 
x 


Substituting the expressions (5.4) in (5.3) we get 
im: Tie om ad a §! FG) li.. ™p og" 
Ta. ~ + € = ab.. = Oa Ae Toss. oe 5: zx 
-+ yy = =I an Tp aie nh ae) 4 H, (e) 
0 x* 


- , a 


liv: --np im: + -np ~ n 

Tab... -cad +8 Tin. ce “,-— az To. a7 
im: - Im---np § A 

= s,s Tob... id 4 Tad? = = \+ H, («) 


where H,(¢) and H,(¢) denote expressions in higher powers of «. As a 
consequence therefore of (5.2) and (5.5) we have 




























T. Y. THOMAS Anp A. D. MICHAL. 





T pie xr $. oa vf a kA 
5.6 

os, cae ln-.-np OF F) m:n 0 SP 
iin we eg OE rap Et b- yr = Segal 


6. Differential equations of scalar differential invariants. If 
J‘(@) is an arbitrarily given set of functions of (%1,---, 2”), then the 
transformation 
(6.1) @: 2° = f'@',.--, 2") 


defines a transformation which can be included in a family of transformations 
of the form 
(6.2) at = giteS (Zz). 


In fact on taking «640 and & (xr) = (f' (x)—z*)/é in (6.2) these 
equations go over into (6.1). Obviously each member of the family (6.2) 
is a member of the group of all analytic transformations of the form (6.1). 
Furthermore, the identical transformation is included in the family (6.2), 
e.g., for « = 0. 

Consider a function of the form G (Aggy) By definition G will be an 
affine scalar differential invariant if and only if 


(6.3) G(Avgy) = G (Aggy) 


for each transformation G. The condition (6.3) under an arbitrary one 
parameter family of transformations (6.2) is a sufficient condition for the 
invariance of G. 

Expanding @(A) about « = 0, we get* 











dG(A 1 A 
(6.4) G(A) = GA) +6 <4 a —) & +54 ( 1 ase 
It is clear that 
1, a As, 
(6.5) Bo _ 6G(A) | OAeay | 
de je=o 8 Au, | de je=o 
By means of (5.6) and (6.2) we can write (6.5) as 
a OG -( ee” eR Oe tg 
aS. = Rey Tt Baggy 
as oe 6 
ia de \em0 Aig \ aa aa? 
CE 0 ¥ 
Aepa y —~ Megy as art 


* We assume that G(A) 1s analytic as a function of ¢ within a circle of radius 4 +0 
which may be as small as we please. 
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Defining the linear operator X by 





i +4! 0 §¢ 44! 
Re. 4 « “* aay a 2 ape 





xo= 28, 
. ie 


we can rewrite (6.4) in the form 


es i - 
(6.7) G(A) = G(A)+ DAXia. 








4 as | 
ax” PF gy)” 













Hence a necessary and sufficient condition that G(4) = @(A) is that 






(6.8) XG =0 | 





This follows from the fact that the equations XY‘ G = 0 when i has values 
2,3,-+-, are consequences of (6.8). 
We can write (6.8) in the convenient form 








: ag / ix \ aG@ | 
(6.9) at es Bo Ay. = 0, | 
where 

ue ts. i T 
(6.10) es nae Agzy, d,, 7 Fes 05 a Anse 95 Soe. Acpy b,. 





Owing to the tensor character of Any and dé: we observe that ( a 
4 a By o} 


is a mixed tensor which is covariant in the indices (@8yo) and contra- 
variant in the indices (ir). Since the vector & in (6. 9) is arbitrary, we 
can state immediately the following theorem. 

THEOREM IV. A necessary and sufficient condition that G(A) be an affine 
scalar differential invariant is that it satisfy the following system of differen- 
tial equations: 


(6.11) 







it BS cobs a 
\eByo 0 Ag, 


By a direct extension of the methods used in proving Theorem IV it is 
easy to show that the following theorem holds. 

THEOREM V. A necessary and sufficient condition that G (Aggy: E Avs 8: 

+85 Ansys. wv) be an affine scalar differential invariant is that it satiefy 
the following system of differential equations: 


( it \— 0G 
«Byo! 9 a Asa, 











it 6G 
aByda 0 Avaya 


’ ( iu aG 0 
a . —_———— = ‘ 
ayo... v6 0 Aupyd...v 


(6.12) 
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where 
a4 i 
os en a sal Agpyd.--h OF + Agoyd.. 3 d5 


(6.13) 
+ +++ + Aggys...c 9 — Anpya:..d %> 

It is easily verified by the above method of constructing the differential 
equations for G that G can not involve the variables (z', ---, x”) explicitly 
and it is for this reason that we have omitted the possible occurrence of 
these variables in the definition of the invariant G. A corresponding 
remark may be made for affine differential invariants in general. 

7. Direct proof of completeness of the differential equations. 
We shall demonstrate now that the system of partial differential equations 
(6.11) is complete. 

By definition 

aG 
7.1)” Ze = (5° 
(7.1) f (1)G “By 0 At gy 
and 
(7.2) (Zi (1), AE (W))G = Zh) (47 (1) @) — 27 (1) (Zi (0) @). 


Our task is to show that the alternants (Z7 (1), Zi (1))@ can be expressed 
as linear combinations of the Z, (1G. By calculation we have 


i t 7 
0 Aca 0 Aww 


tp a ( tx 
ae hh ip bist 0G 


7.3) (Z*(1), Z? (1) @ = (eal | 
18) Fi). HOG =H egry) ge 


ae By q 
Employing the Kronecker tensor i, to advantage in the differentiations 
in (7.3), we get 


(Zp (1), ZENG = |e) M+ (sa ep) + (una) — (upney) 


quwy ug we uvge uvwe 
(7.4) 


t ) tp \ : t ) xp ; aG 
(P(e la (lat (| oe] 
fevw® \e ewe g uv eg urwg ry ae 


Carrying out the cancellations in (7.4) we get 


’, rh , ( tp / tz 0 G 

x i x ie Pe ea RE: 
se ede aa [°% bu vw - \, vw! | 0 Aww 
(7.5) x rrp pp) x 

or Zh (L)G — On Z) (1)G 
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and hence the system of equations 


(7.6) Zl) G = 0 
is complete. 

We shall now proceed with the proof of the completeness of the dife- 
rential equations (6.12). We define the linear operator Zs(r) by 


SS ve 
(7.7) “ira — >| tees ) 


u = 8 \Ay hy Hg ++ 


where » — /—2 is the order of the differential invariant G. We define 
the alternant 


(7.8) (Zi (r), Zr) G = ZZ) (Z? (r) @) — ZP(r) (Zi) @). 
By caleulation we have therefore 


i tp 
k k . a( 
FR (>. Oe ea Se. ad B; Bz Bs +++ Beg 
ey MOOE= ZS ee 


u-=8r=8 
. 0 Og - ++ Oy 


: ip ‘\ ls, 31 Bs a fan) oie 
hug 


(ty (ly Oy ++ 


: t ‘ 
0 eae Og + Oy 6 Ay, Bops- Py 


ix 


ly n} 


a =-$3 E- (ly eee 


tz |- 0G 
++ Bu aA ne 


k 
= > |ar| )— bi 
=| 2 - . le \B; Be + 
an Ano—a Roe. 


Hence we have the theorem. 
THEOREM VI. The system of differential equations for the determination 
of affine scalar differential invariants of order r: 


(7.10) Zi(r)G = 0 


is a complete system. 
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In particular the equations (7.10) will be complete when referred to 
a set of independent variables A as determined by the complete sets of 
identities (3.1). In treating the independence of the differential equations (7.10) 
these equations will be referred to independent variables A. A similar 
remark applies to the differential equations of invariants involving arbitrary 
functions (§ 16). 

8. General theorems on the independence of the differential 
equations. In the theory of complete systems of linear partial differential 
equations there is a theorem which states that the number of functionally 
independent solutions of a complete system is equal to the number of 
variables in the system minus the number of linearly independent equations 
of the system. The knowledge of the number of independent equations 
in the system (6.12) is necessary for the determination of the number of 
functionally independent affine scalar differential invariants of order 7. We 
proceed therefore to demonstrate the following. two general theorems. 

THEOREM VII. If the differential equations for the determination of the 
absolute scalar differential invariants of order p for the general affinely 
connected manifold are independent, those for the determination of the in- 
variants of order p+ 1 are also independent. 

THEOREM VIII. Jf the differential equations for the determination of the 
affine scalar differential invariants of order 1 are dependent for every affinely 
connected manifold of n dimensions,- they are dependent for every affinely 
connected manifold of n—1 dimensions. 

To prove the first theorem we observe that by hypothesis the differential 
equations 


( it ag : ( it ).28 
Bis5 BAny, \eRN 29 OA 


apy} 


it aG 
ae eee 
a Bn V2 see Vp Uy 0 Reppin: ‘ ‘Yp 


(8.1) 


are independent. | But the system 


it eG iv } 
eee ee 
E By, 0 Ansy, COBY: 72 +++ pF Ohad ein, 
2 le 
COBY +++ Yp¥pHG 


(8.2) 
_ iinccennaieghcs” sien 0 
0 Aepy.ys- Ye p+ 

has the same number of equations as (8.1) and can be formed from (8.1) 
merely by adding 


= | a ) ee 
: aBY:7¥e°°> Vp Vp+i og OE 
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to the left hand members of the corresponding equations (8.1). Our theorem 
therefore follows immediately.* 

We proceed now with the proof of Theorem VIII. By hypothesis the 
equations 

0G 

a0 bese eee 
©) JUG! 8 Aby 
are dependent. Hence the linear homogeneous equations 

‘ee | 4a eee 
(8.5) pee y= = 0 


admit solutions 4% not all identically zero. Owing to the remark about the 
independent variables A made at the end of §7 the indices (i, 7, k, 2) in 
(8.5) are to be considered to take on values (1, 2,---, m) corresponding to 
those of the indices (7,j,%, 7) in the set of independent variables Ajx. 
However, the coefficients of 4% in (8.5) satisfy identities 


(ia sey ia ia { t@ aa Gera 
(ie) a laste? (vate) t bie) tunel 6 


which correspond exactly to the identities satisfied by the components Ajut. 
Consequently equations (8.5) hold for all values of the indices (7, 7, k, 7). 
We can write (8.5) explicitly in the form 


(8.6) Avia xn — Aba 9 — Ajen 9k — Adve we ==0, 


We choose a particular affinely connected manifold of » dimensions in 
a manner determined by the following scheme 


= 0 ‘CF k= 1, 2,---,m), 
ri. = 0 (i,k = 1, 2,---, n—1), 
(8.7) "es 
fo Sy (i = 1,2, ---,n—1), 
2 
Vic = Wy (w', at, ---, a") (i,j,k = 1, 2,---,n—1), 


where any YW. for i,j,k = 1, 2,---,v—1 is an arbitrary function of the 
variables (x', x*,---, 2"). In the proof of our theorem we shall need 
the result of the following lemma. 


*In Lie’s theory of differential invariants the number of equations for the determination 
of the differential invariants increases with the order of the invariants. C. Haskins using 
Lie’s methods proved an analogous theorem for the Riemannian geometry. His theorem 
however, is not immediate as in our work. Cf. Haskins, Trans. Amer. Math. Soc., vol. 3 
(1902), p. 76. 


























a nee te a ee a ee te i ee et 











210 T. Y. THOMAS AND A. D. MICHAL. 





































Lemma. The particular components 
(8.8) Aju (i, j,k, U= 1, 2, +++, m1) 


of the normal tensor A of the special n-dimensional affinely connected mani- 
fold determined by the scheme (8.7) constitute the totality of the components 
for the normal tensor A of the general affinely connected manifold of 
n—1 dimensions. 

The expression for Aj, in terms of the T° ‘; and their derivatives is given 
by the formula* 


‘ F) vt a Fy : nee — 
(8.9) = eae Bs f a Se 24 _ sriira)— x ri — rh re 
where the symbol P denotes the sum of the terms obtainable from the 
ones inside the parenthesis by permuting the set of subscripts (j, k, 1) 
cyclically. By means of (8.7) and (8.9) we get 








(8.10) Aja = 23. —s. - 32 ej Via — a pk Lju— Tia Tia), 
: s 
where i,j,k,/ = 1,2,---,m—1. The lemma now follows immediately 


on ohunreiia: that the components of the Vix in (8.10) depend only on 
(a!, v2, .--, a") as is seen by a reference to the last assumption in (8.7). 
From (8.9) we have 


« 


0 Vi 1 0 Vy 8 j 
: “9” : 3 rj3 ri. 


Aj = cP poe . a 5 — 20g ri) — Fp Th 


But by (8.7), 7: = 0 and hence 


(8.11) Aj = 0. 
By (8.9) we have also 
0 Dn 


(8.12) Ant ae part —<P 





Ink va » 
tie 2 Tien re) —The ri —Tig Vin. 


Hence by (8.7) the relations (8.12) yield 

(8.13) Awe = 0, (i,k, 1 = 1,2,---,n—1) 
Kmploying the complete set of identities (3.2) and relations (8.13) we get 
(8.14) Aim = 0, Akin = 0, (i,k, 1 = 1,2,---,n—1). 


*Cf. V. & T., formulae (6.4) and (9.13). We remind the reader again that subscripts 
and superscripts can take on values (1, 2,+++,) unless otherwise stated explicitly. 
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From relations (8.11), (8.13) and (8.14) it follows that equations (8.6) 
reduce to the equations 

n—1 
(8.15) mAs te Alaa tf — Fae Aina tt) = 9, (i,j,k, l= 1, 2,---,n—1). 


It is clear that if 4; for 7,7 = 1,2,---,m—1 are not all identically zero 
that the differential equations for the determination of the differential in- 
variants for every (~—1)-dimensional affinely connected manifold are 
dependent. We shall give now a proof by reductio ad absurdum that 
4; +0 for i,j = 1,2,---,m—1. Suppose then that 


(8.16) i, = 0, (j,7 = 1,2,---,n—1). 
Consider equations (8.6) for 7,k =n; i, =1,2,---,n—1 getting 
(8.17) A® gf —At yi —At wi —AineM = 9, G,l=1, 2,---,n—1). 
By (3.2), (8.11), (8.16), (8.13) the relations (8.17) yield 

(8.18) Aum = 0, (¢,2 = 1,2,---,m—1). 


On employing relations (8.7), (8.9) we get by calculation 
. . n—1 . 
(8.19) Ann = 8+ 2a*Ta, (i, = 1,2, ++, n—1). 
a=1 


It is clear from (8.7) that Ahm for i,2 = 1, 2,---,n—1 depends only on 
the points of the (n —1)-dimensional affinely connected manifold. If «* = 0 
for a =1,2,---,m—1 then the determinant of »—1 rows 


(8.20) | dao | == 1. 


Hence in the neighborhood of the point 2* = 0 for a =1,2,---,n—1 
we have 


(8.21) | Annt| + 0, (i, = 1,2,---,m—1). 
We have also 
(8.22) Anu +0 wheni =U, (i,2 = 1,2,---,n—1). 


From (8.18) and (8.22) we get 
(8.23) qt = 0. 
Putting i,j,k = n in (8.6) and employing conditions (8.11) we see that 
n—1 
(8.24) 2 4A. 4 = 0, (1 = 1,2,---,m—1). 
e=1 


16 
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By (8.21) it follows that 
(8.25) @=0, (a =1,2,---,n—2). 


Now consider equations (8.6) for i,j,k = 1,2,---,m—1 and 1 =n, 
Then by means of (8.11), (8.13), (8.14), (8.16), (8.23) and (8.25) we have 


n—1 


(8.26) & Aira a =0, (i,j,k = 1,2,---,n—1). 
In general there exists an (mn —1)-rowed determinant* 

(8.27) D+0 

which is formed from the coefficients A in (8.26) and hence in general 
(8.28) 7% = 0 (a = 1,2,---,n—1). 


Hence contrary to our hypothesis about (8.5) we have 


(8.29) 9, = 0 


under condition (8.27). Hence under (8.27) equations (8.15) have solutions 
7 +0. This means that under (8.27) there exists a number F of deter- 
minants of the matrix of (8.15) which vanish in the variables A. Now 
these R determinants and the determinant D are polynomials in the 
variables A. Furthermore these & determinants vanish for all values of 
the variables A for which D does not vanish and hence by a theorem in 
algebrat the R determinants vanish identically irrespective of whether D 
vanishes or not. Hence (8.15) in all cases possesses solutions y + 0 and 
thus our theorem has been proved. 

9, Determination of the independent differential equations. 
We turn now to the demonstration of some theorems for the general three 
dimensional and two dimensional affinely connected manifolds. By means 
of these theorems and the one proved in the preceding paragraph we shall 
be enabled to give definite information as regards the independence of the 
differential equations for the determination of the invariants connected with 
a general n-dimensional affinely connected manifold. 





*The existence of such a determinant D may easily be inferred from the fact that 
the Th with indices (1,2,---,—1) may be chosen so that the A’s at any point have 
arbitrary values subject only to the complete set of identities for the A. Cf. T. Y. Thomas, 
Math. Zeit., vol. 25 (1926), p. 717. 

t Cf. Bécher, Introduction to Higher Algebra, p. 8. 
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Consider therefore the proof of the following theorem. 

THEOREM IX. The differential equations for the determination of the 
absolute scalar differential invariants of order 1 for the general affinely 
connected manifold of three dimensions are independent.* 

The differential equations in question are 


wares cad "is ah 


From formula (4.2) we see that the number of algebraically independent 
components of the normal tensor Aapy is given by 


(9.2) N(8, 1) = 24. 

By means of the complete set of identities (3.2) it is easily seen that the 
following twenty-four components of Aupy are algebraically independent: 
(9.3) An =a, An =v, Aw=dc, Aes = d, 
Ans e, Ages as tf ’ Abst —— 9; Aine ae h’. 


The non-vanishing dependent components not equal to those in (9.3) by 
the second set of identities (3.2) are 
Ain = —2a‘; Aus = —2U; Ain = —2C; Ade = —2.d', 


(9.4) i i ' i i 
Ags: = —2e@; Asso = —2f*, Atos = Anns = —(G'+h'). 


Let us now express the invariant G in (9.1) as well as the quantities 


“Tt 

(9.5) (. By ) 
in terms of the independent components Aba in (9.3) alone. Then all the 
derivatives of G with respect to the dependent components Aj, vanish and 
the equations (9.1) assume a form after some calculation which can be 
represented by the matrix given in Table I. 

Putting 
(9.6) a® = d*= e'= 1; other components = 0 


in the matrix and selecting the rows of the matrix corresponding to the 
coefficients of 





*In the proof of this theorem we shall understand that all subscripts and superscripts 
can take on values (1, 2, 3). 
16* 
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—d' g'+h'—a) (c'—a) 


g’+ h? 
ge+ h3 


(e'—f?) 
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b? 


B 


a 


0 


a 


0 


G+h—b)—0? (ab) 


0 
2c! 
2 
2c* 
2d' 


0 
h3 















Table I. 


—(i+a') Oa?) —a 


—(f*+@) 0 


(f*—g') —Qe+g') 0 


(—2f*+h') (®—h’) 0 
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(25 dG aG dG aG aG 0G 0G ie 
ba” te’ ta’ OF O° OF’ O6° Sf’ Of° 
we get the determinant 
0—1 


—_ 


omoonoooo & }& 
meoocncoocooc oe 
ooonoococoo 
eooococorooc So 
ooococorococc o 
Scoocoooloco 
Conocooco 








Thus the rank of the matrix for the general affinely connected manifold of 
three dimensions is 9 and hence Theorem IX is proved. 

The following theorem is a consequence of Theorems VII, VIII, and IX. 

THEOREM X. The differential equations for the determination of the 
absolute scalar differential invariants of order » = 1 for the general affinely 
connected manifold of n > 3 dimensions are independent. 

The differential equations for the determination of the differential invariants 
of order 1 for the general affinely connected manifold of two dimensions 
turn out to be dependent.* We can demonstrate, however, the following 
theorem for the general affinely connected manifold of two dimensions. 

THEOREM XI. The differential equations for the determination of the 
absolute scalar differential invariants of order w = 2 are independent for 
the general affinely connected manifold of two dimensions. 

To prove this theorem completely it is sufficient to show that the equations 
for the invariants of order #2 are independent, as is evident by a 
reference to Theorem VII. 

From (6.12) the differential equations in question aret 


aG it aG 
(9.8) (ero) sort | ) “7 _=0. 
aByO! 9Ang, \*BY9O) 9 Aigy 


By calculation we see that formula (4.2) gives the number of algebraically 
independent components of the normal tensors Aupy and Aupye for the two 
dimensional affinely connected manifold as 


N(2, 1) = 4 and N(2,2) = 8 





* Cf. the example in § 14. 
tIn the proof of this theorem we shall understand that subscripts and superscripts 
take on only the values (1,2). 































a a 
a eS I ERD ST ot ot ee 


ep meormaen seeeee mane Aree 








216 


T. Y. THOMAS anv A. D. MICHAL. 





resvectively. These twelve independent components can be chosen as 
Am =«, Ain = 8, Ain =7, Am = 4, 
(9.9) Ali = a@,. Airs = b, Aiss = c, Aine = d, 
Ain =e, Aim =f, Atm =—g9, Atrw = h, 
and by calculation from the identities 
al Ajna + Abaj + Aaj = 0, 
Te Haag + Sag + Signe + Manag + Migge + San = 9, 
we get 
Ain = —2a, Ain = —28, An = —2y, Ain = —24, 
(9.11) Aden = —(a+40), Amn = —(b+4d), Ain = —e, 
Aim = —f, Ain = —g, Aizxe = —h. 


Expressing the differential equations (9.8) in terms of 
components (9.9) after the manner of constructing Table I, we obtain a 
system of four differential equations with the matrix given in table II. 


the independent 




















(t,¢) =} (1, (2,1) (1,2) (2.2) 
OG/da} « —é —y e 
OG/ds| B = @ est B 
OG/dy| 0 — (e+) 0 0 
dG/ae| 22° 0 —(#+f) 2y 
OG/da| a (2e — b) —29 2a 
OG/db| 2b 2f — (a+ 2h) b 
dG/dc c —d 0 2c 
dG/dd| 2d 0 —€ d 
OG/de| Qe —f (a+ 2c) € 
OG/of| 3f 0 (6+2d—e) f 
OG/dg| 0 ~—(a+2c+h) 0 39 
OG/dh| h — (b+2d) —g 2h 
Table II. 


The determinant formed from the first four rows of this matrix does not 


vanish identically and hence our theorem is proved. 


10. Fundamental sets of differential invariants. 


Definition. 


A fundamental set of affine scalar differential invariants of order / is a set 
of functionally independent affine scalar differential invariants each of which 
is of order 7 such that any other affine scalar differential invariant of 
order 7 is expressible as a function of the members of the set. 

Let (mn, p) stand for the number of functionally independent solutions 
of the complete system of n? differential equations 


DIFFERENTIAL INVARIANTS. 


fag aG +( ut | 
aBy,o 0 Anay, aBYi 726 0 Av ayiys 


(10.1) 


it 


aG 
++ ¥nO a 
“BY: 7s Vp 0 Aa By ine: +7» 





| wt 
From the theory of complete systems of differential equations and by means 
of Theorems X and XI we have 


(10.2) Nn, p) = 2 Nn, a)—n*® (n>2, p>1; n+2 if p=}) 


where N(n, «) represents the number of algebraically independent com- 
ponents of the normal tensor Aj,s,,,,...,, of the general n-dimensional affinely 
connected manifold as given by formula (4.2). This number N(n, p) in 
(10.2) zs precisely the number of affine scalar differential invariants in 
a fundamental set of affine scalar differential invariants of order p. This 
statement can be seen clearly in the following manner. There must be at 
least one component of the normal tensor A with p+ 2 subscripts in at 
least one of the functionally independent solutions of the partial differential 
equations (10.1); for, if not, the equations 

it 0G 


11  S Dlta Vp-1 8 Aa ay iyy: +71 


aG 

10.3 | : |) ek ( 

( aBy,o. 0 Ai, T r 
a V1 

for the determination of the scalar differential invariants of order p—1 

will have the same number of functionally independent solutions as equations 

(10.1), which is impossible as 


(10.4) Nn, p) > Nn, p—1). 


We can thus pick M(m, p) suitable independent functions each of which 
actually involves at least one component of the normal tensor Ragen sim 

Taking cognizance of the fact* that (2,1) — 1, we can tabulate the 
following values of N(n, p) as calculated from (10.2): 


Repiein 
2 


8 | 20 











(10.5) 78 | 195 














324 | 900 








* Of. § 14. 
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11. A complete set of absolute scalar invariants. In § 2 we 
saw that the totality of normal tensors A constitute a complete set of 
affine differential invariants. We are now however, in a position to prove 
the following theorem. 

THEOREM XII. The totality of the absolute scalar affine differential in- 
variants of an affinely connected manifold M constitute a complete set of 
affine differential invariants for this manifold. 

Let 
(11.1) Tj (A), (i = 1, 2,---, Rim, p)) 


be a fundamental set of scalar differential invariants of order p of an 
n-dimensional manifold I. Form the relations 


(11.2) I;(A) = I;(A), (i = 1, 2,---, R(n, p)) 


where J;(A) are the corresponding invariants of a manifold M. Since 
the J;(A) are functionally independent as functions of the normal tensors A, 
there must exist a Jacobian determinant of order 9t(m, p) in the matrix 


(11.3) Ez 8h (A) | 2 
| 





which does not vanish identically. rats there exists a set {A} of N(n, p) 
components of the normal tensors A in the relations (11.2) which are un- 
iquely determined (within a sufficiently small neighborhood of a point for 
which the above Jacobian does not vanish) by the components A and a set 
R(A) of components A in (11.2) not contained in {A}. Thus we may write 


(11.4) {A} = @(A, R(A)). 


Now let (A) stand for the set of n® independent components of the A’s 
which are not in the set {A} and form the tensor equations of trans- 
formation by which the components A are transformed into the components 
of the set r(A). These equations may be represented by 


(11.5) r(A) = 9(A,u); ue = Oa'/0z". 


It is easily seen that all of the n® quantities «, actually occur in the 
equations (11.5). Elimination of the members of the set R(A) from (11.4) 
by means of (11.5) will give a set of equations which together with (11.5) 
will constitute a set of relations between all of the components A, the 
components A in (11.4) and (11.5) and the quantities uw in (11.5). Hence 
if all of the wu’s did not occur in (11.5) we should have a relation between 
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the above quantities A, A and u which is not identical with the tensor 
relation whereas in fact the tensor relationship is the only one which can 
exist in general between them. The n* equations represented by (11.5) 
may therefore be solved uniquely* (within a sufficiently small region) for 
the n? quantities uw. as is easily seen if we regard these equations as 
equations between the n* independent variables A and the n*® independent 
variables wz. Thus 2 

(11.6) u = wW(A, r(A)). 


Let us now assume that the equations (11.2) are algebraically consistent 
considered as equations between the independent variables (z', ---, 2”) 
and (z1,---, 2”), which is obviously a necessary condition for the equivalence 
of the manifolds I and M. Take a solution of (11.2) to be 


(11.7) gi =: fi(gl,..., 2), 


Since (11.4) is only another form of (11.2) the solution (11.7) likewise 
satisfies (11.4). When we eliminate the variables (z',-.--, 2”) from the 
right hand members of (11.6) by means of (11.7) we obtain 


(11.8) ub == 68 (!,.--, x”). 
Hence relations (11.7) and (11.8) together constitute an algebraic solution 
of the equations 


—¢g ; i i “uy 6; 

Agay, Ug bas A uve, tle UB Uy, 

—¢ i eta i v Oy %% 

Agpyys Ug worms Auyo,6, te ug Uy, Uy, 
(11.9) 

og i Rowe i le y 6; 6» 

Aggy. *Yp Us = Auye,. Op Ue us Uy, eee Uy, 


for, as we have seen above, the equations (11.9) are equivalent to the 
two sets of equations (11.4) and (11.5). Since by Theorem III the totality 
of normal tensors A constitute a complete set of invariants our present 
theorem follows by allowing p to increase without limit. 

12, The r-parameter continuous group. We shall proceed now 
to connect our theory with a certain n*-parameter continuous group of 
transformations.t From (7.5) it is clear that we can write 





* For n = 2, p= 1 there are three components in r (A) so that uw‘ are not uniquely 
determined by (11.5). This does not interfere with the argument here or in § 18. 

TIt is evident that the group in question is in all cases (i.e. n=>2, p= 1) the group 
of transformations of the form (12.12) in the variables A and A and the parameters u 
but we wish to establish this by connecting it. in a formal manner with our preceding work. 
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(12.1) (Zi(1), Zl1))@ = Cie Ze(1) @, 
where 

% oT 
(12.2) Cage = 5y Be Su — 9p 8 9,- 


Since the constants i defined by (12.2) satisfy the identities 


Cuz + Cone = mes 


(12.3) 3 
Chae Cepd + Cape Crud + Cua Cred = 9; 


it follows by Lie’s third fundamental theorem* that they are the constants 
of composition for some »*-parameter continuous group of transformations. 


From Theorem X the operators Z,,(1) are linearly independent for n > 3. 
This shows that 


(12.3) ZA)@ (x, = 1, 2,---, m) (n > 3) 


are the n* independent infinitesimal transformations of an n* parameter 
continuous group of transformations in the variables Anpy whose structural 


constants are the eS * defined in (12.2). 
Consider the trenslocwasions in the n* parameters te 


(12.4) Acpy “= <. Ug Up Uy, 


by which the variables A are transformed into the variables A, since we 
assume that the determinant 


(12.5) || $0. 


We can write equations (12.4) in the form 
(12.6) Acpy = Avor un, up Uy a ’ 


where w, is the cofactor of the element u; ‘in the determinant [ect divided 
by luc. It is clear that the transformations (12.6) form a group with in- 
verse * transformations with the n? essential parameters u as the parameters 
of the group in the variables A. The identical transformation of this group 
corresponds to the values of the parameters 


(12.7) uv, = dh. 





* Lie & Scheffers, Kontinuierliche Gruppen, p. 396. 
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To form the infinitesimal transformations of the group (12.6) we put 






(12.8) We = di, + 86), 
where « is infinitesimal. We find that 






(12.9) uy = d—eey 













when we neglect second and higher powers of «. Substituting (12.8) and 
(12.9) in (12.6) we see that within infinitesimals of the second order we have 





Aapy ise Aupy = (& Appy + es Avey - ey Ausr— e, Aapy) *, 





or 


= it 
(12.10) Aapy — Aupy = ee, Bech : 





Since the e are arbitrary constants, it follows that the symbols for the 
n* infinitesimal transformations are given by 









(12.11) ZAG = ( is Poe 






Consequently our invariant theory for affine differential invariants of order 1 
is formally equivalent to the invariant theory of the n* parameter linear 
homogeneous continuous group (12.6). On following out the above methods 
one can easily see now that our invariant theory for affine differential 
invariants of order p is formally equivalent to the invariant theory of the 
n® parameter continuous group 









we 3 Be x P.@.r—i 

Aepy = Ang Uq Ug Uy Uy 

(12.12) RE ae sae con 
A = 4* wutut...u?u. 
OBY1:- 7p PI---% & BP YW Yr * 














The symbols of the n* independent infinitesimal transformations of the 
group (12.12) are given by (7.7), and the structural constants are given 
by (12.2). Up to this point in this paragraph we have restricted ourselves 
to the dimensional number » => 3 and p = 1, the order of the itivariants. 
A similar discussion can evidently be made for the case n = 2, p> 2. 
The singular case n = 2, p= 1 will be treated in § 14. 

13. Differential equations of relative tensor invariants. Up to 
this point we have been dealing with the differential equations for the 
determination of absolute affine scalar differential invariants. We proceed 
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now to deduce the corresponding differential equations for the determination 
of relative scalar differential invariants and relative tensor differential 
invariants. 

A relative scalar affine differential invariant satisfies the condition 


(13. 1) Bg ines ress A v4) = (x x)* ft aeelae easy PTGS 7 
where 


(13.2) baal ae 25 


0 a* 


and K is an arbitrarily given constant, called the weight of the scalar 
invariant f(A). We can rewrite equation (13.1) in the form 


(13.3) f(A) @a)¥ = f(A). 


Using the methods of § 6 we can expand f(A) (x)* about «0. This 
gives 


134) f(A) @ayk = p(y +e A 





re 


€=0 


LA) @ xr) *} | 


Hence as in § 6 a necessary and sufficient condition that (13.1) hold under 
the group of analytic transformations @ is that 





(13.5) [se @ oy") | =o. 
By calculation we have 
(13.6) [29] _- _ Pee oe) 
whe e<=0 a=1 


Hence condition (13.5) yields the system of differential equations 





0 &# 





(13.7) Kon) f = 0. 


Finally since the §’s are arbitrary we have 





(13.8) Zr) f = Ko f 
where. 

rt+-2 af 
(13.9) Zn) f = Pi oo Oy ++ Oy i Dll its, 
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as defined by (7.7). Any relative scalar differential invariant f(A) of 
weight K and order r satisfies equations (13.8) and conversely any expression 


Sf (At, a, 043 ee Ala, 0 0,:+-0,4) 


which satisfies (13.8) is a relative scalar differential invariant of order r 
and weight K. 

More generally we can derive the differential equations for the determination 
of relative tensor differential invariants. The invariance condition is 


da? dat dat 
dx ax) Ox 


da” O02” Oat 
ox* Ox Ox 








(13.10) TW3"’*; (A) 
or 


(18.11) @a)¥ TYs""*, (A) 


== (ex)* TS.:%, (A) 





Ox? dat «© at x axP = ax* 


Pet pu 
os Oa) 05" oo? aa pg Te 9A): 
xe” da Ox 


Expanding the left member of (13.11) about « = 0 we obtain 





pq: +t le K m--*8 (7 Oa? ‘ oF : 
(13.12) 28-5 (A) +044 (x x) Tap...4(A) Ox : ox? aoe ee °° 


Hence as before necessary and sufficient conditions that (13.10) hold are 
given by 








4[¢ K p---8 pq Om? ox | 
(13.13) {é (@ x)* Tes..-4 (A) i 128i 0. 
Using the equations 
[222] 8 [22] tw 
(13.14) de 02) ten ~=— sO” de Ox/ tenn oa ’ 





which we have from (5.4), (5.6), (6.13) and (13.6) the equations (13.13) 
become 
0 


(13.15) 92° 





[z (r) Diep... (A) —K 95 Thy. 'g +95 Thgsscg + ++ +95 TH. 
Pr og---t 
— 4, TH 4 — ... a5 7H t] = 0. 
Hence from the arbitrariness of the &’s we obtain 
Ze (0) Tee, = KG, TOS + OF, THES + oF 188 


(13.16) r pq:+st q-s-t seek ee I 
ok see +d, Pnw..a Se Tie... 95 Te... — °° — di, i. . 
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We have therefore demonstrated the following theorem. 
THEOREM XIII. Necessary and sufficient conditions that the quantities 


spe DY 
be the components of a relative tensor affine differential invariant of order r 
and weight K are that they satisfy the system of linear partial differential 
equations (13.16). 

14, Examples of invariants. Let us consider the problem of the 
determination of all absolute scalar affine differential invariants G in the 
two dimensional manifold which depend on the Z’s and their first derivatives. 
In other words we wish to determine all functions G(I; 87/ax) which 
satisfy the equations 


ag 
14.1 * J —0 = 2, 
i ebro oaey 


From (4.2) the number N(2, 1) of algebraically independent components 
of the normal tensor Anpy is equal to 4. Let us select 


(14.2) oe. ee Aan, s = Ajo, , 7 Aino, é= Am 
as the four independent A’s. Then 
(14.8) Ai = —2a, Ain = —28, At = —2y, Ai = —26 


and all other A’s not equal to those in (14.2) by (3.2) are zero. We may 
now consider G and the quantities (, * ; in (14.1) as functions of the 


variables (a, 8,7, 4) alone. When this has been done the equations (14.1) 


become 
aG 


dG aG 
ase +Aogt( + 20-5 


oG aG 0G 
soo +s tet Ms t( 


rete t( j+e+H Se 


aG aG aG 
“Fa teog t 27a, +( 


From Theorem VI it follows that the above differential equations form 
a complete system. The determinant, however, of equations (14.4) is found 
to vanish identically so that the equations are not all independent; but, 
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the first, second and fourth equations are independent. Hence from the 
theory of complete systems of linear partial differential equations we know 
that there exists a solution G of equations (14.4) such that any function 
of G is a solution of (14.4) and any solution of (14.4) is a function of G. 
Solving the equations (14.4) we find that this solution has the form 


(a — 8)? 

ap—ysd° 

Thus the invariant G(a, 8,7, 9) is a fundamental set of absolute scalar 
invarianw of order 1 for the two dimensional manifold. The invariant 
property of this scalar G(a, 8,7, 6) does not appear to be evident on 
inspecting its form. ‘There is interest in verifying its invariant character 
directly from the transformation law of the components (a, 8, y, 3) in (14.5). 
We wish to show directly that 

@—A* _ («—A) 

ap—yo aB—yd° 


(14.5) G(a, 8, 7,9) = 





(14.6) 


The equations relating the quantities (@, 8, 7, 6) with the components A)», 
are 


ey See Gee ee 
= Aggy A, A, A, a, 


. ie: a SDF 

& = Aepy @, A, A, Ay, 
(14.7) ee ok wee 

bees Agpy Az A, A, Ay, 

é = Aapy a, ay ab a, 
where 


ai = 024/02), al = dz"/oz*. 
Writing the components Avpy in the right hand members of the first two 
equations (14.7) in terms of the quantities («, 8, 7, 6) we obtain after some 
calculation 


a— 8 = A[a(ah a} + a} a}) — A(@} a} + a} a3) 


(14.8) é = 
+ 6(@} at + @2 a!) —7 @ a? + @? a?) 
where 
eas a, a 

But 
(14.9) aataa;=1, aatt+azaj = 1, 
me THat+azal—=0, aalt+aal = 0. 

ence 


(14.10) a—f = A(a—&). 
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In a similar manner we find first that 
ak—7o = A*[(aat+ 6a} (a? + Aa?) (aa? + 6a2) (vai + Aad), 
which upon simplification becomes 
ab—yd = #@a—a a) (@s&—70). 
Finally, noting that a} a} — a} aj = 1/A, we have 


(14.11) aBk—yd = A*(aB—y)d). 


The relation (14.6) then follows from (14.10) and (14.11). 

Incidentally we have shown that (a—) and («#8—y9) are relative 
scalar affine differential invariants of weight 1 and 2 respectively. Hence 
the absolute invariant G(a, 8, y, 6) is formed by means of the ratio of two 
relative invariants each of which is of weight 2. 

In case the geometry of paths reduces to the Riemannian geometry, the 
absolute scalar invariant G(a, 8, y, 0) vanishes identically. This statement 
can be verified by observing that in the Riemannian geometry the con- 
tracted curvature tensor Bj. is identically zero. By calculation we have 
in the case of the two dimensional Riemannian geometry that 


(14.12) Bia = Alta — Aim = 2(8 —@). 
Hence in the Riemannian geometry 
(14.13) a—£,f = 0, n = 2. 


By a further calculation it can be verified that «8—y0d does not vanish 
identically in the Riemannian geometry of two dimensions. Hence 


G(a, 8, y, 6) = 0, n=2 


in the Riemannian geometry. 

In § 13 we saw that our invariant theories were formally equivalent to 
certain n* parameter continuous groups of transformations, where » is the 
dimensionality of the affinely connected manifold. We showed this under 
the assumption that we did not have the combination n = 2, p = 1 where p 
denotes the order of the differential invariant. We shall now show that 
even for the singular case n = 2, p=1 we are concerned with the in- 
variant theory of a continuous group of transformations. 

We have shown that equations (14.4) are dependent. However, the only 
constant quantities K,, K,, K;, K, which can satisfy the equations 
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(Ki + K,)¢+ K,d6+ Kgy = 

(Ki + Ky) 8+ K,6+ Kyy == 0 
Ky (a+8)+2 Ky = 0 
2 K, 6+ K;(a#+8) = 0 


(14.14) 


identically have the values 
K, = Kk, = Ki = K = 0. 
Hence the infinitesimal operators 


dG 
0d ’ 





1 en aG 
A (AU)G = « a +B PY, +26 


Zag - 62% 15 2¢ a@ 
BAG = IF +d55 ++ Hs, 





(14.12) 
.3 ee aG aG 6G 
Zz (1A)G = 7 De bY aR + (@ + 8) a0” 
S4\0 — « 2f OG 1 5, 9G 
BG = a5 +h ay tir 


are the symbols for the four independent infinitesimal transformations of 
a four parameter continuous group whose structure is determined by the 
constants (12.2) for x, p, 7, #,q,¢=—= 1,2. On following out the methods 
of § 12 it is clear now that (14.15) gives the infinitesimal transformations 
of the finite transformations (14.7) when the right hand members of these 
equations are expressed in terms of the independent variables (a, 8, y, 0) 
and the four essential parameters (aj, a}, a?, a3). 

The treatment of the relative scalar invariant J of the first order for 
n = 2 requires only a slight modification of the preceding work. For this 
case the differential equations are 


(14.13) | ig 2 = kJ, e== 9. 
@BYO! Ary, 


which are obtained from (13.8) for r= 1. Introducing the independent 
components (a, 8, y, 6) as before we have from (14.13) the following inde- 
pendent equations 





ay , ow aw 
ae | ) +204% . 1, 





aw 5 oY aw 
aaa Oh eS +et+Hst+(  |=o, 


, oF 4g 2? hed a 
ary" +8 0p hr Oy +( ee 
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where 7 
0 
y= 5 ‘ ¢ 





A particular solution of the system (14.14) is log(a@—A). Since the most 
general solution of the homogeneous system associated with (14.14) is an 
arbitrary function of the expression (a—)*?/(a8—y9), the most general 
solution of the complete system (14.14) is 


y= log (@—A)-+ P| OI, 


where F denotes an arbitrary function of its argument. Hence the general 
relative scalar invariant of order 1 and weight K for n = 2 has the form 





_. 2 

(14.15) J= (@—AXF| K—,| 

As particular cases of (14.15) we see that (@—) is an invariant of 
weight 1, and also that («—)? and («8—y0) are invariants of weight 2; 
these results have been shown in the first part of this paragraph by actual 
calculation. 

The skew-symmetric tensor invariant Hy of order 1 for m = 2 contains 
only one non-vanishing component H,,. Reference to the equations (13.16) 
shows that the differential equations for the determination of Hj are identical 


with (14.14) when 
wy = log Ais. 


Hence the most general invariant Hj is given by 


— |, Bis = Hee = 0. 


Ay, = — Hy = (o—HF|—", 


15. Differential equations of invariants involving arbitrary 
functions. The notion of an affine differential invariant can be extended 
to those cases in which a set of arbitrary scalar functions 


(15.1) F® (a1, .--, 2”) (k = 1, 2,---, w) 


and their derivatives occur in the invariants in addition to the functions 7 - 
and the derivatives of Tis. The scalar character of the F’s is expressed by 








(15.2) F® (xz) = F®(z). 
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Consider, for example, any particular function 


: on 0” Tap 9 Fe 9% F&) 
15.3 a ( BR ; F®; ees 
eas #99 Oa... Oa" 8a? Qa... Ba 


with reference to the system of coérdinates (z',---, 2"). The function G 
will be a scalar differential invariant if 


ce ee . git rE 
(15.4) a ( apie 3 —] — G( aps** "3 | 


under transformations G. The order of the invariant G will be defined in 
the following manner. 

Definition. An absolute affine scalar differential invariant G of the 
form (15.3) will be said to be of order (7, s) if the highest derivatives of 
the I, and the F® are of order r and s respectively. 

By the replacement Theorem II any invariant of the form (15.3) can be 
written as 

















Ey ee . p®, mw®. . p® 
(15.5) G (Aggy; weed Agpy...83 F ’ F ‘Bibs Fy... .w) 
where the quantities FY yttty . are the (covariant tensor) extensions 


of the functions F™. 
It is evident that all differential invariants G of the form (15.3) are 
algebraic invariants of the group of transformations 


zo op ee eee Mv G Gp os ‘ : 
Agpy,..-7) Me = Auve;...6, Ya Up Uy, +** Uy, (p = 1,2,---,n), 
=(k) (k) 1 Ly : 
Pied — Piss. tty “A, “+ Up (p — 1,2,--+, 8), 
FO — pw 


in the variables * se rr. lp? F® and the parameters ui, where k takes 
on all values (1, 2,---, w). 

By obvious extensions of the methods of §5 and §6 it is clear that 
a necessary and sufficient condition for a function G of the form (15.5) 
to be an absolute affine scalar differential invariant is that 
[224A] 


dé e=0 


(15.6) 


under the deformations (6.2) for all functions §. To write down the system 
of partial differential equations from (15.6) which are satisfied by the 
invariants G we note that 
dF” 
L.-? 
€=0 





de (k = 1,2,---, w); 
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also that 
aFo sd 
sa od Ao fe 
dé =0 Ox 
which follows from (5.6). Then introducing the symbol 


Be | A 8 Pop Op Fete bo $85 Pep. 


oaB..-v 


we have that the equations 





oo. 
t 


(15.7) (2.0) +¥e@) G15 = 0 


are satisfied by the invariant @ for arbitrary functions §. Here 








r+2 ; \ aG 
Zz G aad { sed iy meneeneemnee 
o(") = Oly Be +e cul i a 
and 
8 k) aG 
or G = [ e c | h ; 
o (8) =, O Oy Og +++ Oy Penick 


where the index & is summed over the values (1, 2,---, w) and a over 
the values (1, 2,---,). Hence we have the theorem. 

THEOREM XIV. A necessary and sufficient condition that a function G 
of the form (15.5) be an absolute affine scalar differential invariant of 
order (r,s) is that it satisfy the system of n* linear partial differential 
equations of the first order: 


(15.8) (Z3(r) +¥G())G = 0. 


16. Completeness and independence of the differential equations. 
We shall proceed to prove the following theorem in a direct manner. 

THEOREM XV. The system of n® differential equations (15.8) is a complete 
system. 

By calculation we have 


(16.1) (Z.kr) + Ys), 277) +Y¥{@)E = (Zur), ZM)E+ (Vils), YF@)e. 


Furthermore the relations (7.9) give 


(16.2) (Zi(r). Bn) @ = 8 Zi(r@—d, Zir)@. 





























Now 


(¥i(8), Yq(o)@ 
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= u=1 I, a — ‘ al la pe _ 
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where the indices k and ¢ are summed over the values (1, 2,---, w). 


First consider the special case in which s = 2. 


(16.4) [’ t\=8 a? F®, nA - 6? Fe 4a? 


Hence 


a[? (t)) 


taht _ 


9 Fe 
(16.5) 





las 





é Fe 


a,Q2 


By 


q By Bs 


= 6, 6 af, 


== bj dy’ dg? 63 +4; ds! do” 32, 


In virtue of (16.3), (16.4), and (16.5) we obtain 


(Yu(2), YZ (Q)G = (FP by, Oe bo" 5%, 
(11.6) + {( 


~ (Fhe, 8, + Fer, 82,) (di Of 5? 45, + di dg! 347? 45,)} 


qs 


F® a 


Mae ~ 


Finally on simplifying and collecting terms 


(16.7) (Y,(2), Y2(2))@ = 6, Yi (2) @— 








We have 


— Fy? & dj. oy 65.) oe 


8%, Yq (2) G. 
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dG 
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+ Fes, Sng) (8 Jy’ Og: OB, + di, 35" J” 33.) 
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By calculations analogous to the above one can show readily that 
(16.8) (Yi(s), YZ) @ = 0; Yi (s) @—4L Vz (s) G. 
Hence by a reference to relations (16.1), (16.2), (16.8) we see that 


(Zi)+¥us), 7 (r)+ YZ) GE 


(16.9) 
= 0; (Zi) + Yn @) @—9i (Z (r) + Yq) G. 

This proves our theorem. 

As a consequence of Theorems X and XI we have the following two 
statements: 

(1) If m > 2 there are n? independent equations (15.8) for the determination 
of the scalar invariants G which contain first or higher derivatives of 
the Iy,,. 

(2) If m = 2 there are n® independent equations (15.8) for the determination 
of the scalar invariants G which contain second or higher derivatives 
of the Ty. 

If no derivatives of the I, ap occur in G, then @ is independent of the 
T’s themselves as well as their derivatives. In this case G has no connection 
with the affine manifold and need not be considered. 

The following theorem is necessary to our discussion. 

THEOREM XVI. The differential equations for the determination of the 
absolute scalar differential invariants of order (1,1) for the general affinely 
connected manifold of two dimensions are independent. 

The differential equations in question are 


ag “, [r(k)] 0G 
16.10 | | | —, = 0, n= 2. 
( ) a Byo 0 Atay +2 On ar” ” 





Using the notation of (14.2) and (14.3) for the independent components 
of the normal tensor Aj,, and letting 


(16.11) Fo =s, F=f, 


equations (16.10) take the following form 


0G 


(16.128) °° re 
)+( tear =o 


0G 0G 0G 
Te tese tet Mss t | 
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soasy? et ( J+e@+m55+tset( )=0, 
teeters = +f }+( )+e2% =o, 


for k= 1. The determinant of the matrix of this system 


0 26 e 0 
(«+ 8) 0 0 «@ +0. 

0 (a+) ¢ O 

2y 0 eee 


Hence the equations (16.12) are all independent. As an immediate conse- 
quence of this we have that the equations (16.10) are independent for 
w>1. This completes the proof of our theorem. 

The only singular case arises in the determination of the absolute affine 
scalar differential invariants of order (1,0) for n = 2. The form of the 
system of equations is the same as that of the equations (14.4). Hence 
there are three independent equations. 

17. Fundamental sets of invariants involving arbitrary functions. 
To determine the number of independent variables in equations (15.8) we 
observe that the number* of independent components of the normal tensor 
Acsyiyy--yy 18 given by the number N(n, v). If in equations (15.8) there 
are w functions then the number of independent components of the w 
covariant tensors Felicity is given by the number wK (n, #) where 


nee re) K(n,0) = 1. 





(17.1) K(n, 4) = 


Hence the total number of independent variables in the differential equations 
(15.8) is 
r 8 

(17.2) D(r,s,w,n) = > N(na)+w D> K(n, «). 

a=1 a=0 
Consequently the total number of functionally independent solutions of the 
equations (15.8) is 
(17.3) D (r,s, w,n) = D(r, 8, w,n) —n® 


tb 

S 
INV 
oe 
INV 


0, w > 1, n > 2 with the exception of the combination 


yr = 1, s = 0, n = 2 for which we have 


D(1 0, w, 2) = Di, 0, w, 2)—3 = w+1 (w > 1). 
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Corresponding to the definition of § 10 we have the following definition. 

Definition. A fundamental set of affine scalar differential invariants of 
order (7, s) is a set of functionally independent affine scalar differential 
invariants each of which is of order (7, s) such that any other affine scalar 
differential invariant of order (r,s) is expressible as a function of the 
members of the set. 

By an obvious extension of the reasoning of § 10 it is readily seen that 
the number of invariants in a fundamental set of absolute affine scalar 
differential invariants of order (r, s) is given by the number ® (r, s, w, 7) 
defined by (17.3) and (17.4). 

The determination of the differential equations for relative tensor invariants 
involving arbitrary functions F and their derivatives offers no difficulty. 
More generally it is clear now how one can proceed in order to deduce 
the differential equations satisfied by a set of invariant quantities Ca. 
whenever their law of transformation is given. A complete treatment of 
the differential equations of the general invariant Q leading to the deter- 
mination of the number of functionally independent quantities Q would 
require a considerable extension of the methods which we have used; yet 
at present there appears to us to be no need for such general considerations, 
for in the scalar invariants J which we have treated in detail we have 
all that is necessary for the complete characterization of the affinely 
connected manifold—within the invariants J all the properties of the manifold 
are contained. 

18.* Finiteness of complete sets of invariants. Lately we have 
directed our attention to the question of the finiteness of a complete set 
of invariants. It is possible to give an algebraic characterization of the 
affinely connected manifold Yt by means of a finite number of tensor or 
scalar invariants. The order of the invariants required in this characteri- 
zation does not exceed a certain value depending on the dimensionality 
of the manifold. 

It can be shown? that a necessary and sufficient condition for the 
equivalence of the manifolds Yt and W is the existence of an integer 
N= 1 such that the first N sets of equations (2.2) are compatible in the 





* Added December 2, 1926. 

+ This has been proved in substance by Wright in connection with quadratic differential 
forms. See, J. E. Wright, Invariants of Quadratic Differential Forms, Cambridge (1908) 
pp. 15—18. A clearer statement and proof of this theorem has recently been given by 
Veblen and Thomas with a view towards application to a larger class of equivalence 
problems. More particularly, these authors have proved the corresponding theorem involving 
the curvature tensor and its successive covariant derivatives, but their theorem implies 
the above theorem and vice versa. Cf. 0. Veblen and J. M. Thomas, Annals of Math., 
vol. 27 (1926), § 7, p. 288. 
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variables 2* and wu‘, considered as functions of the independent variables x‘ 
and that all their solutions satisfy the (N+ 1)st set of equations (2.2). 
Now the greatest number of equations in the first N sets of equivations 
(2.2) which can be independent in the variables x and ui, is n (m+ 1). 
Also the addition of each successive set of equations to those preceding 
in the sequence (2.2) in the process of obtaining the first N sets of 
equations (2.2) so as to make NV have a minimum value, must increase 
the total number of independent equations by one at least. Hence 


N < n(n+1). 


This gives the following theorem. 

THEOREM A. The first n?+-n-+ 1 normal tensors A constitute a complete 
set of invariants of the manifold M. 

For the purpose of extending the finiteness theorems to the case of 
scalar invariants it is desirable to employ a second fundamental set of 
invariants of order p= 1 which contains scalar invariants of all orders 
from 1 to p inclusive. To distinguish this new fundamental set of invariants 
from the one previously defined in § 10, which is composed entirely of 
scalar invariants J of order p, we shall refer to the latter as the /irst 
Fundamental set of invariants of order p. 

Definition. A second fundamental set of scalar invariants of order 1 is 
a fundamental set of solutions of the differential equations (6.11). 

As thus defined a second fundamental set of invariants of order 1 is 
likewise a first fundamental set of invariants of order 1 and vice versa. 

Definition. A second fundamental set of scalar invariants of order 
p> 1 is a fundamental set of solutions of the differential equations (10.1) 
such that a subset of these solutions considered as a set of scalar invariants 
constitutes a second fundamental set of scalar invariants of order p—1, 

Hence a first fundamental set of scalar invariants of order p > 1 is never 
a second fundamental set of scalar invariants. 

The statements of § 11 remain true if the M(m,p) invariants J of a 
first fundamental set of scalar invariants of order p are replaced by the 
N(n, p) invariants J of a second fundamental set of scalar invariants of 
order p. In the following we shall consider for the sake of definiteness 
that the invariants J of § 11 denote invariants of a second fundamental 
set of scalar invariants. 

Evidently a necessary condition for the equivalence of the manifolds 
and Yt is the existence of an integer » such that the equations (11.2) 
for pw are compatible in the variables x‘ as functions of the independent 
variables x‘ and that all their solutions (11.7) satisfy the equations (11.2) 
for p=w-+1. Assuming that this condition is satisfied, it follows by 
18 
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the argument of § 11 that if (11.7) denotes a solution of the equations 
(11.2) for p=, the first » sets of equations (2.2) have the solution (11.7) 
and (11.8) where 6}, is determined* by (11.7) and the set of equations (11.5). 
Now if the components A of the first p > normal tensors are given and 
likewise the components A of the set x (A), then all other components 4 
of the first p normal tensors are determined as functions of the components A 
and the components A of the set r(A), for example, _by solving the 
equations (11.5) for ue and then finding the components A in question by 
means of the first p sets of equations of the sequence (2.2). Hence it 
must be possible to solve the equations (11.2) for p—w-+1 so as to 
express all components A in terms of the components A and the com- 
ponents A of the above set x (A). Consequently the above solution (11.7) 
and (11.8) of the first m sets of equations (2.2) which represents any 
solution x=/f(x) and u—6(z) of these equations, must also satisfy the 
(w + 1) st set of equations (2.2). This proves the sufficiency of our conditions. 

THEOREM B. A necessary and sufficient condition for two manifolds M 
and YM to be equivalent is that an integer w = 1 exist such that the 
equations (11.2) for p=w are compatible in the variables x‘ as functions 
of the independent variables x‘ and that all their solutions (11.7) satisfy the 
equations (11.2) for p=o-+1. 

The greatest number of independent equations (11.2) for p= @ 7% n. 
Hence by a consideration similar to that made in the derivation of the 
inequality satisfied by N, we havet 


os Nn. 


THEOREM C. A second fundamental set of scalar invariants of order 
n-+1 constitutes a complete set of scalar invariants of the manifold WM. 

The solutions of the first N sets of equations (2.2) or of the equations 
(11.2) for p= may be finite in number or may depend on a certain 
number of arbitrary parameters. In the latter case we have a finite 
continuous group of transformations analogous to a group of motions of 
a Riemann space.t 


*Tn case n=2 and w=1, this determination is not unique. See footnote in § 11. 

ft In a subsequent paper we shall show that N and » are equal and that they are 
arithmetical invariants of the manifold. 

t Cf. L. P. Eisenhart, Riemannian Geometry, Princeton (1926), chap. VI. 
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LINEAR CONGRUENCES IN A GENERAL ARITHMETIC.* 


By Horace L. Orson. 


Let 2% be any rational, associative, semi-simple algebra of finite order 
having a modulus. Then there exist integral elements ¢, ---, e, of & such 
that any integral element of & is expressible as a linear homogeneous 
function of e,, ---. en With integer coefficients.t Let the multiplication table 
of the units ¢, --- e, be 


n 
(1) ej = 2 Vinee (t,7 =1,----, m). 


Let a, b, c, and m be given integral elements of %& and consider the 
congruence 
(2) axb=ce (mod. m), 
l 


which is to be understood as equivalent to the equation 
(3) axb = c-+md, 


where d is an arbitrary integral element of &. If the norms of a and b 
are relatively prime to the norm of m, multiply both members of equation 
(3) on the left by a’, the product of the conjugates of a, and on the 
right by b’, the product of the conjugates of 6, in any order. Then 


(4) AxB = a'cb'+a' mdb’, 


where A and B are integers, the norms of a and b respectively. According 


to Euler’s theorem, 
APH) BPA) —= | (mod. M) 


where M&M is the norm of m. Hence, multiplying both members of equation (4) 
by A?@D—! BPQD—1, we obtain 


(5) 2 = AP@A—1 BPAD—1 g! ch! + AFAD—! BPAD—1 g’ mdb’ (mod. M). 
Similarly, under the same hypotheses, the congruence 


(6) axb = c (mod. m), 
‘ 
* Presented to the American Mathematical Society September 8, 1926; received October 1, 
1926. 
+ Dickson, Algebras and their Arithmetics, p. 163. 
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which means that there exists an integral element d of M& such that 


axb = c+dm, 
has as its general solution 


(7) a = APQD—1 BPAO—1 g! ch! + APAD—1 BRAD—1 a’ dmb’ (mod. M). 





It may be of some interest to observe that, contrary to the situation 
in ordinary scalar congruences, a congruence of the form (2) or (6), with 
¢=0, may have a solution which is not congruent to 0 either on the 
right or on the left, even when a and 3 are relatively prime to m in both 
senses. For example, in the arithmetic of rational quaternions, the congruence 


(1—i+k) x (1 +) = 0 (mod. 2 + 2) 


has as a particular solution = i1—2j, which is not divisible by 2+-2 
either on the right or on the left. 

If the norms of a and b are not both relatively prime to M, multiply 
both members of equation (3) on the left by m’, the product of the 
conjugates of m in any order. Thus 


(8) m’axb = m'c+ Mad, 


which becomes, by the use of equation (1), 


nu n 
(9) : ba V iks VjrkY par Mi Aj Lp bg =) YiisMi Cj (mod. M), (s = 1,---, m). 
45:4, 0,9,7 =1 i, j=1 

In a manner precisely analogous to the well known discussion of systems 
of linear equations, it can be shown that a necessary and sufficient con- 
dition for the solvability in integers of a system of linear congruences 
with respect to a modulus M is that the modular rank of the matrix of 
the coefficients with respect to each factor of M be equal to the modular 
rank of the augmented matrix with respect to the same faktor of M; by 
the modular rank of a matrix with respect to a modulus w we mean the 
highest order of a determinant of that matrix which is not divisible by pu. 
Thus a necessary and sufficient condition for the existence of integral 
solutions of the congruence (2) is that the modular rank, with respect to 
each factor of M, of the matrix 


n 


, v7 / b i tee) 
Pe > Viks ¥ jrk ¥ par Mi Mj Og || (p, s = 1,---, n) 
i,j,k, q,r=1 














LINEAR CONGRUENCES.. 





239 


be equal to the modular rank, with respect to the same factor of M, of 
the augmented matrix 


nm n i 

. 7 } 

ie Dike Vjrk¥ par Mi aj bg, > ruomig|| (p,e=1,---, n). 
ij,k,q,7=1 ‘*,j=1 ' 


Similarly, a necessary and sufficient condition for the existence of integral 
solutions of the congruence (6) is that the modular ranks, with respect to 
each factor of M, of the matrices 


n 


| ya sttmcieaumenaatl (p, gs ],.... n) 
|ij,k,qQ.r=1 
and 
I! n " | 
| YrisYrarVipk aj bgmi, > ryscim)|| (p, s = 1, ---, n) 
| 4J, kg" = 1 ij—1 
be equal. 


To solve a congruence in an algebra over any field of complex numbers 
in which factorization into primes is unique, we need merely to adjoin to 
the basal units of the algebra certain units of the field, thus representing 
the algebra as one over the field of all rational numbers. 

The solution of a linear congruence of type (2) or (6), when the norms 
of the coefficients a and } are not both relatively prime to the norm of 
the modulus, can usually be obtained as follows: consider the scalar con- 
gruences (9) or their analogues, and find, if possible, a coefficient of one 
of the x’s which is relatively prime to M, the norm of the modulus, and 
multiply the congruence in which it appeares by the (M—2)th power of 
that coefficient; thus, by means of Euler’s theorem, we obtain an expression 
for one of the z’s, with integral coefficients, in terms of the other 2’s. 
Substitute this expression in the other congruences, and repeat this process 
until congruences are obtained which are either identically satisfied or 
impossible. In the former case we have some of the z’s expressed in 
terms of certain arbitrary integers and the remaining z’s, which are 
arbitrary integers; in the latter case, of course, the given congruence 
has no solution. 
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NOTE ON A DIFFERENTIAL EQUATION.* 





















By Josepn MititER THomas.+ 


1. The partial differential equation 
(1) . @aX’+bX+cY'+dY = 0, 


in which a, b, c, and d are given functions of the independent variables 
x and y, X and Y are unknown functions of the variables x and y respect- 
ively, and X’ and Y’ their derivatives, is of frequent occurrence in the 
differential geometry of surfaces. Although in most of the cases that have 
arisen this equation can be solved by particular methods, it seems worth 
while to give a general method of testing whether it admits solutions, 
other than the trivial solution Y = Y — 0, and of finding the solutions 
if they exist.t 

2. Suppose both a and c are different from zero. Equation (1) can then 
be replaced by the system of partial differential equations: 








OX OX 
—- = Fi YV Z. —=- = 
og  BXTCY+DZ, Fe=0 
ets | 
ox Os 2) ees 
where 
B=—b/a, C=-—d/a, D=-—ce/a. 


By expressing the condition 





i Se a | 
andy  dydx 
we find 2 
(2) 0f - aX+7¥+6zZ, 
ay 
where 
B= —B,/D, y= —G/D, 6 = —(C4+D,)/D, 


the subscript denoting partial differentiation. Hence equation (1) is equi- 
valent to the following system of total differential equations 


* Presented to the Amer. Math. Soc., September 9, 1926, received October 4, 1926. 
+ National Research Fellow in Mathematics. 

{This problem was suggested to me by Professor W. UC. Graustein. 
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aX % aX 
<li (’ ae er: ae ; 
a BX+CY+ DZ, dy 0 
oY ay 5 
(3) "St 0, ay ——_ 
aZ 0Z i 
- = 0Q, “Fy celal +d6Z. 


The well known methods of testing the compatibility of a system of total 


differential equations and of integrating it can be applied to the system (3). 
All integrability conditions are found to be identically satisfied except 
the condition 

1 es 

Oxdy dy dr 





which can be written 
(4) EX+eY+¢Z = 0, 
where 
§ = £-+BB, q = “Ye t AC, c dr+ BD. 


In the treatment of equation (4) three distinct cases arise. 
Case I. If (4) is identically satisfied, that is, if 


(5) be+ BB = yr +AU = 6,+82D = 0, 


equations (3) are completely integrable and their general solution contains 
three arbitrary constants.* 
Conditions (5) are satisfied by the equation X’— Y’ = 0, of which the 
general solution is 
ON = kre+, Y = ky+m, 


where k, /, and m are the arbitrary constants. 

Case II. If (4) is not identically satisfied, we differentiate it with respect 
to x and y, eliminate the derivatives of the unknown functions by means 
of (3), and obtain 
eX+7/Y+9Z = 0, 


(6) 
Sy X+q"V+0"Z = 0, 
in which 
= Be tEB, 6 y' = get iC, = be + BD, 
s” = Ey + CB, " = Wy T Cy, C” a5 fy taq+td. 


*For a proof of this statement and a method of integrating such a system cf. Bianchi, 
Lezioni sulla teoria dei gruppi continui finiti, Chapter I. 
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If relations (6) are aigebraic consequences of (4), on eliminating one of 
the unknowns from the system (3) by means of (4) we get a completely 
integrable system of total differential equations in the two remaining 
unknowns. The general solution of this system together with relation (4) 
gives the general solution of (3)* and consequently of (1). It contains 
two arbitrary constants. An example is furnished by the equation 


eX'+X+¥'—Se@+y) F< 0, 
of which the general solution is 


x= kat, Y= ky’. 


Case III. If onet of the equations (6) is independent of (4), we treat 
it in the way we did (4), and obtain thus two equations linear and homo- 
geneous in X, Y, and Z. These equations must be algebraic consequences 
of (4) and (6), if equation (1) is to have a non-trivial solution. The 
solution, if it exists, is found by eliminating two of the unknowns from (3) 
by means of (4) and (6). The remaining unknown is then found by the 
integration of a perfect differential. The general solution contains in this 
ease one arbitrary constant.t An example is furnished by the equation 


yX'+(e@+y—1)X+a°¥’ H(et+y+1)¥ = 0, 
whose solution is 
X=k(@xe+1), Y=k(—2y+)). 


3. If a+ 0, c=0, d +0, equations (3) and (4) are to be replaced by 
ax ax 





(3) cc ae 
aS ae os iy 
go Fs ions, 
(4) (Bac+8 B)X+(y2t+ Rh OQ)Y = 0, 
where 
g sesame — B,/C, y —= —C,/C. 


* Cf. the theorem on partial differential equations in the paper Projective Invariants 
Sor Affine Geometry of Paths by 0. Veblen and J. M. Thomas in these Annals, March 1926. 

+ Obviously all three relations (4) and (6) cannot be independent if (1) is to have a 
solution other than X = Y = 0. 

{From the linear and homogeneous form of equation (1) it is clear that its general 
solution contains at least one arbitrary constant. 
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If (4’) is identically satisfied, the system (3’) is completely integrable 
and its general solution contains two arbitrary constants. 

If (4’) is not identically satisfied, the linear equations arising from it 
by differentiation and elimination of the derivatives X’ and Y’ must be 
algebraic consequences of (4’) in order that a non-trivial solution exist. 
The solution is found by eliminating one of the unknowns from (3’) by 
means of (4’) and integrating the resulting system in the other unknown. 
The general solution contains one arbitrary constant. 

4. There remain for discussion two cases of a somewhat trivial nature. 

If a+0, c= d= 0, the ratio b/a must be a function of x alone in 
order that a solution exist. If this condition is fulfilled, Y is given by 
an ordinary equation of the first order, and Y is an arbitrary function of y. 

If a = c= 0, the equation ceases to be differential. The condition for 
the existence of a solution is that the ratio b/d be of the form » (y)// (2), 
and the corresponding solution is 


X = kf(x), Y = —kgly), 


where & is an arbitrary constant. 
We can therefore state the following 
THEOREM. The general solution of the differential equation 


aX'’+oX+cY'+dY = 0 


contains at least one and at most three arbitrary constants, except in the 
trivial case when one of the unknowns and its derivative is missing from 
the equation. 

5. A method of solution useful in practice is the following. Substitute 
a particular value for y in equation (1) and solve the resulting equation 
for X. In general there will be three constants in this solution: the values 
of Y’ and Y for the chosen value of y, and the constant of integration 
of the ordinary equation of the first order in X. This value of X is then 
to be substituted in (1). The solution of the resulting equation in Y is 
independent of 2 or can be made so by assuming relations along the 
constants in the expression for X. The values of X and Y so obtained 
form the general solution of (1). In solving we impose the condition that 
the differential equation in Y be an identity in z. 

Applying the method of the present section to the second example of 
section 2, we find 
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where Y(1) = k, Y’(1) = m. The equation for Y is accordingly 


pat 2 2x 
y —( +4) Tits i a 0: 








The vanishing of the coefficient of x and of the term independent of x 
gives Y = ky® and m = 2k. 
6. The methods outlined above can be extended to the general equation 


i=1 


where a and }; are given functions of the » independent variables 2, 
and each unknown 4X; is a function only of the independent variable with 
the same subscript. 





id Paris. 
| August, 1926. 























ON THE CLASS OF A COVARIANT TENSOR.* 


By J. W. ALEXANDER. 


1. The components of a covariant tensor A; ;,...;,, in m-space may always 
be thought of as the coefficients of a differential form, 


(1) Aj i,...i,, hi at dy? --- dm x™ 


of degree m. Let k (< n) be the minimum number of variables such that 
the form (1) is expressible in terms of these k variables and their diffe- 
rentials. We shall call the number k the class of the tensor Aj «,...i,. 

To determine the class of the tensor A; i,...;,, let us first inquire under 
what conditions the form (1) may be expressed in terms of less than » 
variables and their differentials. This amounts to determining under what 
conditions there exists a coérdinate system K, with reference to which 
the form (1) is independent of the variable 2” and the differentials of x”. 
With reference to such a codérdinate system, the components of the 
Aj i,...i,, Must satisfy the conditjons 


Ani,i,...i,, == 0 


Aj ni,...i,, = 0 


(2) 


A; i,i,...4, = 0, 


which express the absence of terms in the differentials of x”, and the 
further conditions 


. 0 Aj i,i,...i,, 
(3) aa" a ee? Q, 





which express that the coefficients A; i,...;, are independent of 2” itself. 
From equations (3), let us subtract the derivatives of equations (2) with 
respect to a, x, ---, 2 respectively. We thus obtain, after a change 
of sign, the relations 


0 Ani,...i,, — 0 AG i. 
- er es aoe 


a da aa 


0 Aj i,...i,, 








n 


* Received October 12, 1926. 
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which we shall express in the abridged notation 
(4) Vi, ig. sign = 0, 


Evidently, conditions (2) and (4) are together equivalent to conditions (2) 
and (3). The expressions 7;,i,...,. are generalizations of the Christoffel 
bracket symbols, to which they reduce (except for a numerical factor) when 
the tensor Aj; ;,...;, is a symmetrical tensor of the second order. 


Now, let 


© am {pith 


be the Kronecker tensor, and let da’ = X* be that contravariant vector 
which reduces to the normal form 


(6) x' = dn, = l, 2, ga n), 
in the coérdinate system K,. With the help of the vector dz‘ = X*, con- 
ditions (2) and (4) may be written as 

Asi,i,...i,, dz? = 0 

Aj si,...i, 42° = 0 


(7a) e ° 
Aj, i,i,...2 da = 0 

and 

(7b) Vi, i,i,..8d0° = 0 


respectively. Equations (7a) are tensor equations and, therefore, valid in 
all codrdinate systems. Treated as equations in an unknown vector dz’, 
their rank is an invariant, known as the rank* of the tensor Aj i,...:,. 
In general, equations (7b) are not tensor equations; nevertheless, the form 
of the combined equations (7a) and (7b)—which equations we shall here- 
after refer to collectively as the equations (7)—is invariantive under all 
transformations of codrdinates. For let B;i,...,, be the components of the 
tensor Aj; i,,..;, in any new coérdinate system Ky, and let 4, i,...;,n be the 
generalized Christoffel symbols formed from the derivatives of the functions 
B;i,-.-i,- Then, from the relations 





Cx Oa aae™ 
Bj i,---i, — Ag, 8,.- +5, mig Fy ae. eee 7 a 
dy' dy oy”™ 
*Cf. my note On the Decomposition of Tensors, Annals of Math., (2), vol. 27 (1926), 
p. 421. 
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we obtain, py straightforward calculation, 








da” ax" aae™ 
Aj ig +ig,8 = V's, 4: + 8,6 oy ey" cee ay 
oa” 0 6[3e* Oe) 
+ As, 8o°** Bu 8 i i, soe er) 
Oy dy \dy oy” 


where the omitted terms are similar to the last one written out in full. 
We thus have 








’ O20) aax°™ 

Aij ig. ig 8 dy = V's, 84:+ 8,6 dx® (75 ove j 

by! dy m 
8 a) ox" ba 
(8) + Ag 5,.--5, dx” ses 2 as 7 
dy' dy * oy™ 


which vanishes because of (7). This establishes the invariantive form of 
equations (7) as a whole. By analogy with certain definitions in the theory 
of Pfaffian forms, we shall call the system of equations (7) the characteristic 
system of the tensor Aj i,...;,, and the vector solutions dz‘ = X‘ of (7) 
the characteristic vectors of Aj i,...i,. 

2. A necessary and sufficient condition that there exist a codrdinate 
system Kz with reference to which the form (1) is free from the variable x» 
and its differentials is that the characteristic equations of (1) admit a solution 
dxf = X*. 

Proof: By what we have already shown, the condition is necessary. 
For if a codrdinate system such as Ka exists, the characteristic equations (7) 
admit as a solution that vector dz’ = XY‘ which reduces to the normal form 


(9) x'= é 


with reference to K,. The condition is also sufficient. For if the character- 
istic equations admit any solution dz‘ == X‘, there is always some codrdinate 
system Kz with reference to which the vector X‘ reduces to the normal 
form (9). In fact, such a codrdinate system may immediately be found 
by selecting, as the » —1 first variables any n—1 independent first integrals 
of the differential equations 

dat 


P Pasi 























































248 J. W. ALEXANDER. 
and as the remaining variable the parametric variable s. But with reference 
to the system K,, conditions (2) and (4) are fulfilled, whence the form (1) 
is free from the variables x” and the differentials of 2”. 

The class of a tensor Aj; i,...i,, 18 equal to the rank of its characteristic 
system. 

Proof. If the tensor A; i,...;, is of class k, codrdinates may be so chosen 
that the form (1) is independent of the variables 2**+1, 2*+?,..-, a” and 
their differentials. With reference to these coérdinates, the characteristic 
equations (7) obviously admit the »—k independent solutions 


(10) x, = é, (k<s < n), 


(cf. (6)); therefore, the rank of the characteristic system cannot exceed 
n—(n—k) =k, which is the class of the tensor A;j,...,. Nor can the 
rank of the characteristic system be less than the class of the tensor. 
For if 7 is the rank of the characteristic system, this last admit a set of 
n —l linearly independent solutions 


(11) Xe, (l<s <n). 


Let codrdinates by chosen in such a manner that the solution Xip is in 
the normal form 
(12) Xin = dn. 


Then by adding a suitable scalar multiple of this solution to each of 
the others we may obviously transform the others into new solutions of 
such a form that their n-th components all vanish. If we now hold the 
variable x” fixed, x” = c", and regard the first »—1 components of the 
transformed solution X(n—1 as determining the components of a vector in 
(n—1)-space, it is clear that by a transformation of the variables 
at, 2,---, 2"! alone (which will not alter the form of (12)) we may 
reduce the solution Xi,—1) to the normal form 


Xe» = 6,1, (valid for x" = c”). 


In a similar manner we may ultimately reduce the solutions (11) until 
they fulfil the conditions 


Xin) Sits c. 
Xo» = G1, = &), 
(13) Xan = G2, (P= 4, I = ), 


> ee = e..: (a™ = c%,---, gh—t+1 — cn—l+1) | 
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But, as we have already shown, if the first of relations (13) determines 
a solution of the characteristic system (7), the form (1) must be independent 
of the variable 2” and the differentials of x”. Therefore, if we substitute 
the constant c” for 2” in relations (13), the new vectors X% thus obtained 
are solutions of the characteristic system for all values of 2", and not 
only for «* = cc". By repeated use of a similar argument, we show that 
the solutions 

(14) Xie) bcs ds 


are valid for all values of the independent variables 2‘ and that the 
form (1) must be independent of the last »-—/ variables 2’, 


, 


(i<s <n), 


and their differentials. In other words, the class of the tensor Aj ,,...,, cannot 
exceed the rank of the characteristic system. This completes the argument. 
The characteristic system of a tensor Aj i,...i, is a complete set of Pfaffian 
equations. 
For if codrdinates are so chosen that relations (13) determine a set of 
linearly independent solutions of the characteristic system, this last is 
equivalent to the system 


dx = da® pan sas === da*® == 0. 


3. The special case where the tensor Aj i,...;, is skew symmetrical has 
already been treated from a somewhat different angle.* If Aj i,..., is skew 
symmetrical, the expressions /;,;,...;,. are the components of a tensor 
differing by a numerical factor only from the cur/ 


0 Aj i,..-i,, 


(12) ax 


of the tensor A; j,...;,. The brackets in (12) are here used to symbolize 
the sum of all terms derivable from the one which they enclose by per- 
muting the indices 87; %---%» in all possible ways and changing the signs 
of all terms obtained as the result of odd permutations. The characteristic 
system of a skew symmetrical tensor simplifies, after discarding certain 
redundant equations, to 
Agi,...i,, dz* = QO, 
(13) 0 Aj i,..-i,, H 


* Of. Goursat: Lecons sur le Probléme de Pfaff, Chap. IV. 
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4. A necessary and sufficient condition that a contraviant vector X* be 
a characteristic vector of a covariant tensor Aj i,...:,, 1s that the form (1) be 
a differential invariant (in the sense of Cartan) of the system of equations 


; dz' dx* dx” 
(14) ato gr = 


This may be seen at once by choosing codrdinates with reference to which 
_ the vector X‘ is in the normal form 


x = &. 


Another way of proving the theorem is to write equations (14) in the form 


dx! : 
(15) 2 wg AX‘, 


where / is an arbitrary scalar. Conditions (7) express the fact that we have 


GA; ig. si, eel 
dt 


for all choices of the scalar 4 in (15), as may readily be verified by direct 
calculation. 


PRINCETON, NEW JERSEY. 
September 1926. 





SEXTIC SURFACES WITH A DOUBLE SEPTIMIC CURVE.* 


By RB. C. Wona. 


1. Non-ruled sextic surfaces with a double curve of order 9 and those 
with a double curve of order 8 have been studied by Professor Sisam.t 
It is the purpose of this paper to study non-ruled sextic surfaces with 
a nodal curve of order 7. For this purpose we make use of a certain 
two-dimensional variety, 22, of order 6 belonging to four-space. In two 
previous paperst the writer has studied this variety and has, by means 
of the involutorial quariic transformation in four-space studied by Miss 
Alderton,|| established a one-to-one correspondence between its points and 
the points of a plane o. If we project =} from any general point Z not 
on it upon a given 3-space S,; not through Z, we have in S; a sextic 
surface which contains a double curve of order 7,4] and whose points are 
clearly in one-to-one correspondence with the points of the plane co. The 
geometry of this surface, which we shall designate by =, can be easily 
inferred from that of 22 and hence from that of o with reference to the 
transformation employed. 

2. It is to be noted that, as is shown in the papers referred to above, 
corresponding to each plane o in 4-space there is a definite 35. If o takes 
a special position relative to the singular manifold of transformation whose 
points have lines for images, then the corresponding >? has special properties. 
The locus of points whose transforms are lines is a J2°, a two-dimensional 
manifold of order 10 in S,. A general 3-space S, meets J2° in a curve j;’. 
Any plane o in S, meets 7}° in 10 points, P,{¢ = 0,1,---, 9], which are 
the base points in o and they go into lines on 3. But o may contain 
one or two trisecants, a quadrisecant, or a quadrisecant and a trisecant 
of 7}°, or may take such a position as to have 6 or 7 of the intersections 
with 77° lying on a conic, etc. These different positions of o give rise to 
different species of 3%, and the projections of the latter upon any &§;, and, 
in particular, upon the S; containing o, are also different species of sextic 
surfaces with a nodal septic curve. Furthermore, many other types of the 





* Received October 11, 1927. 

+ Amer. Journ. Math., vol. 37, pp. 445-456 and vol. 38, pp. 373-386. 

} Bull. Amer. Math. Soc., vol. 32, pp. 156-158, and Annals of Math. (2), vol. 27, p. 330. 

|| Univ. of Cal. Publ. in Math., vol. 1, pp. 345-358. 

q For 2: is such that any 3-space section of it is a twisted sextic curve with 7 apparent 
double points. 
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surface arise if we project each species of 22 from various special positions 
in S, of the center of projection. We shall in the following discuss in 
detail the most general case, that is, the case where the plane o and also 
the center Z of projection are in general positions, and then consider briefly 
some of the other cases. 

3. On 32 there are 10 non-intersecting lines m[i = 0,1,---, 9] corre- 
sponding to the 10 base points P; in o*; 45 conics 4% [i,k = 0,1, ---, 9] 
corresponding to the 45 lines J in o joining the 10 base points two at 
at time; 10 non-singular plane cubics a; corresponding to the 10 cubics m; 
‘in o each through 9 of the 10 base points and not through the ith. Each 
line m; meets 9 plane cubics pi [k + 7] and 9 conics Ay, all each once; each 
plane cubic w; meets the other 9 plane cubics uw, each once, also 9 lines 7, 
each once, 9 conics 4; each twice and the remaining 36 conics Aj[i +7 + k] 
each once; and each conic 4,, meets 2 lines 7, and 7, each once, 8 plane 
cubics #, each once and the remaining 2 plane cubics w,; and @, each twice, 


and also 28 conics 4;:[2 + i + +k) each once. = 

4, Let mi, Aix, wi denote the projections of mj, Aix, wi in Ss respectively. 
The configuration they form is the projection of the one formed by 7i, Aix, Hi 
and it lies on the projection = of 32. Hence there are 10 points, the base 
points P;, in o which have for images on = the 10 line n;. Corresponding 
to the 45 lines 7% and the 10 cubics m; in o are the 45 conics 4% and 
the 10 plane cubics w; on = respectively. Their incidences are the same 
as those on 33. There are no other lines and conics on 3. 

5. Since every 3-space section of 3 is a space sextic curve with 7 apparent 
nodes, there are on the variety 0 * such curves. Of these «® lie in the 
co * S-spaces through the center Z of projection and their projections upon 8, 
are plane sextic curves with 7 nodes, i.e., plane sections of =. Hence, 
on = there is an cc *-family, and it may be noted that this is the only 
family, of sextic curves of genus 3, which includes the © *-family of plane 
sections. Every member, whether twisted or plane, of this « ‘-family of 
sextic curves corresponds to a quartic curve through the 10 base points P; 
in o; and, because of this fact, it meets each of the 10 lines m; once, each 
of the 45 conics 2 twice, and each of the 10 plane cubics y; three times. 
Any two meet six times. 

6. The surface = has upon it a double curve of order 7, since it is met 
by any plane in a sextic curve with 7 nodes. Every point on this double 
curve, I”, is the projection of two distinct points oa 32, which correspond 
to two distinct points C and C’ in o. The curve on 22 of which J” is 





* Any proposition made in this paper concerning 2: without demonstration is quoted 
from one or the other of the papers cited in footnote { (p. 251). 
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the projection is evidently a curve of order 14. The locus of C and C’ 
in o is evidently of order M satisfying the relation 


14 = 4M—D a; 


where «; is the number of times the locus passes through the point P;. 
Since all the 10 base points play equal role in the transformation, all 
the @,’s are equal and hence the above relation may be written 


14 = 4M—10e 


where @ is the number of times the locus passes through each of the 10 
points P;. The values 6,1; 11,3; 16,5; etc., may be assigned to M and « 
respectively. As M = 11, a = 3* is the only set of values that does 
not lead to contradiction, we conclude that the curve in o to which corre- 
sponds the double curve J“ on = is of order 11 and has 10 triple points 
coincident with the 10 points P;. We denote this curve by 7". 

7. The double curve 7“ has evidently one triple point 7’ which is also 
triple on 2, and has 9 apparent nodes and is cunsequently of rank 18.7 
Corresponding to 7' there are three distinct points on 22 and hence there 
are three distinct points 7,, 7,, JT; in o. As J" passes through 7’ three 
times, the corresponding curve 7" in o passes through each of the three 
points 7,, T:, 7; twice. Hence, 7,, 7:, 7s; are nodes on y™ and there are 
no other nodes besides the 10 triple points at P;. The genus of y"’ is 12. 

8. Return for a moment to the «‘*-family of sextic curves of genus 3 
on = to which correspond the © ‘-family of quartics through the point P; 
in o. The question presents itself as to how to distinguish those quartics 
which give rise to plane sextics from those which give rise to space sextics. 
Consider a plane section ¢ of =. Its 7 nodes are on the double curve J". 
Therefore, the corresponding quartic z in o meets the curve y" in 14 points 
grouped in 7 pairs. As a point Q describes 7“ on 2, there are two points Q, 
and Q, describing the curve y"' in o. Hence the points of 7’ all go in 
pairs. Then we conclude that if any quartic z of the 0 *-family of quartics 
through the 10 base points P; in o passes through 6 points forming 3 pairs 





*The formulas for M and « given by Clebsch and Cayley [Cayley, Collected Math. 
Papers, vol. VIII, pp. 388-393] are (n— 4) n’+3 and (n—4)r+1 respectively, where n 
is the order of the surface, n’ the order of transformation, r the number of times a general 
curve of order n’ passes through each of the base points in the plane. For our problem 
a=6,98=4,r= 1. 

T These results can be obtained from formulas given by Cayley in the paper referred 
to above. The fact that there is only one triple point is a consequence of the fact that 
no two trisecants of a space sextic curve of genus 3 can meet except on the curve. 
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on y'', it will meet y*' in 4 other pairs, and hence the corresponding 
sextic curve on = is plane. Since any quartic of the family is determined 
by 4 more points in addition to the 10 base points P;, any 4 independent 
points on y™ determine a quartic whose image is a sextic curve on 3; 
but if the 4 given points are such that they belong to two pairs, the 
sextic is plane. If a quartic passes through the three nodes 7;, 7:, 7; 
on y’", the sextic lies in a plane through 7' and therefore has a triple point. 

9, Since the variety 32 has 27 tangent 3-spaces passing through a given 
plane corresponding to the number of quartics of a pencil of plane quartics 
that have a node, the surface = is of class 27. The tangent cone with 
vertex at any point of S, is of order 16, and corresponding to the curve t 
of contact is a curve ¢ of order 9 passing through each of the 10 base 
points P; twice in o. Since every t passes through the pinch-points on J", 
every ¢ in o passes through the points which have the pinch-points for 
images on =. Take any two curves ¢ and ¢ in o and let their images 
be t and r’ on & respectively. Of the 81 intersections of ¢ and ¢ 40 are 
at the nodes P;, 27 correspond to the 27 points of contact between = 
and its tangent planes through the line joining the vertices of the two 
tangent cones whose curves of contact are « and c’, and the remaining 14 
correspond to the pinch-points on 7". Hence the surface has 14 pinch- 
points, and they lie on the double curve. 

10. Now consider the triple tangent planes to the surface. A plane 
through a cubic we which is the image of ma in o meets the surface in 
another cubic we which, being the image of a certain line ge through the 
point P, in o, is unicursal. The degenerate plane sextic has 10 nodes, 
of which one is the node on we and the remaining 9 are the intersections 
of #e and we. Of the 9 intersections 3 correspond to the 3 points common 
to ge and me in o and are therefore points of contact between the plane 
and the surface. Since there are 10 plane cubics «; and consequently 
10 others, #;, which are unicursal, on = there are 10 triple tangent planes 
to the surface meeting it in pairs of cubics. 

11, A plane meeting = in a conic 4,, meets it in a quartic @,, besides. 
This quartic @,, is the image of a certain cubic y,, through 8 of the base 
points and not through the remaining 2, P, and P;, and is therefore bi- 
nodal. The degenerate plane sextic composed of 4, and Gag has 10 nodes, 
of which two are on @,¢ and 8 are the intersections of the two components. 
Of the latter, 3 are the images of the points of o in which the line /,g 
meets the cubic 7,3, and are therefore points of contact between the plane 
and the surface. The existence of 45 conics on = gives rise to 45 triple 
tangent planes to the surface each meeting it in a conic and a binodal 
quartic curve. 
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12. Now a plane through a line 2. of = meets the surface in a quadri- 
nodal quintic q besides. This quintic, w., is the image of a certain 
quartic wa in o passing through the point P, twice and each of the other 
9 base points once. The line mq meets the quintic ¢ in 5 points 3 of 
which correspond to the triple point of y'' in o coincident with P. and 
the other 2 are points of contact between the plane and the surface. Hence 
all the planes through me are double tangent planes. Of these a finite 
number are triply tangent.. Such a plane contains a quintic »; with an 
extra node and that requires the corresponding quartic to have two nodes, 
one already at P, and the other elsewhere. Since the number of binodal 
quartics of a pencil of uninodal quartics with their nodes coincident is 20, 
we infer that there are through the line 2, 20 triple tangent planes to 
the surface; and since there are 10 lines a;, the number of triple tangent 
planes of this type is 200. The total number of triple tangent planes to 
the surface meeting it in degenerate sextic curves is 255, including those 
of the preceding paragraphs. 

13. Now consider some of the curves on the surface. To obtain the 
curves of a given order WN on the surface, assign values to M and > a; 
within certain limits in the formula [Paragraph 6] 


N=4M—)D> qu. 


Thus, the 45 conics are given by M = 1, Da; = 2, that is, they are 
given by the lines determined by the 10 base points ino. If M = 1, 
>% = 1 or M= 2, Da; = 5 or M = 3, Da; = Y, we obtain all 
the cubics on =. The first case gives rise to 10 0 -families of twisted 
cubics corresponding to the 10 pencils of lines with vertices at the 10 
points P; in o, The surface = may be considered as being generated by 
any one of these 10 families of twisted cubics. Each family has one of 
the 10 lines nm; for directrix and contains one member that is a plane nodal 
cubic [Paragraph 10] and 8 members. that touch a given plane. 

14. For the case M = 2, >a; = 5, we have the 252 conics in o through 
the 10 base points P; 5 at a time, forming 126 degenerate quartics each 
having one component through 5 and the other through the remaining 5 
of the points Pj. These degenerate quartics give rise to 126 degenerate 
space sextics on = each composed of two twisted cubics with 4 points in 
common. There are in all 256 twisted cubics of this system, and each 
meets 5 of the 10 lines 2; once. The case M = 3, >a; = 9 gives the 
10 plane cubics pj. . 

15. To obtain the quartic curves on 2, put N = 4. Then if M — 1, 
> = 0, we have o* unicursal quartics on the surface. Any given plane 
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touches 28 of them twice, osculates 24 and touches once 12 that pass 
through a given point on the surface. For M= 2, >a; = 4, there are 
210 co-families of unicursal quartics corresponding to the 210 pencils of 
conics each through 4 of the 10 points Pj ino. Each family has 4 of the 
lines a; for directrices. There are 2520 curves that touch a given plane, 
12 belonging to each family. For M = 3, >a; = 8 there are 45 «-families 
of quartics of the first species on = corresponding to the 45 pencils of 
cubics each through 8 of the base points P; in o. Since each pencil of cubics 
contains 12 nodal members, there are 540 quartics of the second species 
in this case. There are also 540 that are touched by any given plane, 
12 belonging to each family. Each family has 8 of the 10 lines for 
directrices. There is another case for M = 3, Sa;—8. A cubic in o 
passing through 6 base points each once and a 7th twice yields a unicursal 
quartic on = meeting 6 lines each once and a 7th twice. There are in 
all 84 such quartics of this system. We have also the case M = 4, 
>«; = 12, for which there are 45 quartics in o through 8 base points 
each once and the remaining 2 each twice. The corresponding quartics 
on = are of the first species and are 45 in number. Each has 8 of the 
10 lines for unisecants and the remaining 2 for bisecants. 
16. For quintics and sextics we have the following: 


N = 5. 
M P 2 es 
I 2 3 120 c*-families of unicursal quintics. Each 
curve cuts across 3 lines, 
II 120 c*-families of quintics of genus 1. Each 
curve cuts across 7 lines. 
5+1(2)* 1260 o-families of unicursal quintics. Each curve 
has one line for bisecant and each line is 
bisecant to 126 families. 
9+ 1(2) co *-families of quintics of genus 2, each 
containing an -family of plane quintics 
with 4 nodes and 20 quintics with 5 nodes 
[Paragraph 12]. 
V 7+ 2(2) 210 c-families of quintics of genus 1. Each 
curve has 2 lines for bisecants., 
VI 4 8+ 1(3) 90 unicursal quintics each with a line for 
trisecant,. 





* >; = «+<'(v) means that the curve in o passes through « of the base points each 
once, and «@’ others each » times. 
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M > ee; 
4 5+ 3(2) 2520 unicursal quintics each with 3 lines for 
bisecants. 
b+ 5(2) 252 quintics of genus 1, each with 5 lines for 
bisecants. 


N = 6. 
I 2 45 oo*-families of unicursal sextics. 
II 6 210 *-families of sextics of genus 1. 
4+-1(2) 1260 o* families of sextics of genus 0. 
IV 10 1 co*-family of sextics of genus 3. «®* are 
plane. 
V 8+ 1(2) 10 o*-families of sextics of genus 2. 
VI 6 + 2(2) 1260 oo*-families of sextics of genus 1. 
Vil 7+ 1(3) 360 oo-families of unicursal sextics. Each curve 
has 1 line for trisecant. 
Vil 4+ 3(2) 4200 oo-families of unicursal sextics. 
IX 6+ 4(2) 210 co *-families of sextics with 8 apparent nodes. 
x 7+2(2)+ 1(3) 1 o-family of sextics of genus 1. 
XI 4+ 5(2) 1260 c-families with 5 apparent nodes. 


5 
5 

XII 5 2+-6(2) 1260 unicursal sextics. 
6 


XI 2+ 8(2) 45 oo-families of sextics of genus 2. 


17. It is of interest to find the maximum genus that any non-multiple 
curve C¥ of a given order N on the surface can have. If M is the order 
of the plane curve K™ in o whose image is C”, then we have from Para- 
graph 13 

M = Nt Qa 


The genus of C* is equal to the genus of K™ and the latter is given by 
(M— 1) (M—2) a; (a;—1) 


2 —— 4 


(N+ D'a;—4) (N+ >/a;— 8) wey i (%—)) | 
32 


2 








The value of this expression is greatest when 


N+2 
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and it is then equal to 
2 N*—4N+29 
24 ; 





« 


The greatest integer in this last expression is the limit which the genus of 
any non-multiple curve of order N on the surface cannot exceed and this 
limit holds for all values of N and suitable values of the a@’s. 

18. We shall now consider briefly the different types of the surface arising 
from letting the center Z of projection take special positions in 4-space. 
If the surface described above be thought of as belonging to Type I, we 
have Type II if we let Z be a point of an S, determined by 7, and 7g, 
any two of the lines of 32. The two corresponding lines 7, and mg on S 
meet and their point of meeting is on the nodal curve J’. Their plane is 
quadruply tangent to the surface and it is the only one. This plane meets = 
in the two lines and a binodal quartic corresponding to a quartic in o 
through 8 of the base points each once and the remaining 2 each twice. 
Two of the 4 points of tangency are on 7, and the other two on ag. 

19. Suppose Z be in the plane of two 3-spaces S; and Ss each containing 
two lines of 32. The surface now has two quadruple tangent planes 
and is said to belong to Type III. If the 4 lines on 32 determining S; and S; 
are all distinct, there are on S 2 pairs of intersecting lines and their planes 
are the quadruple tangent planes; but if S; and S; have one line in common 
on 33, then on X there is one line cutting across two others and the two 
quadruple tangent planes pass through the common transversal. 

20. Type IV or Type V arises according as Z is on the line of three 
3-spaces or is coincident with the point common to four 3-spaces, each 
determined by two lines of 32. In the former case ¥ has 3 quadruple 
tangent planes and if the three 3-spaces have in pairs a line of 3} in 
common, then three of the lines of S are concurrent at the triple point 7 
on J’, In the latter case S has four quadruple tangent planes, each con- 
taining two of the lines 7;. There are variations which we need not discuss 
as they can be inferred readily. 

21. According as Zis in a plane met by 5 or 6 of the lines of 32, 3 is 
of Type VI or of Type VII. In the one case, 5 of the lines of S have 
a common transversal through which pass 5 double tangent planes; in the 
other, 6 of the lines of S have a common transversal through which pass 
6 double tangent planes. 

22. We have Type VIII, IX, X or XI according as Z is in one, two, 
three, or four of the 126 3-spaces each meeting 32 in a pair of twisted 
cubics. The surface S has respectively one, two, three, or four quadruple 
tangent planes each meeting it in a pair of nodal cubics. 
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23. Let Zbe in the 3-space determined by the line =, and the conic 4, 
of 32. This 3-space necessarily contains the cubic wg, for ws has 2 points 
in common with 4,, and one point in common with m,. The projection 
of this configuration is a degenerate plane sextic on > with 11 nodes, the 
components being the line m,, the conic 4,3, and the cubic ws, and its 
plane is a quadruple tangent plane. This is Type XII. 

24. The point Z may be common to two, three or four 3-spaces each 
of which is determined by a conic and a line of 32 having a point in 
common. Then we have Type XIII, XIV or XV as the case may be, and 
the corresponding S has 2, 3, or 4 quadruple tangent planes each meeting 
it in a line, a conic, and a cubic (non-singular). 

25. Now let Z be in the plane 9, of a conic dap The corresponding 
conic 4, on = has now become a double line 6 forming a part of the 
nodal curve J“, Since p, and Mg On =} have one point, Q;, in common 
which is in ggg, the projecting line ZQ, meets 2, in two points Q, and Qs. 
Hence ZQ; meets the S; containing S in the point 7’ which is triple on S. 
Corresponding to 7’ on X or to Qi, Qe, Qs on 32 are three points Qi, Qs, Qs 
in o. Qi and Q are on the line /,, through P, and P;, and Qs is the 
9th intersection of the cubics m, and mg. The double line 6 is the image 
of J,g- The nodal curve I“ on S is now composed of d and a I* to which 
corresponds a 10th degree curve y’® passing through the points Qi, Q5 each 
once, the points P,, Ps, Q, each twice and the 8 remaining base points each 
three times. The line J,, meets y’® in 2 more pairs of points corresponding 
to the 2 points in which 6 meets 7*, J* has a real node on 6 and that 
is the triple point 7 on S. 

26. Any plane yw through the line d meets S in a binodal quartic besides. 
This quartic is the image of a cubic through 8 base points and not through 
P., and Ps in o. There are two positions of w in which the binodal 
quartic decomposes into a line and a non-singular cubic. The planes in 
these positions are quintuple tangent planes. There are 12 other quintuple 
tangent planes through 6 as there are 12 nodal members of a pencil of plane 
cubics. All the other planes through 6 are quadruply tangent to the surface. 

27. The type above is XVI and the next type, XVII, is obtained by 
letting Z coincide with the point of intersection of the two planes 9, 
Pay Of two non-intersecting conics 4,5, 4,,. The double curve J“ on = 
is now composed of two lines d and d’ and a 7*. The component J* meets 
each of the other two components in 4 points 2 of which are coincident. 
Corresponding to F® is a curve y*® in o which passes through P, once, 
P; and P, twice and the remaining 7 base points each three times and 
has two other double points. The surface = has two triple points, and 
two of its 45 conics have disappeared. 
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28. If Z be in the plane g« of a cubic fe of 32, there is on X a triple 
line «. The double curve J" is now composed of « regarded as a double 
cubic and a unicursal quartic 7*, There are 6 pinch-points on «. The 
curve y'' in o consists of me counted twice and a y* which passes through Py. 
three times and each of the remaining 9 base points once. Any plane w 
through « meets = in a nodal cubic besides and may be considered as 
a sextuple tangent plane. Since S has 9 lines [not 2«] meeting ¢, there 
are 9 planes through « that are tangent to it again. The plane cubic pe 
has disappeared. In this case the surface is of type XVIII. 

_ 29. Suppose Z be on the line of intersection of the plane of the conic 
4, and the plane of the cubic w,. The surface = is now of type XIX. 
It contains a double line d and a triple line ¢ lying in a plane. The 
double curve J” degenerates into the line 6, the line « and a cubic J*. 
Corresponding to Z* there is in o a quartic y* through P, twice and each 
of 8 base points once and not through the point P,. The plane of 4 
and « meets S in a degenerate sextic composed of J, ¢, m3 counted twice, 
three times, and once respectively. The surface contains only 44 conics. 

30. Now it remains to consider the special cases of the surface arising 
from taking special positions of the plane o or, what amounts to the same 
thing, from imposing certain conditions on the 10 base points in o. If 
P.,, Pg, Py, are three collinear base points, we have Case II (if we regard 
the general case as Case I) and the surface S has an extra line &,,,. 
This line cuts across the three lines 7,, m3, ~, and is the image of the 
line xg, through P,, Ps, P,. Three of the conics, 4.4, 49, A ,_ are 
degenerate and have the line &,,, for common component. There remain 
only 42 conics on the surface. 

31. If, in addition, three other base points, P,, P;, Py in © are on 
another line x_’g',', then S (Case IIT) has another line &,’9',,, which meets 
the lines n,’, my, m, and also the line Snpy: Three more conics have 
degenerated and there remain only 39 conics on the surface. If P, = P,’, 
i. e., if one base point P, is on the intersection of the two lines xs, and 
Tep'y', the two extra lines &,,, and &,,,, on S are skew and have the 
line 2, for transversal. 

32. Suppose that 4 base points, P,, Ps, P,, Py, in o are on a line xg. 
Then the corresponding surface = (Case V) has besides 7’ another triple 
point X. The curve 7" in o whose image is 7’ on = degenerates into 
the line z_g,g and a curve y” of order 10 passing through the 4 collinear 
points each twice and the remaining 6 each three times. The two com- 
ponents meet again twice, and hence the triple point X on J is on 7’. 
The 4 lines 2,, 3, ,, mg are concurrent at this triple point, and they form 6 
degenerate conics of the surface. Of the 39 proper conics 15 meet at X 
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and the remaining 24 are in 4 groups of 6 each, the members of each 
group being incident with one of the 4 concurrent lines. Six of the cubics yp; 
have become nodal with their nodes coincident with X. 

33. It may happen that a base point P,, in addition to being collinear 
with Ps, P,, Py, is collinear with three others, Py, P,, Py, then there 
are on the surface 5 (Case VI) three triple points 7, X, X’. The curve y™ 
in ¢ is now composed of the two lines rg,4, Yeg'y'g7 and a curve y* of 
order 9 passing through P, once, Ps, P,, Ps, Ps, P,, Pg each twiee and 
the three remaining base points each three times and meeting each of the 
other two components again twice. Hence the double curve I passes through 
the triple points X, X’ each once and meets the line 2, once. The three 
free base points in o and the three nodes 7, 7:, 7; [Paragraph 7] on y® 
lie on a conic x. There are only 24 proper conics on the surface, and 3 
of them meet twice, once at X and once at X’. The six cubics Ma, Mys 
Hg, Hp’, My'y Me’ are nodal, the former 3 having their nodes at X, the latter 3 
having theirs at X’. Any plane @ through z,, meets J again in a unicursal 
quintic with one node at X, another at X’. Corresponding to this quintic 
is a conic 7 through the three free base points. If q passes through Pa, 
the plane 6 contains 2,, counted double and a unicursal quartic; if 7 passes 
through P,, 4 contains =, and also the line mz and a unicursal quartic; 
if y is the conic x mentioned above, 6 passes through the other triple 
point 7’ also. . 

34. We shall take up two more cases, VII and VIII. In the former, 
six, and in the latter, seven, of the base points of o lie on a conic. The 
surface S has in the one case an extra conic meeting 6 lines and in the 
other case an extra line meeting 7 others. The plane of the conic meets 
the surface in a unicursal quartic besides and is therefore a quadruple 
tangent plane. Any plane through the extra line meets the surface in 
a unicursal quintic besides and is therefore a quadruple tangent plane. 
There are 10 positions in which this plane is quintuply tangent. 

35. There are various other cases that might be considered, which arise 
if « touches or osculates the curve 7/° [Paragraph 2] or is in some other 
relation with it. Each of these cases and of those already considered can 
have different types if we take different positions for the center Z of 
projection. We shall not discuss these types which are indeed numerous 
but shall proceed to show that in the general case the surface S can have 
at most 9 isolated nodes, i. e., nodes apart from the double curve J". We 
recall that the tangent cone is of order 16 and class 27. Since the 9th 
degree curve ¢ in o corresponding to the curve + of contact has only 
10 nodes, the cone is of genus 18 and consequently has 48 nodal and 
39 cuspidal elements, the former touching the surface doubly and the latter 
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inflexionally. Any plane section of this cone not through its vertex, being 
a curve of order 16 with 48 nodes and 39 cusps, can have as many as 
9 additional nodes.* Hence the surface can have as many as 9 isolated 
nodes and consequently can be of class as low as 9. The existence of 
nodes, any number up to 9, or of points of higher singularity such as 
binodes and unodes resulting from the union of two or more nodes, necessarily 
causes changes in the relative positions of the lines, conics, etc., on the 
surface. The number of species of the surface of the general type according 
to the namber and kinds of singular points is over 350, and since each 
of the types discussed in Paragraphs 17-29 can be so classified, the total 
number of species is enormous. As we do not attempt to give a complete 
classification of these surfaces we shall omit further details which can be 
obtained or inferred readily in any particular case. 





* Hollcroft, Singularities of curves of given order, Bull. Amer. Math. Soc., vol. 29, pp. 407-414. 
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DETERMINATION OF A BASIS 
FOR THE INTEGRAL ELEMENTS OF CERTAIN 
GENERALIZED QUATERNION ALGEBRAS.* 


By M. D. Darxow. 


1. The algebras of generalized quaternions form a two-parameter family, 
8 
each of which consists of the totality of elements X = >'2; e with rational 
i=0 
codrdinates x;, subject to the multiplication table 


e% = & =e¢e @ = 0,1,2,3), G@=a, F€=—s, G& = af, 


ee = —0Q = 6, &@s = —— 6G; = BC C2 3 = —Cs@, = Ba, 


where @« and £ are fixed integers, which by a linear transformation may 
be made to contain no square factor >1. 
Latimert has developed a method for determining a basis for the integral 
elements of those algebras for which a = 8 = 1, mod2, and « = 2, 
8 = 1, mod8. The purpose of the following paper is to obtain corre- 
sponding results for those algebras & for which « = 8 = 2, mod4, and 


in particular to throw some light on the train of thought employed where 
the method is tentative. 

2. Conjugate, norm, rank equation, integral element are defined as in 
Latimer’s paper. The preliminary theorems for which the proofs parallel 
those in Latimer’s paper, will be briefly enumerated. 

If X is an integral element, the coefficients of the rank equation for e; X 
must be integers. Hence 

THEOREM 1. A necessary condition that X be an integral element of % 
is that it may be written in the form (1), with the uw integers: 


UW A 


; FI 3S Use, , Uses 
(1) X= ¥ (w+ BA 4 BB 4 ae 








If X is an integral element, N(X) is an integer. Hence 
THEOREM 2. An element of form (1) has the property R if and only if 
the u are integers satisfying 


(2) aBui — Bui + au — ui = 0 mod4e£. 





* Received October 11, 1926. 
f Amer. Journ. of Math., vol. 48 (1926), pp. 57. 
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Write a = 2d, 8 = 2vd, where mw, v, 6 are odd integers, and 20 is 
the positive g.c.d. of a and 8. Then p, v, é are relatively prime in pairs. 
These, in theorem 2, give 

THEOREM 3. An element of form (1) has property R if and only if 


Up, Uy, Us, and vs = ry be integers satisfying 


(3) 2rd u2 — vu? + wus -— 2dv2 = 0 mod8, 
(4) vue + 2dv2 = 0 modp, 
(5) wus — 2dv2 = 0 mod», 
(6) — vu + pus = 0 modd, 


3. Let M;(Nj, Dx) be the positive prime factors of w(», 4) of which 
— &(a@, wv) are quadratic non-residues. Write M = I] a (N = Ti, 
D= I] Dx). If there are no positive prime factors having this scousety 
write M = 1, (N =1, D=1). Write »=yp'M, v=rN, d= D. 
M, w’, N,»’, D,& are odd and relatively prime in pairs. By the use of 
quadratic residues, we show that w,, w,,vs are multiples of MD, ND, 


MN, respectively. Hence 
THEOREM 4. X is an integral element of A, only if it may be written 


in the form (7) 
pe sl 4. p WwW, ey We Cg Ws ns) 
(7) t=- (200+ Sr vet 











with wi = 0,1, 2, 3) integers. 
THEOREM 5. Am element of form (7) has property R if and only if 
wi (i = 0,1, 2, 3) are integers satisfying 















(8) 2uru2— vdwi+ pow? — 2 w2 = 0 mod8, 
(9) v' Dw? + 2N0'w? = 0 mody’, 
(10) # Du? — 2Md'w? = 0 modr’, 


(11) — Mo'w? + wp’ Nw? = 0 modd’, 


In order to reduce quadratic congruences (9), (10), (11) to linear con- 
gruences, we show that there exist odd integers §, 4, ¢, prime to w’, »’, 0’ 
respectively, such that 8§, aq, wv are solutions of 


(12) zt+ £=0 moody’, 
(13) y*— a = 0 mod”, 
(14) z?— wy = 0 modd’, 
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respectively. Factor |’, |»’|, |d’| into their positive prime factors: 
lw] = pees pm, |v] vee vk, |] = Bf -- d, 


Theorem 5 then leads to 

THEOREM 6: A necessary and sufficient condition that an element of form (7) 
have property R is that the wi be integers satisfying (8) and one congruence 
Strom each of the following m+n-+p = q pairs of congruences 


(15) w, = 2N0Ews, w, = — 2NO'Ews, modp; (¢ = 1,---+, m), 
(16) we = 2MO'qws, w. = —2MO'qws, modr; (j = 1,---, n), 
(17) we = Mou, we = — Mr’Su,, moddj (k= 1,---, p). 

4, Choose an arbitrary set K;(¢ = 1,---, 2%) of congruences, one from 
each pair (15), (16), (17). Supplementary quantities Zj, F;, Hi are intro- 
duced, to enable us, by the elimination of §,7,¢, to unite the m con- 
gruences of Kj, chosen from (15), into one congruence, and similarly the 
m congruences chosen from (16) and the p chosen from (17). The only 
properties of H;, F;, Hi, that enter, are the following: E;, Fi, H; are odd, 
prime to pw’, »’, 0’ respectively, and satisfy 


1+ BE; = 0 mody’, 
(18) 1— «FF = 0 mod, 


1—pvH; = 0 mods’. 


Thus we obtain 

THEOREM 7. A sufficient condition that an element X of form (7) have 
property R is that the codrdinates uw; of X relative to form (7) be integers 
which satisfy (8) and one congruence of each pair of equivalent congruences 
(19) w= 2 NOE; ws or (19’) a= = » DE; Wi, mod,’, 
(20) we = 2MOFiw, or (20) w= wDFiw, moody, 
(21) w= M’/HAem or (21) uw = wNHiw, modd. 


5. Define the class ijk of algebras & as the class of algebras for which 


wd = 7 mods, 
vd =7 mods, 
fev =k mods. 
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(22a) 
or 
(22b) 


(23a) 
or 
(23b) 
or 
(23c) 
or 
4 (23d) 
(24a) 
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(24b) 
or 
(24¢) 


a (25a) 
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bs (25b) 
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k mod8, we can define algebras of four types: 








WM of type MW of class 
A 155 375 515 735 
B 133 357 573 717 
C 111 331 551 771 
D 177 313 537 753 


The following table shows the sets of congruences to which (8) is equi- 
valent, for & of type A, B, C, D respectively. 








(8) equivalent to W of type 
mod 2, w, = wy = O mod4, 
A 
mod2, w, = wy = 2 mod4. 
= 1 mod2, w, = 2 mod4, w, = 0 mod4, 
= 1 mod2, w, = 0 mod4, w, = 2 mod4, 
+ £8 
= 0 mod2, w, = wy = 2 mod4, 
= 0mod2, wy, = vw = O mod4. 
mod 2, uw, = w, = O modé4, 
mod 2, w, = we = 2 mod4,} C 
mod2, w, = we = 1 mod?2. 
= 0 mod2, wy, = w, = 2 mod4, 
= 0 mod2, wy, = w = O mod4, 
= 1mod2, w, = 2 mod4, w, =0mod4,; D 
= 1 mod2, w, = 0 mod4, w, = 2 modé4, 
= 1 mod2, w= w, = 1 mod?2. 





The problem of sections 6—9 is to use the information obtained in sections 3 
and 5 in order to divine the desired basal units. The method is tentative. 
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6. WM of type A. The bases of sets S; of integral elements are given by 
A, = 1, 
lin & 
1 


Ag Td (ex ee Ej es), 


spe co) a | 


As arent 2 é’ + yd’ -+- yd 





These results are obtained from the following reflections: Every integral 
element X is expressible in form (7) and also as >)a, U,, where the U, 
are the desired basal units and the a, are integers. Since w, is even 
by (22), form (7) suggests that we try (2»’d’)"*e, as a term of one basal 
unit, U,;, the other basal units not to contain e,; for then, by equating 
coefficients of e,, we obtain ag = 4w, = an integer. 

Us; must be of form (7). If its codrdinates relative to form (7) are w,, 
ug == 2. Congruences (20’), (21'), (22) suggest respectively that we take 
us = 2n’ DF, m = 2’ NAi, wm = 0, and hence U; = As. In 


Wo w, —"' NH; we ws —"' DF; we 


(26) X— Us Ag _— 2 eee Keone tg 4nd C35 

the coefficient of (u’) e, is an integer, by (21'), (22). This suggests that 
we try (uw) e, as a term of a unit, U,, U) and U, not to contain 4, 
since then we obtain a, = the coefficient of (u’)e, = an integer. If 
the codrdinates of U, relative to form (7) be now taken as uj, we have 
u, = 40’. Congruences (19’), (20), (21), (22) suggest that we try 
us = —46E;, ug = 0, uy = 0, and hence U, = Ay. In 


X — ds As — az Ag = + Ws — ede ‘a 





by (19’), (20’), the coefficient of (46) e, is an integer = a, == ws mod2. 
As above, we try (406)'e as a term of the unit U,, the codrdinates 
relative to form (7) of which are therefore us; = w’»’, and, by (19), (20), 
(22), wu. = ug = 0, m = 1. Hence U, = A,, and 


X — a; A; — dz As — 3 Ag = + (ty — a). 


By (22), 4(w»o — a) is an integer = a. Therefore try U) = Ay = 1. 


20 
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We have now expressed every element of form (7) that satisfies (19) 
or (19’), (20) or (20), (21) or (21’), (22), and hence every integral element 
in an algebra of type A, as a linear combination of the A; with integral 
coefficients. The totality of such linear combinations of the A; may now 
be easily proved to have the properties R, C, U, M, and the A; therefore 
to be a basis of Y. 

7. YA oftype B. The bases of sets §; of integral elements are given by 


Bo = 1, B, = &, BRB, = (4y’ 3) (2u'd + B Eje, + es), B, = As. 


These units were obtained as follows. Since w, is again even when Y is 
of type B, we can argue as in the case of type A, with (23) in place of 
(22), that we may try A, as a unit. Then, in (26), the coefficient of 
(4u' 6) e, is an integer b, by (20’). This suggests that we try (4d) ¢, 
as a term of a unit U, having codrdinates u, relative to form (7), the units 
U, and U, not to contain e,. Thus we try us = »’, and by (19), (20), (23), 
u, = 2v0'E;, ug = 0, wm = 1, and U, = B,. In 


X— a,A,— b, B, = Bi. RE ws3— uv DF ws 











2 Qr’ 
—pw NH; — uw DF; w 
+ (= id “= 7 a. NE) A, 


by (20’), (23), and by (21’), (19), (23), respectively, the coefficients of 1 
and e, are integers Do, b,. 

Hence every integral element of an algebra of type B is a linear com- 
bination of the B; with integral coefficients. The set of all linear com- 
binations of the B; with integral coefficients may then be proved to have 
properties R, C, U, M, and hence the B; to form a basis of Y. 

8. &@ of type C. In order to obtain bases of sets S;[7;], of integral 
elements, it was found convenient to subdivide (24c) into 


(24¢,) wo =ws,mod2, wm, =—=we=—1mod2, w, = w, mod4, 
[(24c.)] wo = ws mod2, w, =wy=—1mod2, w, $ w mod4, 


and to associate with (24c¢,) and [(24c,)] the normalizations 

(27) Ne'E, = Mé'F, = Mv'H; = 1[3] mods, 

respectively. The bases of sets S;[7;] of integral elements are 
QO = 1, Cy = ey, C, = (40) (e, + uw Hie), 


C = 4 (242 4 2m ha es ). 
le v 





wv 
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These are obtained from the following considerations. Form (7) suggests 
that we may try a unit U; containing (4y’»'d)~‘es, no other unit to con- 
tain es. If uw, are the codrdinates of U; relative to form (7), u. = 1. By 
(19), (20), (24), we try um = 2N0'E;, u = 2M0'F;, uw = 1 and hence 
Us; = Cs. In 


xX— Ws C3 = > (wo — Ws) 
+ (4y'v’d)— [(r Dw, — 8 Eiws) e: + (u' Dw, — « Fi ws) &), 


by (19), the coefficient of (40’)-'e, is an integer c. If wu, are the co- 
érdinates relative to form (7) of a unit U, containing the term (40’)-‘e,, 
u, =p’, and by (19’), (21), (24), we may try ws = 0, up = wv’ Hi, vo = 0, 
and hence U, = C;. In 


1 
X— wsCs — Cy = 2 (wo — Ws) 


we —2 MOF; ws M H;j(w, —2 NO E; ws) 
+ 4rd’ bara 40’ ez; 





the coefficients of 1 and e, are integers as a result of (20), (21), (24), (27). 
Hence every integral element of an algebra of type C is a linear com- 
bination with integral coefficients of the Cj. The set of all such linear 
combinations may then be proved to have properties R, C, U, M, and the C; 
to form a basis of YW. 
9. YM of type D. In order to obtain bases of sets S;[7;] of integral 
elements, (25e) was subdivided into the pairs 


(25e,) wo =O mod 2, w, = wy = ws = 1 mod 2, w, = uw, mod 4, 
(25e,) ws = 0 mod 2, W, = W, = Wo = 1 mod 2, w, = w, mod 4, 
and 

[(25e5)] wo = 0 mod 2, W, = w, = ws = 1 mod 2, w, = wy mod 4, 
[(25e,)] ws = 0 mod 2, W, = Ws = Ww = 1 mod 2, Ww, = wy mod 4. 
With these pairs, as indicated by the brackets, the following normalizations 
of E;, F;, Hi were associated: 


(28) v DE; = w' DF; = w' NH; = 1 [3] mod 8. 


The bases of sets S;[7j] of integral elements are given by 








1 2v E; 
D=1, D=a D= z+ 74 +-%), 
1 Fi 
D; = qa (NHiat $+ - ). 
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These are obtained from the following considerations: Form (7) suggests 
that we may try a unit U;, having codrdinates u, relative to form (7), with 
a term (47'd’)-e. Then w= 1, and (20), (21’), (25) suggest that 
us = w DF;, uw = pw’ NH, uw = 0, and hence that U; = D;. In 


— we Dy = Leg NH ts, ew Dis 
X— w;, Ds = 9 Wor 4p 0’ a+ 4p Ja 3; 





the coefficient of (4 ’d)—e, is by (20’) an integer d,. If a unit U, having 
coérdinates u, relative to form (7), contain (4 'd)—e, as a term, us = »’, 
and by (19), (20), u = 2v0'E;, uw, = 0, uw = 1, and hence U, = D,. In 








2 2y’ 
w,— w’ NH; w.-- (ws — w' DF, w,) 2 NO’ E; 
+ 4 Ww ry A, 


X— wD) ad, = (Me — =D) 





the coefficients of 1 and e, are integers by (20’), (25), (19), (21’). 

Hence every integral element of an algebra of type D is a linear com- 
bination with integral coefficients of the D;. The set of all such linear com- 
binations may then be proved to have properties R, C, U, M, and the D; 
to form a basis of YW. 











EXPANSIONS IN BESSEL FUNCTIONS.* 
By M. H. Stone. 


The object of the present paper is to carry through a discussion of 
expansions in Bessel functions by methods closely allied to those which 
have proved successful in the study of Sturm-Liouville and Birkhoff series. 
The first step in the treatment is the formulation of the expansion problem 
in terms of a differential equation with boundary conditions. The procedure 
is heuristic in the sense that it leans heavily on analogies. The question 
of convergence is then considered in a manner which has many points of 
contact with the discussion given by Watson in his recent treatise.t The 
method is that used by the author in a memoir on Birkhoff series.{ Our 
treatment is valid for functions of complex order and seems to represent 
an improvement in certain other respects, since it gives fuller results con- 
cerning convergence and summability and throws more light on the behavior 
of the expansions at x = 1. It appears also to be rather more direct. 

Most of the facts deduced concerning expansions in Bessel functions are 
matters of record in the case of functions of real order. W.H. Young 
has already obtained them in an entirely different manner.§ In favor of 
the method set forth here, it may be said that we require weaker asymptotic 
formulae and arrive at the results more directly. 


I. The form of the expansion problem. 
The differential equation 


Wiis 
(1) wt (754) u = 0, 0<27< 1, 





where e and v are complex parameters, is satisfied by the function 
u=oV2 He (ex+a Va HY (ox) 


where H’”, H®” are the Bessel functions of the third kind.|| We shall 
require the real part of v to be greater than or equal to —}. We write 


* Presented, in part, to the American Mathematical Society, October 31, 1925. Received 
November 4, 1926. 

+ Watson, The Theory of Bessel Functions, Cambridge, 1922, Chapter XVII. We refer 
to this work as W throughout the paper. 

t Stone, Trans. Amer. Math. Soc., vol. 28 (1926), pp. 695-761; this paper will be referred 
to henceforth as S. 

§ W. H. Young, Proc. Lond. Math. Soc., (2), vol. 18 (1920), pp. 163-200, referred to hence- 
forth as Y. 

|| W 3.6, 3.61, 3.62, 4.3. 
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272 M. H. STONE. 


W(u) = u(1) or W(u) =w' (1) +Au(1) where A is a real or complex 
constant. To the equation (1) we adjoin the conditions 


(2) ere 0, 
(3) W(u) = 0. 


The problem of representing an arbitrary function in terms of the solutions 
of this differential system leads to Fourier-Bessel and Dini expansions and 
generalisations thereof. For instance, if we take v real and W(u) = u(1), 
the solutions of the differential system are V x Jy (exx), Jv(ex) = 0; and 
the problem of expanding the function Vz f(a) in terms of these solutions 
is that of expanding f(x) in Fourier-Bessel series: 


[uF Jolen) dy 
[rule y ay 


A special case of Fourier-Bessel series defined in this manner is the 
sine series on (0,1); and a special] case of Dini series is the cosine series 
on that interval. If in (1) we take vy = +4, the condition (2) restricts 
us to solutions linearly dependent upon 





SF (x) ~ ay Jv (1 2) + dg Jv (Q2 2) + «+>, aK 


Veoxrd 1(ex) = V2/n cosez, VexrJ, 1 (2) = V2/nsinex. 
2 2 


Consequently, if in the system (1), (2), (3) we take vy = 4 and W(u) = u(1), 
we obtain the sine series; and if we take vy = —}3, W(u) = w'(1), we 
obtain the cosine series. We shall show that on any interval (a, 1), a>0, 
these trigonometric series are models for the corresponding series in 
Bessel functions. 
By the method of variation of constants we find that the general solutioh 
of the non-homogeneous equation 
2 
u"+(e— - x 





tu = 9@) 

is given by . 
u = aVaeH ea) +q V2 HP (e2)+[ wy o9 Way, 
where 

gra, y3 0) = +> mi Viny [H® (02) HY (ey) —H® (ey) H2 (ea)], 


x 
+e<y, —2e2y, 


and where g(x) is restricted so that all the integrals involved exist. If 
we apply conditions (2) and (3) to the general solution in this form we find 
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u = ['e.@, y; 0) 9 (y) dy 


_ Va Jo (ex)W gr) 
W(V x Jy(ex)) 


where 





Gr (x,y; @) = + gr (2, 3 @), 
a function which reminds one of the Green’s function for a linear homo- 
geneous differential system.* 

Since this function G, is not expressible in the asymptotic forms used 
by Birkhoff and others in the discussion of certain regular differential 
systemst, the study of the expansion problem cannot be effected in terms 
of it. It is possible, however, to define a function I, (x, y; e*) whose poles 
and residues are the same as those of G,(x, y; e@) and which in addition 
has the requisite behavior for values of @ of large modulus. If we set 


V x Jy (ex) W (gr (x, y; @)) 





yr (x,y; @2) = — 


then 
(4) Ty (a, y; 0°) = {rv(y, @; @); rv (a, 3 @)} 


where the notation {A; B} indicates that A is to be taken if x>y, Bif 
x<y. The expansion problem can be set up in terms of this function. 

First we show that 7, depends analytically upon e*, by proving that 7, 
is an even function of @: 


Yr(x, y; Co) = rr (a, y; @)- 


This fact is a matter of computation, whose details we shall merely indicate. 
We have by simple manipulations, involving the relation between Bessel 
functions of the first and third kinds, 


niV xy Jy(ex) Jy(ey)W(V x Hy (ex) 
4W(V x J, (ex) 
—j miV cy Jo(ex) HS (ey) 
_ mt V xy Jv (ox) Jv (oy) W(V x Hy (ex) 
4 + niV xy Jv(ox) Hey). 





(5) y(a,ys;e) = + 








* For the developments of this paragraph see Bocher, Legons sur les méthodes de Sturm, 
Paris, 1917. 

+ Birkhoff, Trans. Amer. Math. Soc., vol. 9 (1908), pp. 373-395; Tamarkin, Rendiconti di 
Palermo, vol. 34 (1912), pp. 345-395. 
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274 M. H. STONE. 


In case W(u) = u(1), we have 


(6) W(V x Hy (ex) = Hy’ e), 
(7) W(V x Hy’ (ex) = Hye), 
(8) W(Vad, (ex) a Jy (e); 


and in case W(u) = w(1)+Au(\), 


(9) W(VeHS ea) = —eH2s@) + (A+¥+-5) HO), 


(10) W(VeH® (ea) = —eH2s(@)+ (A+>+ 5) HPO, 
(11) W(Vaedy(9x)) = —eJr1(@) + (A+e+ 5) Jr (@); 


by the use of the formulae of W 3.2 and W 3.6. It is now an easy matter 
to replace @ by ee in (5). From W 3.62 we find that 


Je" ox) = ™ I(ex), Ir(e“ ey) = Gee: » (e" oy) = —e™ HP (ey), 
WV 2 He (e" ox) = —e °°" WV? ney 
WV25(e" * ox) = fi W(V 2 J, (ex)). 


On substituting these expressions, we see at once that 7, is an even func- 
tion of @. Consequently 7, is a meromorphic function of 9°. 

Concerning the distribution of the poles of I, we can state the following 
theorem. 

THEOREM I, The function W(V xJ,(ox)) has on the right half-plane, 
R(o) > 0, the asymptotic form 


le 2/Viiw) (fO-3-4) yp ete 9"-49 (yh) 


where # = 0 or p=1 according as W(u) = u(1) or Ww) = Ww’ (1) + Aud). 
The equation W(V x Jy (ex)) = 0 has infinitely many roots on the right 
half-plane; they are distributed asymtotically near the roots of 


; 1 1 
SOP oe we 


so that for large \@| there is one simple root near each root of this equation. 
The roots of the equation on the left half-plane, R(e)<0, are the negatives 
of those on the right half-plane.* 





* The notation [c] will be used to indicate a function of the asymptotic form [c] + —-- sq) 


where # is bounded for the region considered, here R(e) = 0, for all @ of vathelsetly 
great modulus. 
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The asymptotic form is readily obtained by substituting in (11) the 
asymptotic forms for HS and H? as given by W 7.2, formulae (3) and (4). 
It is then possible to use the methods of Birkhoff to prove the existence 
and distribution of roots from the asymptotic form.* The equation 
WV a Jy (& ex)) = &™ W(V x Jy (ex)) shows us that if is a root —e 
is also a root. 

For more detailed study of the roots when » and A are real we refer 
to W, Chapter XV, and W 18.3. 

We shall now consider the residues of Ty. If @ = @ is a pole of this 
function distinct from the origin, (5) shows us that the corresponding 
residue is c(g)V zy J, (@x)Jv(ey). If @ is a simple pole, then 








abek w niW(V x HY (ox)) 
- = 
‘7, WV «J, (ex) = 
When W(u) = u(1) this coefficient becomes = ®), and from the 
equation given in W 3.63 (4), namely, 
yy, GHy (@) _ @) 9 See) aren 2 


and the boundary condition HY? (o)+H" (e) = 0, we can evaluate this 
expression as 1/(2J;° (e)). Similarly, when W(u) = w’(1)+ Au(1), we 
find 





-? 


niles abet 
? 


(@) = — GQ WFATDE 
ce —1 
~ Bed (eeds (@)+A+ De) 


By reference to certain of the formulae given in W 18.3, we see that 
the residue can be put in the form 


. Vay J(@x) (ey) 
> eel yt evay 


While we do not need to obtain more exact information than this, it is 
apparent that the statement that, when v and A are real, J, has only 











* Birkhoff, loc. cit., pp. 383-386; Tamarkin, loc. cit., pp. 353-358; Birkhoff, Rendiconti 
di Palermo, vol. 36 (1913), p. 117. 
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simple poles except possibly at the origin is implicit in some of the formulae 
written down; and the behavior of 7, at the origin might be investigated 
fully at this point. Since such knowledge can be obtained most readily 
by an application of the main theorems of this paper, it is unnecessary 
to pursue the investigation farther. 

It is important to notice the special differential systems giving rise to 
the sine and cosine series. If we set vy = 3, W(u) = u(1), I is very 
easily computed and is seen to have only simple poles, the origin being 
a regular point; when vy = — 4, W(u) = w’(1)+ Au(1), A = 0, I, is found 
to have only simple poles, among them tke origin, where the residue is +- 1. 

In the o-plane we define a system of concentric circles C,, C.,---, with 
their centers at the origin and their radii R, << R,<--- forming a monotone 
sequence with limit +00. We may suppose that the annular region bounded 
by successive circles contains at least two poles of I, and as few others 
as possible. No circle C shall pass through a pole. For any function 
such that Vxf(x) is summable on (0,1) we consider the behavior of 


(12) sar Vis, 20ro(, y; 0%) de dy 


when ©; in this way we are able to apply the theory of residues to 
formulate the convergence problem in connection with expansions in Bessel 
functions. Similarly, we are able to study the term-by-term derived series 
of Fourier-Bessel and of Dini by considering the expressions 


(3) st af Vusw J, 200 eRe (a, 9; ede dy 


for k = 0,1, 2,---,2 > 0, where the branch of (1—e’/R;,)"*’ reducing 
to +1 at the origin is employed. This factor is used to introduce the 
Riesz typical means. For more detailed information concerning integrals 
of this character we refer the reader to other discussions.* 


II. Discussion of the expansion problem. 


The treatment of the integrals obtained in the preceding section rests 
upon the following theorem: 

THEOREM II. Let y(x,y, R) be defined for x and y on (0,1) and for 
real positive values of R belonging to a set R, one of whose limit points 
is +0; and let this function be summable, 0 < y < 1, for each pair of 
values (x, R). Then a sufficient condition that as R becomes infinite in any 
manner in KR 





*S, §$ II and IIl; W 18.5; Hardy and M. Riesz, The General Theory of Dirichlet’s 
Series, Cambridge Tracts, Nr. 18, 1915, Chapters IV and V, pp. 19-38. 
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1 
lms sq { FY) 9c, y, R)dy = 0 


uniformly for all x on (a,1), a > 0, where F(x) is any summable function, 
is that 
(1) |p (x, y, R)| at M(a, «), 0 < y < a <= a—é, a < x < 1, where M is 
Jinite for each pair of values (a, @), Oe <a; 
(2) |g (a, y, R)|< M(a’), a Sy <1, a <x <1, where M is finite Sor 
each positive value of a’; 


(8) limp sf. 9(%y, B) dy = 0 uniformly a<x<1, a’<a<ZB 


1. 


lA 


If a is given we can choose « and a’ so that 


[rw y (x, y, R) ay] < M (a, ) [Flay < 9/2. 


Then we can choose R’ so that for R > R’ 





1 
[FW 9,4 Bay] < 9/2 


by a theorem of Lebesgue which makes this inequality follow from con- 
ditions (2) and (3).* On adding these two inequalities we find 


‘1 
[Povey Bay|<1, RR, 


as we wished to show. 

Before proceeding to the application of this theorem to the expansion 
problem, we shall introduce certain notations and a few fundamental lemmas. 

About each pole of I, as center we describe a circle o of small radius r. 
We denote by +’ the region obtained by deleting the interiors of these 
circles from the e-plane. By S, and S, we shall mean the first and fourth 
quadrants of the e-plane, respectively; and by S/ and Sj the parts of >’ 
on these quadrants. We represent by C a circle with center at the origin 
and radius R lying entirely on 3’. The arcs of C on S;' and Sj we denote 
by 7, and 7, respectively. 

The lemmas which we shall now state are all more or less apparent. 
Since we have given explicit proofs of entirely similar lemmas elsewhere, 
we shall not give demonstrations here.t 

Lemma I. If m (a, y, @) is bounded O< y <1, ax<ax2<1, for each a>O, 
and for all @ on S{, then 





* Lebesgue, Annales de Toulouse (3), vol. 1 (1909), p. 52-55. 
+S, Lemmas III, V, VI, VI’, TX, IX’. 
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M. H. STONE. 


J & @—Y m (x, y, @) de 


is uniformly bounded 0 < y < a—#, a < x <1, for each pair of values (a, é), 
a>e>O0, and for all R. 

Lemma ll. If m(z, y, @) is bounded for all x and y on (a’, 1), for each 
a’>0, and for all @ on Sj, then 


J m (a, y, e)/e de 


is bounded for x and y on (a’,1) and for all R. 
Lemma III. Jf m(a, y, e) is bounded for all x and y on (a’, 1), a’>0, 
and for all @ on Sy’, then 


J) ma, u, @) de 
is uniformly bounded for all x and y on (a’,1) and for ail R. 


Lemma IV, Jf m(za, y, @) is a function bounded for all x and y on (a’, 1), 
a’'>0, and for all @ on Sj, then 


lima J.J ome, yeededy =0, dSa<eSi, 
limase [rf ee mie, y, dlededy = 0, a Sa<a<1, 


uniformly. 
Lemma V. If m(a, y, e) is bounded for all x and y on (a’, 1), a’>0, 
and for all @ on Sj, then 


limr->« tf eo m (a, y, /ededy = 0 
1 
uniformly a’ <a“ <1, a <e<l. 


We shall now prove 
Lemma VI, On SY 








(e—2 = =| | + MO 
Pablo a 
where M is bounded. 


The fraction on the left is easily shown to be bounded on Sj by following 
a proof given by Birkhoff.* Thus we find 





* Birkhoff, Rendiconti di Palermo, vol. 36 (1913), pp. 120-121. 
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1 fi td 

f 1 1 
Mea mio 
2i(e—5 7-77) 
_ eyo 
(— iy (ea 2): 4 (a9) 

= [0] +¢" M@) 


on S;, as we were to show. 

In the six lemmas just stated we may replace S; by Si, 7; by 7, and 
+i by —, obtaining forms useful on the fourth quadrant. 

Lastly we shall write 








L —2— | 1 pie ee 
(14) G(a, y; @) = 5 i(—1" &° 4 {—— ei *,— ete 


for all @ on the upper half-plane, and 


G(x, y; ec) = — Ge, y; —e) 


for all @ on the lower half-plane. 
We shall next prove the fundamental theorem of this section. 
THEOREM III. If f(a) is any function such that Vxf(x) is swmmable 
on (0,1), then 


Se 
lime sae J Vit) J 2elr(ay; e*) — Gz, y; 0) dedy = 0 


uniformly on any interval (a,1), a> 0. 

Since @ may be replaced by —ge without changing the integral, it is at 
once apparent that we can establish the theorem by proving it true when 
the circle C is replaced by the semicircle y,-+y7,. We shall confine our 
attention to the case where C is replaced by y7,; the proof when C is 
replaced by y, is entirely similar. Thus we shall show that 


9 (x,y, Rk) = { @er,—®) de 
M1 
satisfies conditions (1)-(3) of Theorem II, so that 


ila 
lim, | Vy SW) 9(e,y,B)dy = 0 


uniformly, O<a<a¢<l. 
Condition (1) is satisfied. From W 3.13, 7.21 (1) we obtain the fact that 


F 1 1 
(15) Jy (0 2) => geerans9 wy (oz), | wy | < 2,, 


2nuoz 
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280 M, H. STONE. 


for R(v) > —}4, @ on S,, z = 0; and from W 7.2, formulae (3) and (4), 
the fact. that 


ae 1 1 

(16) HP 2) = \ ea 4) 11), 
ae” , 1 1 

(11) HP (ee) = Ve, 


for @ on S,, z>a>0. By using the last two formulae, with z = 1, in 
conjunction with equations (9) and (10) we see that 


2 Fa (e- an 7”) [(i)*] 


” , oe eS . 
ees 4) ay] + (i 
Now for O< y< a—e, a<x<1, where a>e>O are fixed, we find by 
substituting from equations (15)-(18) in the explicit formulae for J,, 


a _— @y (9x) wy (ey) [(i)“] 
7) a (Oe I iy) 
ie 1)“ é 0i(2—x—y) +3 _ gie—y | 


ait 


Rb. i(2—ar- i(a— iad : 
Writing O°"? — &?Y Pe" and recalling Lemma VI, we see that 


W(Va Hy’ (ez) _ 





(18) 





2el,—G = DY w, (ey) (1] 


2el, —G§ => co m(a, Y; @) 


where m is defined and bounded, 0<y<1, a<2<1, for all @ on &. 
By Lemma I it follows that | 9 (x, y, R)|< M(a, 6), O<y<a—«, a<2x<l, 
for all R, as we wished to show. 

Condition (2) is satisfied. For x and y on (a’,1), a’>0, and for e on Sj, 
we can write, by (16), (17), (18) 


2e0l, we 4, 0) 
Be wt (ea-m (J+ erge-emS*) (1)) (ea— (1]-+ gi(eteu- va~=2) [1]] 
= ; 1 1 
92°42) 1 4 [(—ay']] 
. : 1 
(19) + [> (een + e (erter-r™—3”) 1); 





ih (peng ter +9 au} 


een i(2—2— t ctw 2 
—1)* ge x » {= ge Y). a 


sei: plow 
2 a( 2 é . 





* 
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By using Lemma VI and combining terms we see that 


20l,—G = &?*™ [0 + & m (a, y, @) 
+{e" [0] + &* me(x, y, @); & " ” [(0] + &* ms(a, y, oI, 


and, since e = e” "that 
2el,—6 = M,(z, Y; ee+& M, (x, Y; @), 


where the functions m and M are bounded for x and y on (a’,1) and 
for @ on S;. By Lemmas II and III, |g(z, y, R)|< Ma’), ad <x <1, 
a <y <1, for all R. 

Condition (3) is satisfied. We consider the integral f | ote y, Rdy . 
as the sum of the integrals over (a, x) and (x, 4). Since these two inte- 
grals are of precisely the same form, it is sufficient to show that. 


po 
limp 52 f. y (x, y, R)dy =0, uniformly a <2 <1, a <a<1. Since 


we have 
* ei(i—y) * giy 
af dy == [0], wf w=, 


for this range of variables, it is clear that 


wh at i -vn~1in p 
flees fOr 29 11)) ay = (01+ e (0 


aa | ~vn—in , 
[ident a) tay = & (0) 


a 


for a <2 <1, a <e@ <1, and for all e on S{. On using these results 
together with Lemma VI and equation (19) we find 


Joeer—®) ay =[Pe* olay + 10) 
+ [= [01; €%°— [0}} ay +e {0}; (01). 
On writing e — &” &"°”, we obtain 
[eer —@) ay =f" Ma, y, dy +e" Mae, y, eR 
+ feo M,(a, y, o/e; « °°” Ma (a, y, e/e} dy, 


where the functions VY are bounded on the ranges considered. By Lemmas III, 
IV, V, we see that 
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yo 
limp... f, 9, y, R)dy = lime sof J, (20T,— @)dedy = 0 


uniformly, a’ < « < 1, a’ < @ < 1. Consequently, 


5 8 
limy se |. g(x,y, R)dy = 0 


uniformly, a’ < « < 1, a’ < @ < £<1, as we wished to show. 

At this point we pause to call attention to the fact that formula (15), 
based on the hypothesis that R(v) > — 4, is of fundamental importance 
in our proof. By its use we are able to eliminate the inconveniences 
introduced by the singular point of the differential equation (1). It is the 
lack of a suitable formula analogous to (15) when R(v) << —4 that forces 
us to restrict the parameter v to the range considered.* 

The conclusions which can be drawn from Theorem III are far-reaching. 
We denote by B,,w(/) the sum of the first NW terms of the expansion of f (x) 
in terms of the functions J, (ex) associated with the differential system (1), 
(2), (3); and by Sw(F’) and Cy(F’) the sums of the first N terms of the 
sine and cosine series for F(x) on (0, 1), respectively. We can then prove 
the following theorem. 

THEOREM IV. If V xf (x) is summable on (0,1) and if R(v) > —}, then 


Vimy (Vx By,y(f)—Sx(Vaf)) = 0 
uniformly, 0<a< a2 <1, when W(u) = u(1) in (3); and 
limy_+ (Vz By wf As Cy (Vx f)) = @ 


uniformly, 0<asx<1, when W(u) = u'(1)+ Au(1) in (8). 

Let there be given any two functions I, [,,. It is then possible to select 
a sequence of circles C,, C,,---, which satisfies the conditions prescribed 
at the beginning of this section for circles C and which has the further 
property that for N sufficiently large Cy contains exactly 2.N poles of I, 
and exactly 2(N-+n) poles of I,,, where m is a positive or negative integer 
or zero, independent of N. The possibility of such a selection is apparent 
from the asymptotic distribution of the poles of 7, and 7, described in 
Theorem I. 

If W(u) = u(1), we take » — +4. Then by Theorem III, 


. 1 — 
lity se gor, Vo SO) J, 20(ly—Ts) de dy = 0 
2 





*W 18.1. 
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uniformly, 0<a < x <1; in other words, 


limy_, » (V x By, w(f)—Swin(Vf)) = 0 


uniformly, O0<a<a2< 1. By the theorem of Riemann-Lebesgue 


limy 5. (Swin( Vx f)—Sy(Vazf)) = 0 


uniformly, 0<2<1. The first part of the theorem follows at once. 
When W(u) = w’(1)+Au(1) we let 7, be formed for the differential 
system (1), (2), (3) with »’ = —} and A = 0. The further reasoning 
parallels that of the preceding case. 
CoroLuary I. If F(x) is summable on (0,1) and is identical to f(a) on 
an interval (a’,1), O0<a’<a, then 


limy 50 By.n(f)—Sx(F) = 0, Ww =xu(1), 
limy_+ « B, n(f)— Cy(F) = 0, W (u) = w'(1)+ Au (1), 


uniformly, 0<ac<xcl. 
We discuss the first limit only, the second being amenable to similar 
treatment. By a familiar property of the sine series 


lim y_, 2 (Sy (Vz f)—-Syw(V z F)) = 0 


uniformly on (a, 1), since F =f on (a’, 1). We extend the definition of F 
to the interval (—1, 0) by the identity F (—x) = — F(a). If ¥y represents 
the sum of the first 2.N-+1 terms of the Fourier series on (—1, 1) we have 


v(Vi{2| F) = Sv(VeF), §yv(F) = Sy(F), 
on (0,1). Now 
4 aoe 4-1 
§(Vi2| F)—Viel8x(F) =| Fwy (wy, Nay 


sin(N + 3) a(@— y) 
2 sin 4 a (a— y) 


where 





y (x, y, N) = (Vi y| —Viz}) 


Since | 9 (x, y, N)|<M, for all x and y on (—1, 1) and for all integral N, 


B 
and since it can be shown that limy_,,, f. y (x, y, N) dy = 0 uniformly 
on (—1, 1), it is true that 


+1 
lim y_, 2 :: Fly) 9 (x, y, N) dy = 0 
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uniformly on (—1, 1), by the theorem of Lebesgue quoted above.* Thus 
lim yo Sy (Vx¥#)—V 28, (F) = 0 


uniformly on (0,1). The corollary results at once. 

The importance of this theorem and its corollary is sufficiently obvious 
that we do not need to dilate upon it. The theorem means that we can 
translate well-known properties of convergence and summability in the 
case of the sine or the cosine series to the expansions considered here.t 

We may mention an application of the theorem to which reference was 
made earlier in the paper, namely, that to the evaluation of the residues 
of Ty. The residue at @ = @ + 0 has the form c(@)V zy J, (ex) Jr (ey), 
in accordance with (5). If we take f(x) = J,(ex) in Theorem IV, we 
see that the equations given there reduce to 


c(@)V x Jy (ex) [iva (oy) dy =V ax J, (ez). 


1 
We conclude that c(e) = 1 / f yJy (ey) dy, and, by reference to some of 
the formulae in the preceding discussion, that the pole is a simple pole. 
The residue at @ = 0 may be discussed in a similar manner, although the 
situation is somewhat more complicated. 


III. The derived series. 


We shall now indicate with the greatest possible brevity the outlines of 
a discussion of the expressions 


1 ak 1 
7 aa | Vy fl) {20 — @/ RI! T, (x, y; 9°) de dy 


where k = 0,1, 2,---,2 > 0, for any interval (a, b) completely interior 
to (0,1). The reader who was followed the preceding work will be able 
to fill in the details with the aid of the author’s discussion of a similar 
problem for Birkhoff series.t 

We first generalise two of the lemmas used in the study of the case 
k=0,t=0. 

Lemma l’, If m(x, y, @) is bounded for all x on (a,1) and all y on 
(0, 1) and for all @ on Si, then 





* Lebesgue, Annales de Toulouse, (3), vol. 1 (1909), pp. 52-55. 
+ See Y, W 18.33. 
t8, VL 
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J &i— RY! me, y, ede, kL0, 120, 


is uniformly bounded OS ys a—e, ax x1, for each pair of values 
(a, 6), O<ce<a, and for all R. 

Lemma III’. If m(a, y, e) is a function bounded for all x and y on 
(a’, 1), a’ >0, and for all @ on Sj, then the integrals 


J. oe (1— 0 / RB)! &* m(z, y, @) de, 


J ea — / RY &* max, y, e) de, 


(1) are uniformly bounded for all x, y on (a’, b),b<1, if l=0, and (2) 
approach zero uniformly as Row, 0O<a <x < b<1, iff l>0. 
In these statements we can replace i, 71, Si by — i, ya, Si respectively. 
We shall also prove a new lemma. 
Lemma VII. The asymptotic representations for Vz Hy’ (2), Vz Hy” (z) 
are differentiable term-by-term on the regions for which they are valid. 
Starting from the operational equation 


d cont ON 1d ie 2v+1 
5 Ves) = ote 5) )+ oi; 


we can show by induction that for k = 1, 2,---, 
. — 1 d\¢ 
ae Ve*) =Z sa (> Z) 7) 


1 
where z  ” Agx(z) is representable as a sum of descending powers of z 
of which the highest is 2“—*. When these equivalent operators are applied 
to the functions of the third kind there result two equations, of which 
the following is typical:* 


ak 
ie Ve Hy (2) = 2 (—1)* Acx(e) 2” Byte (2). 
a=0 


In these equations we can substitute on the right the asymptotic expansions 
for the functions of the third kind as given in W7.2, and thus obtain 
representations for the derivatives on the left. It is then a matter of 
standard operations with asymptotic forms to show that these expansions 
are obtained from those for Vz H® (z), Vz H® (2), respectively, by formal 
differentiation. Thus, for k = 0,1, 2,---, 





* W 3.6 (10). 
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where cix, Cx, -+-, are constants, dependent upon ». 
We now require a function @™ (x, y; @) defined as follows: for 0 << y < 1/\@|, 
G(x, y; e-) =0; for /e| Sy <1, 0<S7<l, 


s=k 
Gm (a, y30) = S - gie-w iz (0 ) Phe (—1¥? cox Cao x y?; 


8=k 
__ , bia ; cy oak —t a 
e i 2 ( ey, ,( 1)? ca cpo x y 
ok=1, k=0,1,2,--., 
for all @ on the upper half-plane; and G™ (z, y; e) = —G™ (a, y; —e) for 
all @ on the lower half-plane. 


We shall now prove 
TueorEM V. Jf V x f(x) is summable on (0, 1) 


is ar, ar, 
lime sis). Vor f,a—eRy (20 dak ? a ak oe G” (x, y; 0) 


<xdedy = 0 





uniformly, 0<asxclb<l1, fonl=O. The expression 
1 ak 1 soe 
Oni ol Vos f,20( — @/ B+ Ty (a, y; @*) de dy 


is equivalent on any interval (a,b) completely interior to (0,1) to a linear 
combination with coefficients Cox x~* of means of order k+-1l, 1>0, formed 
Sor the sine series and their derived series to order k for the functions 


equal to zero on (0,4) and equal to x +9 (—1) cgo f(x) on (y, 1), 
& = 0,---,k, O0<q<a. On any interval (a,b) the problem of the term- 
by-term derived series associated with the differential system (1), (2), (3), is 
reduced to a problem in the derived series of Fourier series (sine series). 

As in Theorem III we shall consider only integrals over 7,. We show 
that the function 


ar, a*F, 
g (x, y, R) = a—erR9#+#(29 oak? bak |— om) de 





satisfies conditions (1), (2), (3) of Theorem I on any interval (0, b), b<1. 
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Condition (1) is satisfied. We differentiate in formula (5) and proceed to 
substitute from (15)-(18), (20), (21), thus obtaining, when 0 < y < a—e, 
es251, 

(1 2/2) (2 ne, FT, o] 


= 8 (1— eR (Om, + OO my + OY ms). 


It should be noted that the discontinuity introduced in the definition of 
@® as a function of y makes possible the inequality 





(22) G® = KM?” alz,y,e), |ol/ <Q, 





Os<ysa—e, a< 2x <1, for all @ on S,. By Lemmas I and III’ 
we find 
p(x, y, R)|< M(a, «), 


O<ysa-—t,asc2r<cd<l. 
Condition (2) is satisfied. Here we show that 





or, oFF, 
Ox**? dak 
+ 9° (1— 9°/R*)*** {ee mg; &” mg} + {ms/e; me/e}, 





(1—e/RYt? (20 |—6*) = 9° (1—o"/ RH (km, + fm) 





for x and y on (a’, 1), in a manner similar to that described in Theorem III 
under the corresponding head. By Lemmas II and III’, |y(z, y, R)| << M(a’), 
a@<iycslil,@dc2x cd. 

Condition (3) is satisfied. It is found that 


ee er, OFF __ e 
= PT RE m+ Oo ™ ms) 
+o (1 — 9° RE ms; em} + f {ee s/o; eo ™ m/e} dy. 
By Lemmas III’ and IV 


lime sof. 9(, y, R)dy = 0 





and 
B 
lime oJ, 9(@, y, Ray = 0 


uniformly, O0<a < x < b<1l,frd<ce< sl. 
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Thus we are able to state the first part of the theorem. The remainder 
follows from it by a series of easy manipulations. 
First we notice that, by (22), 


G® = Mt KE Ym(c,y, o/R, 1>0, 


0<y<4<a < x <1, for all e@ on S,. Thus, from Lemma I’, 
| J (1— 9?/ Rk)" @ ae| < M/F 
Os y<4,a5 2 <1, for all R. Consequently 


limps [Vu SW) J (1 — eR” dedy = 0 


uniformly on (a,b), if 7>0. In this integrai we can replace y, by C. 
Next we observe that 

ok (7 jeg ; 

oak Jo | Vos J, 20(1— e/R*)"" 1, dedy 


=| Vas) {20a—e 7 aan eet ie , El aeay. 


When v = +4, G® takes on a very simple form, namely, 





OP@ yi) =0, OSyS Mel, 
@? (x, y; 0) = 4{— ile”; —i(— ei)’ @* } 
2 
for 1/\e| < y < 1 for e@ on the upper half-plane, and 
Or (e, y;@) = —GP(z, y; —0) 
2 
for e@ on the lower half-plane. Consequently, 


&” (x, y; 0) = a 6? Pie (—1) cox aon y*. 


s=0 2 a+ 


In the differential system (1), (2), (3), the choice »y = +43, W(u) = u(\), 
yields the sine series; and, by combining the various results obtained in 
the discussion of the present theorem, we prove the following relation 
between the general differential system and this special one: 
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k ak 
limp 2 [2 Ve rws20a—eler, de dy 
s=k 


a8 o 
—F Berta VIO wy 


<J2¢1— eer, sae dy] = 0 


uniformly on (a, b), for 7>0. This proves the assertion with regard to 
the relation between the derived series of Bessel functions and derived 


Fourier series. 
From the preceding theorem it is possible to deduce* the following 


theorem. cs 
THEOREM VI. If VxA(a) is a k-fold integral in the sense of Lebesgue 
on (0, 1) then 
1 
limnse Say tor J, VA J 29 (l—e/ ROHL, (a, y, 6) de dy 


almost everywhere, 0<.2<1; and if the derivative on the right is continuous, 
the limit is uniform, 0<a = 2 <b<1. The Riesz typical sums of order 


k+l, 1>0, for the sequence —- _ B,, w(4) converge in a similar manner to 4, 


As a result of Theorem V, it is possible to apply the theory of the derived 
series of Fourier series (sine series) to the problem of derived Bessel series. 
it is to be noted that the Riesz typical means when vy = 3, W(u) = u (1), 
are equivalent to Cesiro means of the same order, so that theorems con- 
cerning Cesaro summability of derived Fourier series can be employed here. 
Under the hypotheses of the present theorem, if 7> 0, 


. 1 ak ae 
limp so soy or J, VA [2ed—e RET, de dy = (2), 


Kk 
0<a<1, the limit being uniform on (a, d) if Va 4 (x) is continuous. 
Then 
rc 
f D;, (x) dx = Dy_1(x) — Oy_4(x%), 0<2<1, 0<2,<1, 


D(x) = Q(x) = -.- = Of (x). 





*S, Theorem XXXIV. 
t Hardy and Riesz, loc. cit. (footnote, p. 276); 8, Theorem VI, Corollary I. 
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Now ® (2) = Vxi(a), as we see by taking k = 0 in Theorem V. This 
proves the first part of the theorem. To show the second we use induction 
in a similar manner. For k = 0, the Riesz typical means of order 1>0 
of B, y(4) have the limit 4, as a special case under Theorem V, We suppose 


that the theorem concerning the typical means for £, ok B, (4) has been 
proved for k = 0,1, 2,---, K—1. Then 


ok jes 
epg af Vyi w {2 e (1— @?/R*)**'T, de dy 
is the Riesz mean of order K+/, 1>0, for 
e1- "Spt Ot 1 @ 
aa Va B, nA) 2 cr Wake Va "Wa" B, n(a); 
the left hand side has the limit 


#Vai@) = Sot Ca a Ve— 7a * (a), 





while each term on the right, save the last, is summed to the value 


ih a Va- a? (x) 





by hypothesis. As a consequence, the last term is summable to the value 
40? (a). Thus we have established the result concerning the summability of 
ad . 


ar B, n(4) for all positive integral values of k. 





ON THE GREEN’S FUNCTION 
FOR SYSTEMS OF DIFFERENTIAL EQUATIONS.* 


By W. M. WuysBurn. 


1, Introduction. In this paper we shall be concerned with systems 
of n first order differential equations whose coefficients are summable (in 
the sense of Lebesgue) functions of x on a closed interval X: ax x<b 
and continuous functions of a parameter 4 on L: DL, <A< L,. These 
coefficients also have the property that for every 4 on ZL their absolute 
values are less than a function of x that is itself summable on X. We will 
deal with boundary conditions whose coefficients are continuous functions 
of the parameter. 

Bounitzky+ has shown how to set up a matrix of Green’s functions for 
a system of m first order differential equations together with m linear 
boundary conditions where the coefficients of the differential equations are 
continuous functions of x and the coefficients of the boundary conditions 
are constants. Bodchert has shown that for the mth order differential system 
whose coefficients are of the type treated by Bounitzky, it is possible to 
vary the coefficient of the zero derivative of the dependent variable in 
the equation in such a way as to render the system incompatible. In 
a recent paper§ the author defined the Green’s function for second order 
systems whose coefficients are general analytic functions of a parameter 4 
and continuous in (z, 4). 

It is the purpose of the present paper to generalize the results of the 
three above-mentioned papers to more general systems. For convenience 
I have chosen to interpret my functions as n-dimensional vectors and 
tensors|| wherever this interpretation is possible. This simplifies the notation 
and conforms to the present tendency in various developments of mathe- 
matical physics. 

The Greek letters together with the letters U, u, V, v, y, Z, z, M, N, are 
used to denote n-dimensional vectors and their components are designated 





* Presented to the American Mathematical Society October 8, 1926; received November 19, 
1926. 

t Bounitzky, Journ. de Math., (6), vol. 5 (1909), pp. 65-125. 

¢ Bécher, Bull. Amer. Math. Soc., vol. 20 (Oct. 1914), p. 1. 

§ Whyburn, W. M., Annals of Math., (2), vol. 26 (1924), pp. 125-130. 

|| Peano was the first to use this notation for differential systems. It has been used 
rather extensively by Bliss, Hart, and Courant, cf. Bliss, Annals of Math., (2), vol. 6 
(1904-5), p. 49; Hart, Amer. Journ. of Math., vol. 39 (1917), p. 407; Courant und Hilbert, 
Methoden der Mathematischen Physik, vy. 1, Springer, Berlin, (1924). 
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by the same letters with suitable subscripts. A capital letter, with the 
exception of those mentioned above, is used to denote a 2-dimensional 
tensor (or square matrix) whose element in the ith row and jth column is 
represented by the same letter with the subscript 77 and whose vector 
component that makes up the jth column is given by the same letter with 
the single subscript j. Ordinary scalar quantities are given by small 
letters. The symbol |G| represents the mth order determinant whose 
elements are the corresponding elements of the tensor G. The notation 
i = (1,m) means that 7 takes on all of the integral values from 1 to n 
inclusive. 

A vector or tensor is said to have a property if each of its components 
has that property, By the dot product, @-H, of the tensor G by the 
tensor H we mean the product which yields a tensor K such that 


rn 
Ky = > Ga H,;. By the dot product, G-u, of the tensor G by the 
r=1 
r=n 


vector w we mean a vector z such that 2; = > Gir u,. 
r=1 
2. Theorem on compatibility. Consider the differential equation 


(2.1) 


together with the boundary conditions 
(2.2) Uy) = gly(a, 4)] — ¢ly@, 4] = 0 
where 

¢ ly (x, 4)| = Rey. 


A and # are continuous functions of 4 on Z for each xz on X and A is 
summable on X for each fixed 2 on L. Finally |Ay| < m(x) for all 4 
and all x on XZ where m(z) is a summable function of x on X. The 
system (2.1), (2.2) is said to have r-fold compatibility for a certain fixed 
value of 4 if for this value of 4 there exist exactly r non-identically 
vanishing, linearly independent solutions of equation (2.1) that satisfy 
conditions (2.2). The method of successive approximations together with 
a theorem due to Caratheodory* that has recently been isolated and applied 
by Ettlingert assures us of the existence of a solution of (2.1) that is con- 
tinuous in the two variables, x and 4, over the domain XZ. By a solution 
of equation (2.1) we will mean one of the above type. By a fundamental 
tensor of solutions of equation (2.1) we mean a tensor with non-vanishing 
determinant such that each of its components is a solution of that equation. 





* Vorlesungen iiber reelle Funktionen, Leipzig, 1918, p. 678. 
Tt Cf. On continuity in several variables, Bull. Amer. Math. Soc., vol. 33 (1927), pp. 37-38. 
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The existence of such tensors appears as a by-product of the above-mentioned 
existence proof. 

THEOREM I. If for 4 =p the system (2.1), (2.2) has r-fold compatibility 
and if k and m are any two fixed indices such that 1 < k, m<n, there 
exists a continuous function of x, g(x), such that the equation 


(2.3) N=0 i¢k, Me =g(x)ym; 


together with the conditions (2.2), is incompatible and furthermore 0 < g(x)<e, 
where « is any arbitrarily assigned positive constant. 

Let Y denote a fundamental tensor of solutions of (2.1). From purely 
algebraic considerations we arrive at the conclusion that a necessary and 
sufficient condition that the system (2.1), (2.2) have r-fold compatibility 
when 4 = p is that the tensor Q, where Qj; = Ui(yj), contain at least 
one determinant of order » —r, and no determinant of higher order than 
n—r, that is different from zero. Let us suppose that for 4 = p our 
system has r-fold compatibility and let us fix our attention on one deter- 
minant of Q that is of order »—~r and that is different from zero. We 
note that any set of sufficiently small variations of the coefficients of the 
system will change the elements of this determinant by only a slight amount 
(since the elements of Y are continuous functions of their arguments) so 
that it will still be different from zero. Hence we have the following lemma: 

LemMAl, If for 4 = p the system (2.1), (2.2) has just r-fold compatibility, 
it has no higher order of compatibility after any set of variations of its 
coefficients that is uniformly sufficiently small on XL. 

In particular we get from the above lemma that, if r = 0 for 4 = p, 
it remains zero for a set of sufficiently small variations of the coefficients 
of the differential system. We will suppose that r >1 and that the rows 
and columns of Q have been arranged so that the determinant of order 
n—r that lies in the upper left hand corner of Q is different from zero. 
The general solution of our system for 4 = p is y, where 


Yir Yin + Yin—r GYin—rt. tess + § CKYin 
U,(y) U; (ye) +++ U; (Yn—r) GQ Us (Yn—r+1) + mys + Ck Ui (yn) 
U3(y1) Us (y2) w- UO, (Yn—r) Cy Us (Yn—r+2) + weak + Ck Us (yn) : 








Un—r (y;:) . +++ Un—r (Yn—r) 1 On (Yn—r+1) + eae + Ck Un—r (yn) 


Lemma I tells us that we can choose a neighborhood, d(p), of p so small 
that for values of 4 in d(p) the system (2.1), (2.2) has no higher than 
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r-fold compatibility. We will choose such a neighborhood and suppose 
that for 4 in d(p) our system has just r-fold compatibility. Then, if we 
replace p by 4 in (2.4), we have the general solution of (2.1), (2.2) for 
values of 4 in d(p) and furthermore, since y is continuous in (7, 4) on XL, 
we have 

LemMa II. If throughout a certain neighborhood of 4 = p the system 
(2.1), (2.2) has exactly r-fold compatibility and if y (x) denotes the solutien 
of this system for 4 = p, then there exists a solution y (x, A) of the system 
such that the limit as 4 approaches p of y(x, 4) is y(x) and this limit is 
approached uniformly. 

Lemma III. Let the adjoint system for system (2.1), (2.2) be 


(2.5) M = 0, Y= 0, 


and let v be any solution of this system; then 
b 
(2.6) —. [oO xtnat = 0, 


where y is any solution of the system (2.3), (2.2). 
Proof. We apply Green’s formula, 
t=2n 


fw-n—y- wat tind 2 Ui Von -i+1; 
‘= 


noting that the right hand side reduces to zero while the left hand side 
reduces to the single term that involves Nx. Our lemma follows immediately. 

LemMMA IV. Ife is a positive constant and if for 4 = p the system (2.1), 
(2.2) has r-fold compatibility, there exists a continuous function g(x) such 
that 0 < g(x)<e and such that the system (2.3), (2.2) has less than r-fold 
compatibility. 

Proof. Assume this lemma false. Since the adjoint system (2.5) has 
the same order of compatibility as the system (2.1), (2.2) we let y be 
a non-identically vanishing solution of (2.1), (2.2) and let wv be the cor- 
responding solution of (2.5). Since these are continuous, non-identically 
vanishing solutions of our differential systems it follows that neither ym 
nor v, can vanish over an everywhere dense set of points on X. We can 
therefore find a subinterval (a’, b’) of X such that the product ym vx does 
not vanish on this subinterval. We define g(x) as a continuous function 
of x satisfying the relations 0 < » (~)<« on (a’, b’) and » (x) = 0 outside 
of (a, b’). It is easy to see that 


(2.7) [9 © veymat + 0. 
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We write the left hand side of (2.7) as the sum of three integrals taken 
between the limits a to a’, a’ to b’, and b’ to b respectively and note that 
the second integral is different from zero while the other two are both zero. 
Let g(x) = 09 (x), where @ is a positive constant less than unity. From 
(2.6) we get 


(2.8) f 9 (t) %eymat = 0. 


Since our lemma is false by hypothesis, we have that for all positive values 
of 6 that are less than unity the system (2.3), (2.2) has at least r-fold 
compatibility while by Lemma I it can have no higher order of compatibility 
for 6 sufficiently small. We restrict 6 so that this system has just r-fold 
compatibility and applying Lemma II we get y (z, 6) continuous in (2, 6) 
such that lim y (x, 6) = y(x) and such that this limit is approached uni- 


> 
formly. Hence 
iim i (t)oxYmdt = fs (t) Uk Ym at. 


This contradicts equations (2.7) and (2.8) so that our assumption that the 
lemma is false has lead to a contradiction. 

If the compatibility of system (2.3), (2.2) is not zero after one application 
of Lemma IV, we repeat the operation a finite number of times, each time 
choosing a different subinterval of X, and define g (2) as a combination of 
the functions obtained in this manner. Since r < n, it is easy to see that 
g(x) can be choosen identically zero except for an arbitrarily small sub- 
interval of X. 

3. Green’s tensor for a value of 4 for which system (2.1), (2.2) 
is incompatible. Consider the system (2.1), (2.2) for values of 4 for 
which it is incompatible. We set up a Green’s tensor for this system in 
the following manner. We choose a point ¢ of X and determine a tensor G 
in such a way that it has the following properties: 

1. G is absolutely continuous in z and absolutely continuous in ¢ on X 

except at the point x = t. } 

2. Atz=ft 


G(t+ 0, t; 4) — G(t—O, #; a) 


E 
G (a, «—0; 4) — G(x, x + 0; A) E 


where E is the unit tensor.* 
3. G; as a function of x satisfies the boundary conditions (2.2) and 
satisfies equation (2.1) at every point of X except at « = t. 





* E is defined such that if 7 is any tensor, E.7 = 7-E = T and from this it follows 
that Ey = 0, for i+j, and Hu = 1. 
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4. If H is the Green’s tensor for the adjoint system (2.5) 
Hy (a, t; A) sag aet eas Gy (t, zy a). 


Let Y be a fundamental tensor of solutions of equation (2.1). We seek 
to determine tensors C and D in such a way that 


G=Y-Conasz2z<Xt, 


3.1 
~ G=Y-Dont<2<b. 


Let F = D—C. From the conditions on continuity at 2 = ¢ we have 
Y-F=E at x=t. This gives us n vector equations in the m vectors, Fj. 
The determinant of coefficients of the components in each case is W(t, A) 
where 


W(x, 4) = |¥| = kee *™ 


and k is a constant different from zero. If we let d(ij) be W(t, 4) with 
the 7th row and jth column deleted we have the following unique value 
for Fy: 

Fy = (—1)" d(ij)/Wt, a). 


Since Y is continuous in (xz, 4) on XZ and since W is different from zero, 
and examination of the above equation reveals that F is continuous in 
(t,4) on XL. Let Sy = gily;(b)] and substitute G; into the boundary 
conditions (2.2). When we replace D by F+C, we get 


Q:-C= 8-F 


and since |Q| is different from zero for the values of 4 under consideration, 
we can solve this equation for the unique value of C. Let W(rj) be W(t, a) 
with the jth row replaced by S,1, S,2,---, Sy and let Ay denote |Q| with 
the 7th column replaced by Wij, Wo;,---, Wnj then 


Ci i Ay/ W(t, A) iQ|, 
Dy = Ay/ Wt, 4)|Q| + (—D*Y d(éj)/ Wt, 4). 


It is easy to see from these formulas that C and D are continuous functions 
of (t,4) on XL. G is uniquely determined by the relations (3.1) so that 
it has the properties 1, 2, 3, and 4 listed above. The proof that G has 
property 4 is essentially that given by Bounitzky.* 





* Loc. cit., page 80. 
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Consider the semi-reduced system 


(3.2) N= A(a, A), 
(3.3) U(y) = 0, 


where # is assumed to satisfy the same conditions that are imposed on A. 
We will show that y, where 


(3.4) Yj = [0 a; sat, 
dy 


is the unique solution of the system (3.2), (3.3). Calculate _ by differ- 
entiating under the integral sign.* 


(3.5) ou = [' 2S. gatt a (x, 4). 


The term 4; (x, 4) enters when we write the term that involves Gj as 


PP esaat+ [ey 6 dt 


and derive to get 


[2 aat+a (x, A) (G (a, x—Q0; 4) — G(a, a+0; d)] 


and then replace the bracket by its value as given by property 2 of G. 
When we substitute y; as given by (3.4) along with its derivative as given 
by (3.5) into equation (3.2) and take advantage of the fact that G; satis- 
fies (2.1), we see that (3.2) is satisfied. Conditions (3.3) are satisfied since G; 
satisfies these conditions. The uniqueness of this solution follows when 
we note that the difference between y and any other solution y must 
satisfy the system (2.1), (2.2) which is incompatible. Finally we note 
that y is continuous in x on X for the values of 4 under consideration. 
Finally let us consider the non-homogeneous system 


(3.2) N = &(z, 4d), 
(3.6) U = a(A), 


where @ is continuous in4on L. Let wu be the solution of the system (2.1), 
(3.6) and y be the solution of (3.2), (3.3). The solution of (3.2), (3.6) is 
y+u. The ith component of this solution is 


[Gs batt us 


* This differentiation is justified by noting that all of the hypotheses of a theorem due 
to Caratheodory (loc. cit. p. 664) are satisfied by G;-. 
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u is unique since (2.1), (2.2) is incompatibie and it follows that y+ wu is 
the unique solution of (3.2), (3.6). 

4. The Green’s tensor for characteristic numbers of the differ- 
ential system. We suppose now that there exists a set of characteristic 
numbers for the system (2.1), (2.2). By a characteristic number we mean 
a value of 4 for which the system has a solution other than the identically 
vanishing solution. We will suppose that these characteristic numbers are 
at most denumerably infinite and have no more than one point of accumula- 
tion. If such a point of accumulation exists, we suppose that it is the 
point 4 = L,. We order the distinct characteristic numbers, which we will 
call p;, as follows: 


L,< pi <pe<is--<pi<cc-s- oD 


and proceed to define a reduced system that is incompatible for each of 
the characteristic numbers of system (2.1), (2.2). We use Theorem I and 
define our reduced equation by a method that is analogous to that used 
by the author* in a previous paper. Theorem I gives us much more than 
is needed in this particular application. Substitute the ith characteristic 
number into the system (2.1), (2.2). The resulting system has compatibility 
at least as great as unity. By Theorem I we can define a positive con- 
tinuous function g(x, p;) in such a way that the system 


Nj (x, pi) = 0 for j $k, 
(4.1) Nu (x, pi) = 9 (x, pi) ym (2, pi), 
U [y (a, pi] = 0, 


is incompatible. We define g(x, p:) so that it has the above properties 
and we do this for each characteristic number of the system (2.1), (2.2). 
We define a function g(x, 4) by the equation 


i—_— 
g (x, 4) = g (x, pi) + ——P— 
(4.2) Peta" Pe 
g (x, 4) = g(a, m1.) on LAS p,. 


[9 (x, pits)—g (a, pd] on pp 54 < pin, 


g (x, 4) is defined completely as a continuous function of (2, 4) on XZ that 
is positive and takes on the value g(z, pj) at A= p;. Hence the system 


Nj= 0, jtk; Ni = 9 (x, 4) ym; 
U(y) = 0, 


(4.3) 





* Whyburn, loc. cit. 
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is incompatible when the system (2.1), (2.2) is compatible. If we define A 
to be equal to A except that Arm == Arnm—g (x, 4), equation (4.3) becomes 


(4.4) N = 0 
while equation (2.1) takes the form 
(4.5) N= 0, f¢k;  Me= —g(a, d)ym. 


We proceed now to set up the Green’s tensor for the system (4.4), (2.2) 
knowing that this system is incompatible when the system (2.1), (2.2) is 
compatible. We obtain a tensor which we call K, in exactly the same 
manner as that by which we obtained G in the preceeding section. K will 
exist and have the properties 1, 2, 3, and 4 of G for those values of 4 for 
which the system (2.1), (2.2) is compatible. We obtain an expression for 
the solution of system (2.1), (2.2) (taken in the form of (4.5), (2.2)) by the 
same method that was used in treating system (3.2), (3.3). This gives the 
vector y where 


b 
(4.6) wy (0, 8) = — Kay a, 65 2) 9 (t, 2 ym (t, Dat 


This system of » integral equations in the » unknowns y; is equivalent to 
the differential system (2.1), (2.2) in the sense that, when one system is 
compatible, the other is also compatible and every solution of the one 
system is also a solution of the other system. We may therefore state that 
the integral system (4.6) has the same set of characteristic numbers as the 
differential system (2.1), (2.2). 

If we set up the integral system corresponding to the system (3.2), (3.3) 
using the Green’s tensor K, we get 


(4.7) ye, 8) = —[ Raye, 9 (6, D ym lb, 2) at + Fj @, a) 


where 


fila, 2) = JK). pat. 


Finally, if we consider the system (3.2), (3.6), we get an integral 
system that has the form of (4.7) but in this case /; contains an additional 
term, uj. 

Although we have assumed the existence of a set of characteristic 
numbers having certain properties, this ceases to be an assumption in the 
case where m is equal to two. Sturdivant* has shown that, when certain 





* Cf. a paper offered to Trans. Amer. Math. Soc. 
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simple conditions are satisfied by the coefficients of system (2.1), (2.2), there 
will exist a set of characteristic numbers for the second order system and 
this set will have the properties that are assumed in the foregoing dis- 
cussion. Sturdivant also proves oscillation theorems that carry over without 
difficulty to the corresponding integral system. The additional power that 
is contained in Theorem I may be used to get other relations between the 
differential and integral systems. 

5. The complex case. Let the variable x and the parameter 4 be 
complex and let the coefficients of the system (2.1), (2.2) be analytic in 
a certain domain XZ. Let the boundary conditions be related to two 
points, a and b, of D. We proceed to define Green’s tensors for the system 
for all values of 4 for which it is incompatible. We set up two tensors, 
G and H, so that they have the following properties: 

1. G and F are analytic in x and analytic in ¢ throughout D. 

2. As functions of x their components satisfy equation (2.1) throughout D. 

3. At « =¢t the following equation is valid: 


H(t, t;4)— G(t,t; 4) = E. 


4. 9 [G;(a)] —9[Hj(0)] = 0. 
5. @ and A are analytic in 4 except for poles at the characteristic 
numbers of the system (2.1), (2.2). 

We can choose our fundamental tensor, Y, so that it will be analytic 
in 4. We let G= Y-C and H = Y-D and it is ea.y to see that, if the 
same calculations are made here that were made in the previous case, 
G and H will be uniquely determined so that they have the above proper- 
ties. That G and H have property 5 follows when we examine the explicit 
formulas for these quantities and note that the only singularities that 
enter are poles of some order (depending upon the multiplicity of the 
characteristic numbers) due to the vanishing of the denominators. But |Q| 
is the only quantity in the denominators that can vanish and it vanishes 
only at the characteristic numbers of the system (2.1), (2.2). 

The solution of system (3.2), (2.2) is y, where 


(5.1) Yj = ["H;-aat— fi G;-B dt. 
This can be verified by substitution. 


THe UNIVERSITY OF TEXAS, 
Austin, TEXAs. 








ON LAME FAMILIES OF SURFACES.* 


By C. E. WEATHERBURN. 


1. Introduction. Ii is known that, in order that a family of surfaces 
gy (x, y, 2) = const. may form part of a triply orthogonal system, the 
function g must satisfy a certain differential equation of the third order, 
represented by the vanishing of a determinant of the sixth order. We here 
examine the question from a different point of view, and obtain results 
both simpler in form and more illuminating geometrically. A family of 
surfaces is determined if the unit normal a# is given as a point function 
in space, satisfying the condition of normality 


(1) n.curla = 0. 


For this vector is the unit tangent to a normal congruence of curves which 
cut the family of surfaces orthogonally. Conversely, if the equation of 
the family is given in the form 9(z, y,z) = const., the unit normal is 


_Ve_ 
[Vel 
It will first be shown that, if a singly infinite family of surfaces is 


a Lamé family, that is to say, forms part of a triply orthogonal 7a, 
the unit normal #” satisfies the differential equation 


: 7) 
(2) div (5 curl n) == 0 


where z. denotes differentiation in the direction of a. This equation 


really involves only derivatives of m of the first two orders, as the third 
derivatives vanish identically. Other related forms for the condition are 
deduced, and certain consequences are noticed which follow very simply 
from these equations. In terms of the orthogonal trajectories of the family 
of surfaces, the above condition will be transformed to 


(3) div (x4 -—xrp) = 0 


where x, 7 are the curvature and torsion, and p, # the unit principal normal 
and binormal, the prime denoting differentiation with respect to the arc- 
length. From this also some important general results are very easily 





* Received October 30, 1926. 
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deduced. Other forms of the condition are then established in terms of 
the distance function for the family of surfaces; and an alternative form 
to (2) is obtained for a family of surfaces of constant first curvature. 

2. Equation of condition. Consider the families of surfaces 





u = const., v = const., w = const. 


forming a triply orthogonal system. The position vector Pr, of a point in 
the space occupied by the surfaces, may be expressed as a function of 
the three parameters u, v, w. Let suffixes 1, 2, 3 denote partial diffe- 
rentiations with respect to u, v, w respectively. Thus 


ee A et ess 
- Meoncng au’ +2 aemoeal av’ eo avow’ 


and so on. Also let a, b,c be defined by 
a=r, b= Fi, c= Fk. 


Then the elements of arc of the parametric curves are Va du, Vb av, 
Vcdw. It will be convenient to introduce the symbol 


p = Vabe. 
The unit normal # to a surface w = const. is P;/Vc, and its curl is 
given by* 
. (Cy Py — 1 Pe) 
2pVe sHiaan G 


The derivative of this in the direction of @ is therefore 





curl # = 





a curla = EE A itl (Cy P — C Pe) 
an "GV; Wiles” |. 
Then, since 
1 /a 1 
4 tens 3 (tnttn), iy = 5 (tnt2n), 


we may express the relation as 


Ee | Se ah) 3 Ms 
an me = 2p (= log 2c)" FF sy loge — 3S) wy 3 











* Cf §§ 4,5 of a paper by the author “On triple systems of surfaces etc”. Proc. Roy. 
Soc. Edinburgh, vol. 46, pp. 194-205 (1926). 
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In the divergence of this function the derivatives of the third order vanish 
identically, giving 


tiv (ie oa) = Lae (SP) —aw (Fe 


Then using Lamé’s relations* between the derivatives of a, b, c of the type 
















_ gly , Agbs Ag A 
“—e = 2ac + 2ab 2a* 













Ov dw 












we find that the above expression vanishes identically. Hence the theorem: 
The unit normal m to a Lamé family of surfaces satisfies the differential 
equation 


(2) div (5 curl n) == 0, 






which may also be written 
(2’) div (a. \/curla) = 0. 















In particular a family of parallel surfaces forms part of a triply ortho- 
gonal system. For such a family is characterised by the propertyt that 
curl # vanishes identically. 

The equation (2) is really of the second order in the derivatives of a”. 
This may be shown by transforming as follows. On taking the divergence 
of both members of the identity 








curl (a diva -+-axcurla) = (V diva)xa-+ (curla).-Vn—a.V curia, 






nt tery eee GLO ET Oe Se a fy 






we obtain the relation 


div (a -\/curla) = div [(curla) . Va — ax V diva] 
= div[(curla) -Va—curla. (V diva]. 











Since the last expression involves no derivatives of m higher than the 
second, it follows that: 

The unit normal a to a Lamé family of surfaces satisfies a differential 
equation of the second order which may be expressed in the alternative forms 


—_ 


tears atte Satna rcs Sid Shao s ame ee te 
p i 








pce Misti creak dad 





(4) div [(curl#) -/n — nx \/ diva] = 0, 
* Cf. the author’s Differential Geometry, § 111 and p. 257, Ex. 16. 
t Differential Geometry, p. 261. 
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or 
(5) div [(curlm) -/n] = curla. (V diva). 


Various other alternative forms* may be deduced for the above condition. 
Thus, from the identity 


curl(#xcurlma) = (curla)-\/a—a.\curla — divacurla, — 


on taking the divergence of both members, we see that the equation (2’) 
is equivalent to 
(6) div [(curl m) - Vn — divacurla] = 0. 


3. Orthogonal trajectories. Consider the congruence of curves which 
are the orthogonal trajectories of the family of surfaces w= const. The 
unit tangent f to the curve at any point is the unit normal # to the sur- 
face at that point. Let *,7c be the curvature and torsion of the curve, 
s the arc-length, and p, 6 the unit principal normal and binormal respect- 
ively. Then, since @ is a vector of constant length,+ 


—naxcula = n.V/n = a = ap 
and therefore 
(7) curla = mx(xp) = «xtxp = xb. 


Thus the magnitude of curl# is the curvature of the orthogonal trajectory; 
and its direction is that of the binormal of this curve. The condition (2) 
for a Lamé family may then be expressed 


ie 
(8) div 7, (*A) = 0, 
that is, in virtue of the Serret-Frenet formulae} 


(9) div (x'b — xcp) = 0. 


* Taking the gradient of both member of (1) we obtain 
0 = (curla)-\V/a+a-\Vcurla+a~ curlcurla. 
Thus the condition (2) is equivalent to 


div [(curl a) -\7a +a curlcurla] = 0, 
or, in virtue of (4) to 
div [a x (V/ diva + curl curla)] = 0. 


7 Cf. the author’s Advanced Vector Analysis, § 8, (19), London, 1924. 
} Differential Geometry, p. 15. 
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Hence the theorem: 
If a family of surfaces forms part of a triply iliedasal system, its 
orthogonal trajectories must be such that div (x'b — xcp) vanishes identically. 
The vector x'4 — xrp will itself vanish identically only if the orthogonal 
trajectories are plane curves and x’ is zero. These curves then constitute 
a normal congruence of circles, commonly called a “cyclic congruence”. Thus: 
Any Lamé family possessing the property that = curla@, (but not curl @) 
vanishes identically, is such that its orthegonal trajectories constitute a cyclic 
congruence. 
For a family of parallel surfaces x is everywhere zero, and curl# vanishes 
identically as stated above. 


More generally, if the orthogonal trajectories of a Lamé family are plane 
curves, these must satisfy the equation divx’ — 0, that is, 


div (= curl n) == '@ 
and therefore 
(cura) « V — = 0. 


Thus V(5- log is parallel to the osculating plane. And conversely: 


If a normal congruence of plane curves is such that v(+ log x) is every- 


where parallel to the osculating plane, the surfaces orthogonal to these con- 
stitute a Lamé family. 

4, Lines of equidistance. The distance along the normal between 
/ consecutive surfaces of the family w — const. is Vcdw. We may call 
Vc the distance function, the curves c = const. on any surface being the 
lines of equidistance. Since the two-parametric gradient of the function c on 
this surface has the value* 


1 1 
Pi e.+ yp che, 


this vector is perpendicular to curl a. Thus the direction of curl m at any 
point is tangential to the line of equidistance through that point. 
Again it is easily verified that 








(Va)-Vilogc = : [3p +5" sae ( 4 3 \n| 
Ve Late Ms a \ae be)" 
e CE. a paper by the author “On differential invariants in geometry of surfaces, etc.” 
§ 3, Quar. Journ. of Math., vol. 50, p. 233; or Differential Geometry, p. 223. 
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and therefore 
j 


| ” _ 1 [aa , dst 
ax (Va)-Vlogc = oe ee 





Now, as in § 2, the divergence of this vector vanishes identically in virtue 
of Lamé’s relations between the derivatives of a, b,c. Hence: 

The distance function Vc for a Lamé family of surfaces satisfies the def- 
Serential equation 
(10) div [a x (Va)- VlogVc ] = 0. 


For a system of parallel surfaces \/m-\/logV c vanishes identically; 
while, for a family of planes, nx (\/m)-log V c is zero. Thus the equation (10) 
is satisfied in both cases. 

In this equation the differential invariants are three-parametric invariants 
for the space occupied by the family of surfaces. We may establish a similar 
formula in terms of the two-parametric operator \/ for a surface w = const. 
The parameters on this surface are u,v, and with this operator* 





4a*c 4b?¢ 


1 ( lg Cy bs Ce 
= ite r,— Pr 
4V ab y 5 


nx(Va)-JVe = nx (25 r+ 22 r,) 





ac be 


and the two-parametric divergencet of this vector vanishes for the same 
reason as before. Now, on any one surface of the family, the operator 
(Vm)-\ is an “invariant” operator for that surface. We have elsewhere{ 
denoted it by —\/. Thus: ¥ 

On each surface of a Lamé family the distance function Vc satisfies the 
two-parametric differential equation 


(11) div (ax /Vc) = 0, 
which may also be expressed 
(12) div [Vx (aVc)] = 0. 


We may here prove another theorem dealing with the condition that 
the lines of equidistance on each surface of the system may constitute 
a family of parallels. We have seen that, if & is the unit tangent to a line 





* Cf. Differential Geometry, § 110. 

+ Ibid., § 116. 

{In a paper “On small deformation of surfaces, etc.”, Quar. Journ. of Math., vol. 50 
(1925), p. 277. 
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of equidistance, and x the curvature of the orthogonal trajectory of the 
family of surfaces, curla = xb. Now the three-parametric divergence of 
curl vanishes identically; and therefore, if div and \/ denote two-parametric 
operators for the surface w = const., we have 


0 = div(Vcewla) = div(«V ch) 
= be (xJVe+ Vc Ve) +«V edivh. 


The first term vanishes because # is tangential to the curve c = const. 
The vanishing of div # is the condition that the lines of equidistance may 
be a family of parallels. Hence the theorem: 

A necessary and sufficient condition that the lines of equidistance on any 
surface of a family may be parallels (and the lines of slope of the distance 
Junction therefore geodesics)* is that the curvature of the orthogonal trajectories 
of the family of surfaces be constant along each line of equidistance. 

We may remark that this theorem is true whether the family be a Lamé 
family or not; for we have made no use of the relation (2) or its equivalent. 

Another theorem also may here be mentioned; viz. 

If one family of a triply orthogonal system is a family of developables, 
either it consists of planes, or else a second family is also one of developables 
and the third is one of parallels. 

Suppose, for instance, that the surfaces « — const. are developables, 
and that the principal curvature in the direction of PF, is zero. Then 6, = 0,7 
and consequently in virtue of the relation 








o (#) Bas Db; ds re bs cy aS b, bs 
dw \b 2ba 2he 2)? 


either c, = 0 or b; = 0. In the former case both principal curvatures 
of a surface « = const. are zero, and it is therefore a plane. In the 
second case the surfaces w =— const. are developables, and the surfaces 
v = const. are parallels, because for this family curla@ then vanishes 
identically (b, = 0, bs => 0). 

5. Surfaces of constant first curvature. Consider next a family 
of surfaces, w = const. for which the first curvature} (or mean curvature), 
J, is constant over each surface, but may vary from one to another. Then 
since J = — diva, and \/J is parallel to m, we must have 


nx\/diva = 0. 
* Differential Geometry, p. 259. 
T Ibid., p. 210 (table). 
}Ibid., p. 264. 
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The equation (4) thus takes the form 


(13) div [(curl a) - Vn] = 0. 
That is to say: 

For a Lamé family of surfaces of constant first curvature, the unit normal 
satisfies the differential equation 


div[(curla) -\/a] = 0. 


For example, in the case of a family of planes, the derivative of # is 
zero for all directions perpendicular to a. But curl # is perpendicular to #. 
Hence (curl #) - \/m vanishes identically, and the equation (13) is satisfied. 

Or again, for a family of spheres, if a is any vector perpendicular to a, 


a.\/n = Fa 


where F is a function of w only, being the curvature of a great circle of 
the sphere. In particular 


(curl a)-\/n = Feurla 
and therefore 
div [(curla)-\/n] = VF. curla = 0 


since \/F is parallel to m, and therefore perpendicular to curl”. The 
equation (13) is thus satisfied in the case of a family of spheres. 


CanTERBURY CoLLEGE, CuristcHuRcH, N. Z. 
November 1926. 











DERIVATION OF THE FREDHOLM THEORY 
FROM A DIFFERENTIAL EQUATION 
OF INFINITE ORDER.* 


By H. T. Davis. 


1. The reduction method. The author is aware of two distinct 
methods for obtaining the solution of Fredholm’s integral equation 


(1) u(x) = f(x) + 1 [ Ke, s) u(s) ds. 


The first of these is the method which suggested to I. Fredholm his original 
resultst and which was later completely developed by D. Hilbert.{ In this, 
equation (1) is shown to be equivalent to an infinite set of linear equations 
in ap, infinite number of variables and the solution obtained as the limit 
of the solution of the set. The second method is due to E. Goursat§ 
and H. Lebesgue.|} The former, starting with a kernel of the form 


nn 
K (a, s) = 2 Uilx) Vi(s), obtained Fredholm’s solution for this special kernel 
‘= 
by assuming u(x) to be of the form 


ula) = fe) + DG Uil, 


where the C; are constants. Lebesgue developed Goursat’s theory in the 
general case where » became infinite. 

It is the purpose of this paper to indicate an entirely different way of 
solving (1) by employing the theory of differential equations of infinite 
order. Aside from the novelty of the method, the derivation of Fredholm’s 
solution will serve as an example of the application of the theory to a broad 
class of linear functional equations. The author has elsewhere indicated 
another example.{] 





* Received October 14, 1926; presented to the American Mathematical Society, April 19, 
1924. 

+ Comptes Rendus, vol. 134 (1902), p.219; cf. also Acta Math., vol. 27 (1903), pp. 365-390. 

{Th8orie der linearen Integralgleichungen, Leipzig (1912), Chaps. 1, 2. 

§ Sur un cas élémentaire de l’équation de Fredholm, Bull. de la soc. math. de France, 
vol. 35 (1907), pp. 163-173; see also Goursat, Cours d’analyse, vol. 3 (1915), pp. 386-390. 

|| Sur la méthode de M. Goursat pour la résolution de l’équation de Fredholm, ibid, 
vol. 36 (1908), pp. 3-19. 

q] The Euler differential equation of infinite order: Amer. Math. Monthly, vol. 32 (1925), 
pp. 223-233. 
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Let us assume that there has been established the formal equivalence of 
a linear functional equation, 


(2) L(u) = f@), 
























and a differential equation of infinite order,* 
(3) [1+ go(x)] we) + 1 (x) ww) + +++ + n(x) w(x) + --- = f(a). 


Assuming infinite differentiability of the coefficients and of f(x) we can 
differentiate (3) an infinite number of times and thus arrive at the following 


infinite —— of equations in the infinitely many variables u(x), w’ (x), 
u(x), 


S(@) = = [1+ go (a)] u(x) + gr (x) w(x) + 2 (a) u(x) + «s+ 

«+ 9n (2) w (a) + +. 
Sz) =[it+go)u)’ +iiw)! +egew +--+! +. 
Ore) = [a + 9du! Hoey Fie" # to onuy" P< 


pra) = (0g)? -b9 u Pp Coes 4 EUpntln 


In the solution of such systems it has been customary to restrict solutions 
to Hilbert space [i e., the space of points {u®} for which PXCD converges 


with corresponding conditions on the coefficients although modifications are 
to be found in F. Riesz: Systémes d’équations linéaires, Paris (1913), 
pp. 73-77.7 

It will be convenient in the present instance to use the so called 
“reduction method” (la méthode des réduites) which is contained in a 
theorem derived independently by H. von Koch in 1913} and A. Pellet in 
1914.8 Its great usefulness is indicated in the recent application made of 








* For a formal method for deriving (3) from (2) see C. Bourlet: Sur les opérations en 
général et les équations différentielles linéaires d’ordre infini, Ann. de l’éc. norm. sup., (3), 
vol. 14 (1897), p. 150 et seq. There we have 


% = L(A) ~1, 
% = {LG — Cie Le) + aCra® Lt) — bam LOD}, n>0. 





+ An example of this method and the difficulties to which it leads can be seen in E. Hilb’s 
solution of the Laplace equation of infinite order. Math. Annalen, vol. 82 (1920-21), 
pp. 1-39; vol. 84 (1921), pp. 16-30 and pp. 43-52. 

t Jahresbericht Deutsch. Math.-Ver., vol. 22 (1913), pp. 285-291. 
§ Sur la méthode des réduites, Bull. de la soc. math. de France, vol. 42 (1914), 





pp. 48-53. 
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it by H. W. March in the problem of the deflection of a rectangular plate 
fixed at the edges.* 
THEOREM: If in the system 


 4— Y= G, a = 1, 2, 3,---, @, 


where Wj = Yaa xx, the qj are bounded, and the coefficients are subject to 
=1 
the condition that 


2 haul <1, i = 1, 2, 3,---, @, 


then the x; exist and are equal to the limiting form asm, of «™ 
determined by solving the reduced system 


m 
a™m— Da,t™ =c, i = 1,2,3,---,m. 
' k=1 


A sufficient condition for the existence of a solution of (4) is rea- 
dily obtained from this theorem. If we make use of the abbreviation, 
o = |go|+/9:|/+]¢2/+--- + |9a| + +++, it is clear upon expansion of the 
terms of (4) that the sums 2 ax! of the theorem become in this case 





the sums: 
J aiaiel d 
6,6, = +0 wisi itt aa ™: 
ti _@ 
d¢, = 64+20'+0 = ea a (9), 
,, n(n—l1) , Sie se. 
o, = yee Ser ae es =e Bae (eo), 


We thus obtain the following result: 
A solution of (4) exists and can be obtained by the “reduction method” : 
provided, 1 


d" 
qa 9) <1, n = 1,2,---. 


e * 





2. An existence theorem for the Fredholm problem. In order to 
apply the theory of the preceding section to the Fredholm equation, we first 
reduce (1) formally to a differential equation of infinite order by expan- 


ding u(s) into the Taylor’s series: u(s) = u(x)+(s—a)w'(2)+ io u"(x)+---, 








* Trans. Amer. Math. Soc., vol. 27 (1925), p. 311 et seq. 
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When this is substituted in (1) we obtain an equation of form (3) where 
(6) gil) = —2 KG, ) 2= a 


After these coefficients have been substituted in system (4) the coefficients 
of the unknowns reduce in a remarkable way and we obtain for D(n, 2), i. e., 
the determinant of the reduced system obtained by suppressing terms of 
order greater than n—1 and all rows beyond the mth, the following: 





1—4 ["Ke, sds, —a [" Ke, s)(s — x)ds, 
i —1 f° Ke, ) as 
—2 [" KG, s)ds, 1—2 ["R'G, s)(s — x)ds, 
(6) Din, x) = ee ~ ees ) en 
ey af ae sds, —A i K°-» (g, cones 
bk f K-» (x, 3) omar, ds 








where the differentiation is with respect to x. 
We can then reduce, by the von Koch-Pellet theorem, the existence 
theorem to a consideration of the inequalities 


on <la| [ [KE (@, )|e-*ds<1, m = 0,1,2,.-- 


Assuming that K(x, s) is a function in x of degree (Stufe)* equal to 
q<1, then |K{”|<(q+6™K for m>M, where K and M are finite, 
positive numbers independent of m, and « is a small positive quantity so 
chosen that g+e < 1. 


Hence we have 
Om <|4| K(e-* —1) <1, 


and from this we obtain the result that a solution foi (1) exists and can 
be found by the reduction method for values of 4, such that 


1 


41< a7) 








* For some useful theorems on the degree of functions see an article by O. Perron, 
Math. Annalen, vol. 84 (1921), pp. 31-32. 
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_ This inequality illustrates an interesting feature of the reduction method. 
Although the limitation on 4 resembles the one ordinarily derived by the 
method of successive substitutions, the actual solution found by the reduction 
method is the meromorphic function of Fredholm. 

8. The Fredholm determinant. It is evident that the Fredholm 
determinant, D(A) must be identified with the limit lim n D(n, x). For this 


purpose we use the well known development for the ‘secular determinant :* 





1+Cu, Cie, aihats 2 | Cin | 

ye ™ ee tery Con | 

2 Cn, Coa, vey 1+ Con 

fae 1 1 Cyr,» Cr, 1, 

(7) = 1+ 2G,,+ 572 ins Cnae| fen 

| 9 11%) oe, Cr 1, | 
P + DH al Cryrss Pees, Crate 
Cra, Crt ee Gs,| 


where r,, 72, +++, 7 run independently over all values from 1 to n. 
Furthermore it is easily shown? that 


Lovaas, [912 @ds, tery no ae| 
Lion toas, Jf om (as, nee, 9m (as 


ic yn (s)ds, ern very Foun (8) ds 


Pur (1), Pie (Si), +++, gin (1) | 
gp ie ie 


P21 i), Pee (), “sty 9am (62) | ds, ds, --- ds 








| Pai (en), Pn2 os [ne Pnn (Sn) 


a 
Introducing the notation Kj = KY— (a, s;), and Sy = a a 


clear that D(n, x) can be written in the following form: 


, it is 





* G. Kowalewski: Einfihrung in die Determinantentheorie, Leipzig, (1909), pp. 455-456. 
t+ See E. Goursat, Sur un cas élémentaire etc., loc. cit. p. 165-166. 
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D(n, x) = i—+ [Sant ds;+ —_ ~f fda ds, ds, +-- 
+ (12 fT. [PS dn des de +++ don 


where we have used the abbreviation, 


Kv, Str, Koy, Sor, ost Kur _ Snr, 


ae Kir, Str, Kor, Sor, ~ Mts 
An sige . - . . . . . . . + 


Ky, Str, Koy, Sor,, aaa | — “Sur, 





(8) 








and the values of r,,72, ---, 7, run independently over all integers from 1 to n. 

But the m-th sum, if we interchange the Ky by row and column as we 
can do since the Sj are factors of each column, is precisely the definition 
of the product of the two matrices* 


Ku, Ku, ig Kin Su, St, ERP y Sin 
eee Oe 
Km, Km, 2 ey Kmn Sm, Sm2; Say Sinn 


Making use of the identity >’ Ky Sx; = K (si, sx), we have the following 
remarkable reduction: 
lim Pm = | K (si, s/)|, 
n= oo 


which, _— the notation of Fredholm, we may designate by the symbol 
K Sa, °**, sa 
81, Sg, °**, 


In the limiting case of (8) we then get the value of Fredholm’s determinant, 


lim D(n, 2) = D(t) = 1—AfK (64,5) doi + a [x K (8) a, Pare 


81, 82 
+& {ir -- [ox K(® Sa, °° “) 
A” —- : ee ik ta 
“Ja Ee ge ds, ds. ds_+ 


4. The Fredholm minors. We turn next to the computation of the 
cofactors of the elements of the first column of (6). These cofactors for 
brevity we may designate by D; and the solution of the original integral 





* Kowalewski, loc. cit., p. 72. 
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equation as given by the reduction method will be, in terms of them, the 
limit as noo of the following sum: 


(9) tm/(x) = D,f (2) + Def" (x) + ae - # +++>+Daf%— (x) 





For our purpose we introduce the determinant 


1 4 Cr, Crs; Cr, ph Cris 
Csr, 1 + Css, Cx.) eee Csk,_, 
Ck,r, Ci,s; 1+ Cx,k,s Cr oe hie st 





Ck,» "9 Ci,» 8 Ck - ee + ac ky» 





The cofactor of C;,, r +s, can be expanded as follows:* 


Ge Gear Ge 














1 Crs, C, . : 
—Ars = Crs+ Tt C ” HEE = or de CG 139 Cy, ry Cy 172 ate apregt 
7,8) rr; Cys Cry, Creare 
Crs, Crs shi Crr,_s | 
1 Cys) Cry ie Crtes 
ee (n— ~2)! “ar det Ste oe ee gM Aon 
Cres 8) Cras ) cas el C, Ta—27n—2 | 





where 17;, 12, «++, %n—1 range independently over all the values k,, ke, ---, kn—2. 
Applying this formula to the elements of the first column of (6) we have, 
for i +1, 


2? 
ee AL ma tuta— TLL Bam dah 


ei ae alee pom, | = waa LS f 2 - n—1 ds, ds +++ d8n-1 


r. 172°" 
where we use the abbreviation 


Ku Si, Ku Sor. , a Km, Ser 


Ky, Su, Kor, Sor, ; ere, Km, Smr,._, 


dj, m—1 = 





Kir,_; Su, Kor, Ser, ; ety Knr,, 


2 
~" Smr,_, 


D,, the cofactor of the first element, is easily computed by observing 
that we have 





* Kowalewski, loc. cit. p. 468. 
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Au = A—Cy Au— Cr Aor— +++ — Cnr Ani 


= 4-—Ci— >> 


Cu, Cw, Cy, 
—z2 C1; Chirp Crt, Pa 
Cra, Cry Cry, 
Cu, Cr, very Gey 
1 -, Cr,1y nee eae Crr,4 


Cu, Cir, 
Cy ; Cyr, 














Cy, ly CG ry pies | C, 


n—1 


where 7, 72, «++; Tn—1 range over the values 2, 3, ---, n. 
Replacing the Cy by the elements of (6) we get, 


D, = D(n, 2) +2 [ KG, $1) to Th LE ds, ds,+.--- 
sodas ae ae pie a =a {> f--S., a Sina ds, ds, +++ dn. 


172°" 


Substituting the values of D, in the a ca of (9) we see that it can 
be written as follows: 


fa) Dina) +4 S Ku Sus @)d,—T ff Dial) dg dart 
(10) vee $(—1P- a oi hohe 2 _ Saf D (ax) ds, dsq +++ d8_—1 


+(-1pt aes if Joo So pS Fed» don, 


where 71, 72, «++, 7n—1 run over all shies from 2 to m and ¢ runs from 1 to n. 
In simplifying this expression we note the two following identities: 


= Suf* se, (x) = S (s:), 
and a 
K(z, $1), K' (a, 8), ptr 1, 0, 0, 


oeeee 2 
Ka, 82), K' (a, 82), peels 1, 82— 2, ee 28 


K(a, 8n),  K'(x,8), +: So en ae ono 


K(z, 81); K(z, 82), ates K(z, Sn) 
—. | K(s2, %), ate ws), bah: bohuts: 
































K(8n, 81), Pe a: 





K ‘os pe 
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; ; . . zx 8. eee 8. 
It is convenient to use Fredholm’s abbreviation K ( . sl ; - 
ee) Pant a 


for 


this last determinant. 

If now in (10) we let approach infinity and make use of the two 
identities just written down, we shall have, since S, is a factor of each 
determinant, the following limit: 


fo) DA)+4f" Ke, ofoae— +f’ K(” ) fords det --- 


Si, Sg 
vee a” ” ZL, S25 *"*%s 
.-+(—1)P he LER Mariel **) fle) de ds, ---d&,+--- 


The limiting form of (9) is thus seen to be 


> Dl) 


(11) Jim tn (x) = u(x) = f(@)+4 Da 7” ds, 





where we employ the usual abbreviation 


me A (*® sige Cf wees 
b(’) = Ka —7 JK") dy += K(" at ) ds dey— 


The formal verification that (11) is actually a solution of equation (1) 
when D(A) + 0 can be made in the usual manner by substitution. 


WATERMAN INSTITUTE, 
InDIANA UNIVERSITY. 





























ASYMPTOTIC EXPRESSION FOR THE PROBABILITY OF 
TRIALS CONNECTED IN A CHAIN.* 


By Ecno D. Preprrr. 


In the theory of probability, trials connected in a chain present a very 
important case of dependent ‘trials. Markofff gave a solution based on 
a most difficult theory of moments created by him and Tchebecheff. The 
solution does not give the error, a fact which from Markoff’s point of view 
diminished its practical importance. 

Here is presented a direct solution of the problem with the order of 
error. It is even possible to obtain an exact estimation of the error, but 
to avoid calculation we do not do that. Further, we obtain not only the 
probability for m (the number of appearances of an event in m trials) to 
lie in some interval, but also the probability for particular values of m. 

Consider » trials 7,, T;,---, Tn», each of which results in E the appear- 
ance, or F the non-appearance of an event. Let p denote the probability 
of F in T; the kth trial, when the results of all other trials are not known, 
and g = 1—p the probability of F in that trial. Suppose further that 
the trials 7,, T,,---, Tn are not independent, so that a knowledge of the 
results of the previous trials affects the probability of EZ in the given trial. 

Let po denote the probability of EZ in the kth trial when F resulted in 
the (k —1)th trial, go = 1— po the probability of F in this case. Let p, 
denote the probability of H in the xth trial when £ resulted in the (k—1)th 
trial, gq, = 1—p, the probability of F in this case. 

We suppose further that the probability of Z in the kth trial when the 
result of 7,1 is known, is independent of the results of all the other 
previous trials. 

The appearance of E at 7; is equivalent to the appearance of one of 
the two combinations; 1. the appearance of EF at Ty: and at Ty, 2. the 
appearance of F at 7y-1 and of E at 7. These two combinations are 
incompatible. The probability of the first combination is equal to the 
probability of H at 7, multiplied by the probability of F at 7;, when 
it is known that E appeared at 7;-1, i.e.,-the probability of the first 
combination is pp,, in the same way the probability of the second com- 
bination is gpo. Then from the addition theorem for probabilities 


P = P—Pit+ Po 





* Received December 16, 1926. 
T Bull. de l’Acad. Imp. de Sc. de St. Petersburg 1907. 
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from which we have 
(1) PHU = IWPo- 


We seek now an expression for Pm», the probability of exactly m 
appearances of the event E in m trials, m having a value specified later. 

Let Phan denote the probability of exactly m appearances £ in n trials, 
E appearing in both the first and the last trials. Similarly P}»,, the 
probability of exactly m appearances in » trials, in which EF appears at 
the first trial and not at the last, Pm,» the same with EF appearing at 
the last, but not at first trial, P_—»,» the same with EF not appearing in 
both the first and the last trials. 

Evidently 

Pn,n = Piast Pon + Pyimnat Paim,n- 


Consider first I... Suppose the appearances occur in the following 
distribution 
ey appearances E 
Ji; non-appearances F 
es appearances E 
fe non-appearances F' 


(A) 
€e-1 appearances EF 
Jc-1 non-appearances F 
ek appearances E 
in which 


ateat--- +x =m, Sitht +: tha = n—m, 


so that we have k groups of consecutive appearances of F and k—1 of F. 

The probability of this sequence of appearances may be calculated as 
foilows. The probability of E at 7; is p, at each of T,---, T.,, EH appears 
with the appearance of E at the previous trial, hence the probability of e, 
appearances of £ at the first e, trials is 


-1 
p po : 


At the first trial of the following group of /, trials (i.e. at 7,41) F 
appears after EH, at all other trials of this group, F' appears following F. 
Hence the probability of the results of the first two groups is 


pm a 


































hes Sees Sak <n ms ~ 


ee 


FR it A eS 


Seto 


_ ceacimantmamtsh manatee ana cum cage Ree a a! . ax 
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Proceeding in this manner, we + fo that the probability of the whole 
sequence (A) is 


py q, 99 raf q, 93 gic’ Le a0 % PPE 
= pyk—l yertest- tek ght ght +h, eH 
(B) = py pats ee q q 1 
“ee ees 


Thus we see that the probability depends on the value of k, but not 
on the values of ¢,---, ex, fi, ---, fe-1- Consequently the probability for 
any sequence for which 


atat---+te=—m AthAte:: tha = n—m 
is given by (B). 
But we can represent m as the sum of & positive numbers e in Cx—} 
ways, and nm—m as the sum of k—1 positive numbers / in a ways, 
therefore there are 


—1 —2 
m—1 Vn—m—1 


different sequences of type (A), with the condition 


Qatet---+tea=—m AtAt-:-t+hs = n—m, 


the probability of each being given by (B). Therefore the probability of 
exactly m appearences of EF in k groups, E appearing at 7, and 7), is 


Ck-1 ces aes p _* > co k-+1 e*. 


m—1 


But k may have any value from 2 to m, hence by addition of probabilities 
we have finally 


m 
—1 Ok- k—1 »m—k k+1 gk-1_ 
he ae we ge Cn om St ie PP py % Bio's qi 
In the same way we deduce the expressions 


pons = =a 2 Cet ck cn api es Ye eae e* 
P= ees ek ate 
le ini > cr ck oe q pk pnt gr-m—k- qi. 
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We calculate the expression 
@) Anan = 3 Ch we ot Ct a Wb a 


analogous to Pra. ny Pim, ny Pe ny P—m,n, and then reduce these expressions 
to it. 

Each term of the sum m Am,n is the product of the two expressions 
Ck pt’ * gi and Ch-mpo qo” ", which jhave well known meanings in the 
theory of probability. The expression ce. ph ¥ ot is equal to the probability 
of exactly k appearances of an event in m independent trials, in which 
the probability of the event at each trial is q,. 

We suppose first that 


(3) m= npt+eV 2npq, 
in which z = o(n*), « being any number >0O and <1/6. We calculate 
expression (2) for 
rae 2 

k = mma t+tV2mnn, Eo dee olm®), 
By Stirling’s formula 

n! = V2ann" ot +0 (4)|, 
so that 


m™ pm—k gh 
(m— et <= Vex om (m — ye 1+0(— 1\}. 
We have 








nce oa 


\ m 1 3a)” 2p, \ ” 
= —————— |1—¢ 3a.) (1 t 341 | 
2 (m — k)k fbi: (1. mPpr t ma 


« Wee ! fl (a) | 





























Further 
pie m™ pm—k gk =) (ma y'( mp = 
~~ (m — kyn—* kk k m—k 
oe " ma pias mp, aes 
mq; + tV2 Mp mp; — tV2 Md 








ma Nn mp; 


—(mq,+tV 2mp,q, ) —(mp,—tV 2mp,q, ) 



































322 _E. D. PEPPER. 


. 


Ig B= —(mq+tV 2mp.m) [22 es? +0(-5)| 


ma 





+ (mpy—tV 2mpyq) [V 38+ amy bi (re | 
am —#+0(-5), 


a= <-[i+of)) 


Hence 


m! eae 1 ae 
(4) (m—blkt pr * at = Vinee [: +0 Sa |- 





Similarly C*__, pk qi-™—* is equal to the probability of exactly k appear- 
ances of an event in »— m independent trials in which the probability 
of the event at each trial is py. As above, we obtain for 





1 
k = (n— m)po+uV 2(n — m) pod, g = o (ns! 











(n —m)! td: u —w#[y4 9 (4 
(5) n—m—biki 2 % ‘= V 22(n—m) pod é [1+0 (aa) ]- 


Since each term of (2) is the product of the two expressions 
Cte, me 


for the same value of k, if we take in the first of them & in the form 
k=mqat+tV2mp,q and in the second k in the form k = (n—m) pp 
+uV2mpoq, we must have 


(6) mattV2mpq = (n—m) po+uV 2mpoqQ- 
Remember 


(7) m = np+zV2npq, z = o(n*), a<t. 


From (6), using (1) and (7), we have 
a V 2npqt+tV2mp, "i = —zpV 2npqt u V 2(n—m) pod. 


Hence 


(8) 





sae 1 
a V2 (n—®) po qo 








[2 (q:+ po) V2npqtt V2 MAN ]. 
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1 1 
Formula (8) shows that, if t= o (ns), then also u =o (ns), This fact 
permits us to put the above asymptotic expressions [(4), (5)] for both multi- 


ples of (2) for k = mqt+tV2mp,q; with t = o (x8). 

In order to arrive at an asymptotic expression for Am», we separate 
Amy» into three sums and show that one of these three dominates the other 
two. Write 

m mq,—t,V 2mp,9, mq,+t,V 2m p,q, 


Aman = a — de + p> ag V3 : 
k=1 k=1 k=mq,—t,/2mp.q, k=mg,+t, 2m Pp, 4, 


in which t, = n’ with y}<8<}, &>«. For brevity, write 


Ann = DitDtD3: 


The first factor in (2) increases from k = 1 to k = mq, and after decreases, 
the second factor increases from k =: 1 to k = (n—m) pp and after decreases. 
From our supposition about the value of ¢,, we see that the greatest values 
of both factors are included in the sum >,. The terms of >’, are increasing 
and of >, decreasing. 


Consider 
maq,—t,/2mp,q, 
(9) 21> = CPT T Com” * 


= mtuwt+---+y, j= mq—tV2mpn4q- 
We have #%/u41<1, further 








u sss Gm GG, OG 
Wit ci pe qe cH pitt gm 
(i+ 1) Pr Yo 





(m—i)(n—m—i) 1 Po : 


thus the ratio w/w+: is increasing. 
Replace (9) by the geometric series 


Ut vet +++ oj t 9; 
in which vj = w, vji+1 = wi. Then 
Ut Ut ---fy<ytout---+y. 


1 
— vj—1/vj 


But 


Uj; 


Uuttiet---by< i 
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! fee (m—j +1) (n—m—j +1) pot = on?) 
— vj—1/v; (m—Jj +1) (n—m—j + 1) po Uu—)* ps do J 
1 1 1 raat] fi 
— . re Oe 
" mt V2mpnq% V2(n—m) po % : + (Fs) 
—£ 28 
e 1 ais: e" 
Be o(—} Bui o( n ). 
Consequently 


en"? 
es = oO Kanal ’ 











Similarly 
en 

en =e: @ Hat : 

To compute 
> mq, +t,V 2mp,q, 

ae k=mg,—t, V 2mp,q, 
using (4) and (5), we have 
2.= [1+ of es) Ce Nght : 

: ni k=mq,—t,Vimp,q, ™ V2mpnq V2(n—m) pod 


in which the value of u is given in (8). 
Since k = mq, +1V 2mp,q, the consecutive values of tin >, differ by 


1 
V 2mp, Nn 





At = 


’ 





and, since we sum from —?, to +¢,, we may write 


an = 1+ o( 4] : St at 


ea V 2(n—®m) po G —h 








Now 


+4, 1 \ +t, 
ae At = }1 — O (=a) f et dt 


—t, 


} © Seca a 
SS 1 +0 (<a) et—* dit. 


a= [it 0 (4, : fo ee at. 


n V2 (n—m) Po Jo J-” 








Hence 
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To compute the integral, we have 





























“Pty = mpi gi +(n— mM) Po Go [e+ 2(q: + Po) V npgmprn : 
(n—m) po % m pr Gi + (m— Mm) po qo 
Gtr) npg. 
mp: G1 +(m—m) po qo’ 
hence 
4-00 : 2°(q,+,)"P4 
f eC +u) gt = Va \ (n—m) Po Go e ™P,a,+e—m)p,4, 
a m pi G1 + (m——m) po Go 
Consequently 
é 1 1 iy 2°(q,+29)'npq 
a.= [: + o| ‘| eS e ™P,A,+O—mp,% , 
" Via V 2[m pi a +(n—m) po qo] 


Therefore we have finally for m= np+z2V 2upq 


2°(q,+9,)'npq 
e MP7, +N—M PF f 


fi 
Ann = [i+0(%)| oe V2[mp, a: ews 


Suppose now 














2[m pi qi + (n—m) po Go] 











et wee al tp) 
Then 
1 1 , ti 
Ann = = ies —sa hie 
; Va V 2[m p, 4. + (n—m) po qo] . [1+0(85)| 


By (10) the consecutive values of z differ by 


























Ac = di + po ; 
V2 [m p; a+ (n—m) po Go] 
Consequently 
eee oa fi ) 
me Sin va ae[1+0(is 
It is clear that in a similar way we obtain 
1 1 sf fi \) 
Pin = i 1 O (] 
—_ Pe atp~p Va . Az} + ni? P 
1 1 ee | 
psu a =e ] 0 (5 
j i utp Va : Az} * ni? ’ 
Pian = 9h . : e*arito(-4,)| 
atp Va ; nv? } |? 
= 1 1 , fi \| 
p coaae —— i 
ween ie) 1+0 (ts 
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Hence 


Pn = (ppot apot put au): er = * ae[1+0(S5)| 


(11) 
a “- a \]. 
= 7 ée Az 1+ O (te ; 
viz. the probability that 











2 [mp; 1 + (n—m) po Go) 
(1 + Po) 





m= np+z 
But by (1) : 
PANT IPG = WPM+%); Wo— Phi Po = plaitpo); 


Po = PA(ut+PY); 
thus 


PPU+ IPG = PI(M+4) (+P), 
so that we have 


mp1 q+ (n—m) pogo = n(pp—i.%+ P09) + O(2@V n ) 
= npg (ritqo) (Git po) +0 (eV n ). 
Therefore (11) is also the probability that 


m= np+e\2npg re 





Further, if z is finite, we can suppose 4, = n? , in which £ is as small 
as we please, so that 


(12) Pan = 





aoe ~# ge[1+0(n-2**)]. 


From (12) we obtain immediately that the probability for the inequality 








r+ \ P+ 
2 2 
nptal gogo e Te <m<npt és pq ma aa 


in which z, and zz are constants, is 


(13) [1 +0 (x2) = I e* dz. 

























ON CERTAIN INDEFINITE QUATERNARY FORMS 
REPRESENTING ALL INTEGERS.* 


By Crarsorne G. LATIMER. 


A number of papers have been published on those definite forms, 
ax*+by*?+cz*+dw*, which represent all positive integers. Finally, 
Ramanujant showed that there were fifty-five such forms and no more. 
There seems to be little if anything on the corresponding problem for 
indefinite forms. The object of this paper is to prove the followingt theorem. 

THEOREM. Jf @ < 163 is a positive integer in the form 4k+-3 or the 
double of such an integer, and contains no square factor >1, then the form 


(1) + f— au'—av* 
represents all integers. 
Consider the congruence 


(2) E+ 9? — al?— ad? = 0 (mod m) 


where @ is one of the integers mentioned in the theorem and m>1. If 
(So, 70, $0, 40) i8 a solution, by adding arbitrary multiples of m to this 
solution we obtain a second, (§,, 7, $1, 41). Suppose 0 + &+ 9i—aGi— adj 
= n,n, +2. Then this second solution is also a solution of (2) with the 
modulus »,. By repeating this process we obtain a sequence of congruences 
which shall be said to be derived from the first congruence and solution 
(Eo, 470, So, 40). Suppose (&, go, 1, 0) is a solution of (2). If % satisfies one 
of the conditions below, by dropping proper multiples of m from & and 4» 
we obtain integers, §, and 7,, satisfying the conditions indicated. 


m>Va, = > |&|, 7 = In|, 
: — | 
Va>m>V20, meile™, meini2™, 


2. a 3 
\2- >m>\s; 9 Mo = || > mo, = = ||. 





* Received February 23, 1926. 

T Dickson, History of the theory of numbers, vol. 3, p. 233; Proc. Cambr. Phil. Soc., 
19, I, 1916, 11-21. 

+The method used is a generalization of one due to Dickson. See Amer. Jour. of Math., 
vol. 46 (1924), p. 2. 
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It is readily shown in each case that |&? + 4? — a|<n?. If n, -)2., 


then % = 2, «=6. Therefore if m> o % > 2 and if (Eo, 0, 1, 0) 


is a solution of (2), there exists a sequence of congruences, derived from this 

congruence and solution, terminating with one with a modulus nj such that 
a 

with the exceptions stated below, if inl <= and if (&;, 7j, 1,0) is 


a solution of (2) with the modulus 7;, then there exists a sequence of 
congruences, in the form (2), derived from this congruence and solution, 
which terminates with one such that the left member is equal to the 
modulus or its negative. The exceptions are the cases where |nj| = 2, 
&; is odd, and @ is even. However such a congruence cannot occur in 
a sequence of congruences with solutions (&, 4;, 1,0), derived from 
a congruence with an odd modulus and such a solution. For suppose 
it did. Let mj be the modulus preceding 1; in the sequence. Then 
\53+ 47 — «| = |2m,_,|. Since & and 9, are odd and since a = 8k+6, 
it follows that nj, is the double of an odd integer. Repetition of the 
argument shows that every modulus in the sequence is such an integer, 
contrary to hypothesis that m) is odd. It is known* that for every prime 
modulus, (2) has a solution with ¢ = 1, 4 = 0. Hence we have the 

LemMA. If @ is one of the integers given in the Theorem, if N is an odd 
prime and if (&, 90, 1, 0) is a solution of (2); then there exists a sequence 
of congruences, derived from this congruence and solution, which terminates 
with a congruence with modulus nx—1 and solution &x, qx. Sk, 4x such that 
Se t+ ok — abe — od = nei me where m = +1. 

Since the form (1) is self-reproductive under multiplication and since it 
may be verified that, for every e@ given in the theorem, (1) represents —1, 
to prove the theorem it is sufficient to show that for each of these values 
of a, (1) represents every odd prime. Let mp) be an odd prime and let a 
be one of integers given in the theorem. Let (&, 4, 1,0) be a solution 
of (2) and let the congruences of the derived sequence, shown to exist by 
the Lemma, have the moduli n(¢ = 0,1,---,4—1). Let the corre- . 
sponding solutions be &, 9:, &, 4; and let m = +1, & =—1, & =O. 
We shall determine integers 2, yo, 20; Wo, X0, Yo, 2, Wo, such that if 


== Mo Lo + Fo Xo + Yo Yo — @AgZy — a0 Wo 
t = Yo + 40 X0— So Yo — a0 Zy + aly Wo 


* Dickson, History of the theory of numbers, vol. 2, p. 288. 


For every « given in the theorem, it may be verified that, 





(3a) 




















QUATERNARY FORMS. 


U = NoWo+ SoXo—*o Yo— 4+ no Wo 
Vv = M% tly Xot+%oYo— w%— FoWo 


then (1) is equal to %. Since §&,,,5,,4., differ from &, qo, So, 40, 
respectively by multiples of ), if the latter are replaced by the former, 
Lo, Yo: 20, Wo are replaced by other unknowns, 2,, ¥;, 2, #%:. Make these 
replacements and substitute the resulting expressions in s*+ ¢?— au*’— av? = m. 
We obtain on expanding 


My = 4 (+ Yj — #2] — awit) + 0, n, (XP+ YY— aZ}— «W)) 
(4) +2% (2, (§:Xo+m Yo— a4, Z,—al, Wo)+y:(9: Xo—Ai Yo—ali Z+ad, Wo) 
— a2, (A, Xo+ oi Yo—m Zy— ki, Wo)— eu, (oi Xo—A, Yo—&, 2+ 1 W,)). 


Multiply this by »,/no. We obtain an equation identical with (4) except 
that m) and m,, and the corresponding large and small Roman letters are 
interchanged. Hence our problem reduces to the finding of integers 
Ty Yry 21, Wi, Xo, Yo, Z, Wo, such that if 


(3b) 


S=u4XYyt+hnatnan—e¢Aa—eat, w, 
T= mYotmm—hiym—ehan +d, 
U = m, Wot C21 — Ary — &,2, + yi Wy 
V=m4t+autinu— ma-—- fu 


then S?+ T*—aU*’—aV* = nm. If m++1, repeat the process 
following (3). Repetition of this process k —1 times leads to an equation 
similar to (4). If k is odd, this equation may also be obtained from (4) 
by adding k—1 to the subscripts of the n’s and of the Greek letters and 
adding 7 = 4(k—1) to the subscripts of the other Roman letters. Then 
choose x41 = Yi = 41 = Winn = O. If m = 1, choose X; = 1, 
Y=—=4=> Wi=0. If m = —1, since as noted before, (1) represents 
—1, there exist values of X;, Yi, Z;, Wi which satisfy the equation. If k 
is even, the equation resulting from these k —1 operations may also be 
obtained from (4) by changing the subscripts on the n’s and the Greek 
letters as before; interchanging the large and small Roman letters, and 
advancing the subscripts of these letters to $k. A solution of this equation 
is obtained as before. In either case, by retracing these steps a solution 
of (4) is obtained. Hence the theorem is proved. 


TULANE UNIVERSITY. 
































APPLICATION 
OF ALGEBRAIC NUMBER THEORY TO CONGRUENCES 
INVOLVING BINOMIAL COEFFICIENTS.* 


By H. S. VANpDIVER. 


In statements concerning the scope of the theory of algebraic numbers the 
applications of this subject to Diophantine Analysis have been emphasized 
by many writers, so much so that many readers of these statements are 
likely to acquire the impression that such applications are the only important 
ways in which the theory has been used to derive results involving rational 
integers only. Let me then direct attention to some theorems concerning 
congruences which were obtained at about the time the theory of cyclo- 
tomic algebraic integers was founded, for example the laws of biquadratic 
and cubic reciprocity, each of which involves said theory in its simplest 
statement and yet yield an algorithm for determining the solvability of 
a* = a (mod p) and a* = b (mod q) where p is a prime of the form 1 (mod 4) 
and q is of the form 1 (mod 3). Also it has been shown by means of cyclo- 
tomic integers that, if p = 4n+1 = a’?+ BP? is a prime, then 

2n)! 
= a oe ane (mod p). 
As far as I know this result has never been established by essentially 
different means. 

In the present note I give an application of a somewhat different type. 
Let 7 and p be odd primes, a = e*”/' and let p belong to the exponent /, 
modulo 7. Set p?’—1= cl. Hence in the field K defined by «, we see that 
p is the norm of p, a prime ideal divisor of (p) in the field K.t Now using 
l-th power characterst we have for k any positive integer or zero, 


k k k 
eats 6 ies oes 
Pp p Pp 





* Presented to the American Mathematical Society at Philadelphia, December 29, 1926; 
received December 27, 1926. 
fT Hilbert, Die Theorie der algebraischen Zahlkiérper, Jahresbericht der Deutschen Math. 
Vereinig., 1894, p. 333. 
t Hilbert, 1. c., p. 365. 
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Let f be even, the p is unaltered by the substitution (a/a—), and if 


k _k 
p , 


k 


eae 
[ete a 
p , 


so that ¢ = 0 (mod p). Hence 
k 


ey-f8 
p p 

ok 
(a*-+-1)* = a? (mod p). 


Expanding by the binomial theorem and letting k range over the values 
0, 1, ---, 7—1, we obtain congruences which may be put in the form 


Ay-1 + Ap-2 +----+ Ap = 0 (mod p), 

Apia? = + Ap gaP® =... + Ap = 0 (mod p), 

Ap—1 @P-DOP-D + Ags oP VP) + ,.. + Ay = O (mod p). 
Consider the determinant formed by the coefficients of Ay, A;, ---, Ap-—1. 
It may be expressed, aside from powers of @, as the product of binomials of 
the type a—1, when0<a<yp. Any ideal (a*—1) is a prime ideal divisor 
of (2), hence is prime to (p). Therefore A4;= 0 (mod p); 7 = 0, 1,---, 2—1. 
Using the actual values of the A’s obtained from the expansion we have: 


THEOREM I. If p and I are odd primes, p belongs to the even exponent f, 
modulo l, pp—1 = cl, then 


(S)+(,52)+(s492) t-- 


is divisible by p for i= 0, 1,---,l1—1, with the exception i = h, in which 


case we have 
—1+(i)+(s42) + (ater) aap 


divisible by p if h is the least positive residue of c/2, modulo 1, 


25 
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This result may be extended. in various ways, for example, we may con- 


sider 
J ad 
ae 


where £ is an mth root of unity and $ is unaltered by the substitution 
(« 8/(aB)—). 

Theorem I does not include, however, the known analogous relations of 
Hermite,* Glaishert and Bachmann. 

A result which does include these theorems, however, may be obtained 
by taking a primitive root @ in a Galois field of order p” and noting that 


(gh—1)+9@"—» = (1) 


in the field, O<a < p"—1, for k=0,1,---, p*—2. Expanding this by 
the binomial theorem and eliminating the e’s from these (p”— 1) congruences 
we have the 

THEOREM II. We have 


()= (46,2 .)+load— alt 


modulo p, where d =a (mod p*"—1), 0O<a<p"—1, 0<icp"—1. 
Setting » = 1 gives the known results mentioned above. 
The expansion of (1+e+ ¢?+ ---+ 0)? gives a result involving multi- 
nomial coefficients. For n = 1, a result of this type was given by Dickson.§ 





* Journ. fiir Math. (Crelle), 81, 1876, 94. 

+ Quart. Journ. Math. 30, 1899, 150-156, 349-366. 
} Niedere Zahlentheorie, IT, 1910, 46. 

§ Quart. Journ. Math. 33, 1902, 381-384. 











TERNARY QUADRATIC FORMS AND CONGRUENCES.* 


By L. E. Dickson. 


1. Examples of regular and irregular forms. It is well known 
that f = a*+y*+2* represents every positive integer not of the form 
4*(8n-+7), but represents no integer of that form. We shall say briefly 
that f represents exclusively all + 4*(8n+7). Again, 327+ 4y?+ 122 
represents exclusively all +4n+1, 4n+2, 9*(12"+8), 9*(12”-+ 11). 
We shall call these two forms regular. In general, all the integers not 
represented by a regular form f coincide with all the positive integers 
given by certain arithmetical progressions; the same is then evidently true 
of the integers represented by f. The writer has recently proved that 
various forms are regular.t Regular forms are important in the deter- 
mination of quaternary quadratic forms which represent all positive integers 
and in the proof of Waring’s theorem on sums of cubes, fourth powers, etc. 
On the contrary, consider g = z*+ y*+102*%. By § 9, the positive even 
integers represented by g are exclusively all + 4*(16n+6). Ramanujan 
computed a list | 
3, 7, 21, 31, 33, 43, 67, 79, 87, 133, 217, 219, 223, 253, 307, 391, --- 


of the odd integers not represented by g, and remarked that they do not 
seem to obey any simple law. It will be proved that they do not coincide 
with all the positive integers given by any arithmetical progressions what- 
ever. We shall therefore call g irregular (with respect to odd represen- 
tations). 

We shall determine all regular forms x*+ by?+cz* in which b and c 
are relatively prime. 

2. Quadratic congruences. Write f = az*+ by*?+ cz’. 

LemMA 1. If p is an odd prime dividing neither a nor b and if k is 
any integer, ax*+ by* = k(modp) has integral solutions. 

For, z* takes (p-+1)/2 values incongruent modulo p. The same is there- 
fore true of ax*—k and of —by®. One of the values of the former is 
congruent to one of the values of the latter, since otherwise there would 
be p+ 1 integers incongruent modulo p, 

Lemma 2. If no one of a, b, c is divisible by the odd prime p, f = k(mod p) 
has solutions with x and y not both divisible by p. 

* Received November 17, 1926, 

t Bull. Amer. Math. Soc., 33 (1927), p. 63, and Amer. Jour. Math., 49 (1927), p. 39. 


Ramanujan had found empirically several regular forms, Proc. Cambridge Phil. Soc., 19 
(1916-9), pp. 11-21. 
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According as k is not or is divisible by p, take z = 0 or z = 1(mod p). 
Then 7 = k—cz* = 0(modp). By Lemmal, azx*+ by? =/(mod p) has 
solutions x, y, which are evidently not both divisible by p. 

THEOREM 1. If p is an odd prime not dividing abc, f =k (mod p")«has 
solutions when k and n are arbitrary. 

By Lemma 2, there are solutions when » = 1 such that 2 and y are 
not both divisible by p. To proceed by induction on n, let f= k(mod p”) 
have solutions §, 7, € such that § and y are not both divisible by p. Write 


a+ bate? =k+p™q, c= E+ p"X, y=qtprY, 2c=—C+pZ. 
Then . 
f =k+p™q+2p™L(modp™4), = L = ak X40, Y¥+cZ. 


We may choose X, Y, Z so that g+2Z = O(modp). For example if § 
is not divisible by p, take Y= Z=—0. Then f= k(mod p™*?), and the 
induction is complete. 

THEOREM 2. If an odd prime p divides c, but not ab, and if k is prime 
to p, f = k(mod p") is solvable. 

By Lemma 1, f = k(mod p) has solutions. Evidently « and y are not 
both divisibe by p. The proof of Theorem 1 applies also here. 

THEOREM 3. If k is odd and if f = k(mod 8) is solvable, then f = k(mod 2") 
is solvable when n is arbitrary. 

To proceed by induction on n, let f= k(mod 2”) have solutions §, 9, ¢ 
for m= 3. Write 

af*+by?+cl? = k+2"%q, 2 = §4+2""X,.--, 2 = $4+2""Z. 
Then 

tS = k+2™q+2" LZ (mod 2+), L = a&X+bq¥+clZ. 


Since af, ---, cf are not all even (k being odd), there exist integral solutions 
X, Y,Z of a+ Z=0(mod2). Hence (= k (mod 2”**) and the induction 
is complete. 

3. Let b and c be divisible by a prime p not dividing a. Then f=0 
(modp) implies 


a=pX, f=pFr, F= apX*+ yt <2 


If F is irregular, f is irregular with respect to multiples of p. The deter- 
minant abc of f is the product of that of F by p. The problem for / 
therefore reduces to that of a form of smaller determinant. 

In what follows we assume* that a = 1, and that b and ¢ are relatively 
prime. We may evidently take c > b. 





*The case a>1 is being investigated by one of my students. 
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4, Theorem 4. f = x*+ by’+cz* is irregular if there exists an odd 
integer k relatively prime to both b and c, such that k is not represented 
by f and such that f = k (mod 8) is solvable. 

By Theorems 1, 2, 3, f = k(modg") is solvable when qg is any prime 
and m is any positive integer. Likewise, f = k(modry™) has solutions 
X, Y, Z if r is any prime +q. By a well known theorem we can deter- 
mine integers §, 4, ¢ which are congruent to x, y, z respectively modulo r”. 
Since §*+ by*+ cl?—k is divisible by both g” and r”, it is divisible by 
their product. Similarly for any product of powers of distinct primes. 
Hence ( = k(modN) is solvable when N is any integer. 

We shall prove that no arithmetical progression contains exclusively 
integers not represented by f, whence / is irregular by definition. For, 
let the progression Nu-+ M(u = 0, +1, +2,---) contain k, which is not 
represented by f. By the preceding result, f represents 


k+Nv = Nu+M+No = Nut+v4+H, 


for certain integral values of wu, v. 

5. Theorem 5. Jf b = 3(mod4), f is irregular except when b = 3, 
c = 4 or 10. 

The squares have the residues 0,1, 4 modulo 8. Thus z*+ by’? = 0, 
1, 3, 4, 5, 7(mod8). In particular, if k is any odd integer, f= k (mod 8) 
is solvable. 

‘First, let b = 3, whence c > 4. If c = 4, f is regular, since* it 
represents exclusively all integers +4n+2, 9*(9n+6). Since —3 is 
a quadratic non-residue of every prime p = 5, 11, 17, 23, 29, 41,--- of 
the form 6n—1, p is not represented by z*+3y*. If c is not divisible 
by 5, we may apply Theorem 4 with k = 5, since 5 is not represented 
by f with c>5. If c is divisible by 5 but not by 11, and iff c + 10, 
we may take k = 11, since 11 is not represented by f with c>11 or 
c = 5. If c is divisible by both 5 and 11, but not by 17, we may take 
k = 17. If c is divisible by 5, 11, and 17, but not by 23, we may 
take k = 23; ete. 

Next, let b > 7. Let p;,---, pr denote the odd primes <} which do 
not divide b. No one of them is represented by fsince ppb<c. If pj 
does not divide c, it may be taken as k. There remains the case in 
which c is divisible by the product P= p, --- py. Let q, qe, --- denote the 





* Amer. Jour. Math., 49 (1927), p. 44. 
+ When c = 10, we find by discussing the cases in which f is divisible by 3 or 5 
that f represents no integer 9*(9n-+6) or 25'(25n+5). Also, no 4*(16n+2). By 
trial, f represents all further integers < 200, and is doubtless regular. 
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primes in order which exceed b, do not divide }, and are not represented 
by 27+ by’. Then* ¢,< P<c, whence q is not represented by f. If q, 
is not a divisor of c, it may be taken as k. Hence let c be divisible 
by Pq,. Then g;<c, whence gq, is not represented by f. If gq. is not 
a divisor of c, it may be taken as k; etc. For example, if b = 19, 

= 3.5-.7-11-13-17, q = 29, g@ = 31, gs = 37,---. 

6. Theorem 6. Jf b = 2(mod4), f is irregular except when b = 2, 
c = 3 or 5. 

Since c is prime to b, it is odd and c-2* = 4(mod8). But 


z*+2y? = 0, 1, 2, 3, 4, 6; x*-+ 6y? = 0, 1, 2, 4, 6, 7 (mod8). 


Hence f = k(mod 8) is solvable when k is arbitrary. 

Let b= 2. Then / is regular iff c—3 or 5. Let c>5. Since —2 
is a quadratic non-residue of every prime p = 5, 7, 13, 23, 29, 31, --- of 
the form 8n—1 or 8n—3, p is not represented by z*+2y*. If c is not 
divisible by 5, we may take k = 5. If c is divisible by 5, but not by 7, 
we may take k = 7. If c is divisible by 5 and 7, but not by 13, take 
k = 13, ete. 

THEOREM 7, If b = 1, c = 2 or 3(mod 4), f is irregular except when 
b= 1, c= 2, 3 or 6. 

For k arbitrary, f = k(mod 8) is solvable. For b= 1, c>7, usek = 3 
if c is prime to 3; k= 7 if c is divisible by 3, but not by 7; k = 11 if 
ce is divisible by 3 and 7, but not by 11; k = 19, ete. For b = 5, c= 6, 
use k = 13, 

THEOREM 8. Jf b=1, c=1 or 5(mod8), f is irregular except when 
b=1,c=1,56,9,21. . 

For } =.1, c = 1 or 5, f is regular (§ 1, § 9). We next prove that 
f =2*+y'+92* represents exclusively all positive integers except 9n + 3, 
N = 4*(8n+7), and hence is regular. Any number of the form WN is 
not a sum of three squares (§ 1) and hence is not represented by f. Let 
m be a positive integer not of the form N. By § 1, m is represented by 
y = X*+Y*+2Z*. If one of X, Y, Z, is divisible by 3, » is of type f. 
Let no one of the three be divisible by 3. Then each is = +1(mod 3), 
and » = O(mod 3). Thus m =0(mod3). But if f=0, thnz=y=0 
(mod 3), and f is divisible by 9. Hence 9n+3 is not represented by /f. 
Consider therefore m = 94+ N. Hence » is not of the like form N, 
whence » = 2*+y'-+2*. Thus m is represented by /. 





* We shall not give here a formal proof of this intuitively evident fact. See the foot- 
note to § 3. 
7 Amer. Math. Soc. Bull., vol. 33 (1927), pp. 67-70. 
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First, let c = 1 (mod8). Then f = k (mod8) is solvable except 
when k = 7 (mod8). Such values of & must be excluded in applying 
Theorem 4. 

For b = 1, c +1 or 9, we have c>17. The available k’s are 3, 11, 19, 
43,---. For b) = 9, the available k’s are 5, 11, 17, 19, 29,---. For b = 17, 
they are 3, 5, 11, 13, 19, 29, ---. 

Next, let c = 5(mod8). Then f = k(mod 8) is solvable except when 
k = 3(mod8). Let b= 1, c>5. If c is prime to 7, we may take k = 7. 
For c divisible by 7, c = 21+56n. If* c> 21, the available k’s are 
23, 31, 47,---. For b = 9, the available k’s are 5, 7, 17, 23, 29, ---. 

TuHEoREM 9, Jf b= 5, c=1 or 5(mod 8), f is irregular. 

According as c= 1 or 5, f = k(mod 8) is solvable unless k = 3 or 7 
(mod 8), respectively. . 

THEOREM 10, Jf b= 0, c= 3(mod 4), f is irregular. 

If k is odd, f = k(mod 8) is solvable. 

7. Remaining cases reduced to earlier ones. 

THEOREM 11. If b = 1(mod 4), c= 4(mod 8), f is irregular except when 
b=1, c=4 or 12. 

We prove that f = x*+y*?+122* represents exclusively all integers 
except 4n-+3, N= 9*(9n+6). If fis even, x+y = 2X, x—y=2Y, 
f=2F, F=X*+Y'*+6z2*. Butt F represents exclusively all + 9*(9n-+ 3). 
Conversely, 2F is of the form f. If / is divisible by 3, x and y 
are, and f/3 = 3X*+3Y?+42* = 0 or 1(mod3); hence / represents 
no NV. Finally, let f be odd. Permuting z, y if necessary, take x odd, 
y even. Then f becomes g = 2*+4y*?+ 122’, g = 1(mod4). Any integer 
4n+41, not of type N, is representedt by z*+3y*+42*. Then y is even 
and 4n-+1 is represented by g and hence by /. 

When }b = 1, it remains to consider c = 8n+42> 20. If f is even, 
we see as before that f= 2F, F = X*+ Y*+(4n+2)z2*. By Theorem 7, 
F is irregular, whence / is irregular at least as regards even integers. 

Finally, consider f = z*+by’?+(8n+4)z* forb>1. If fis a multiple 
of 4, 
x= 2X, y=2Y, f=4F, F= X4+0Y'+Ce’, C= 2n+1. 


If C> b, F is irregular by Theorems 7-9. If C<b, interchange Y with z, 
b with C. We get F, having now )<C, b odd, b > 3, C= 1(mod 4); it 
is irregular by Theorems 5, 8, 9. 





*f=2?+y?+212’ is readily proved to represent no integer of the forms 4*(8n + 3), 
9 (9n +6), 49*(49n-+7r), where r = 1, 2 or 4. It was verified that f represents all 
remaining positive integers < 200. 
+ Amer. Jour. Math., 1927, pp. 39-45. 
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THEOREM 12. Jf b= 8n-+4, c=1 (mod 4), f is irregular. However, 
if b= 4, c= 5, 9 or 21, f is irregular only as to certain doubles of odd 
number, these being 2, 26 and 38 alone when c = 5, and 2 alone when 
c= 9. 

If f is divisible by 4, 


xw=2X, 2-= 227, f=4F, F= X*4+(2n4+1)¥+cZ’, 





and F is irregular by Theorems 5, 8, 9 unless 2n+1—1, c=5,9Q, 21. 

It remains to consider f, = 2°+4y’?+ cz? for c = 5,9,21. It was 
just seen to be regular as to all multiples of 4. Evidently / represents 
no integer 4m+3. If 4m-+1 is represented by “2, it is obviously re- 
presented by ge = 2*+y’+cz*. The converse is true, since z?+y*+2? 
WEE bes = 1 (mod 4) implies that two of 2, y, z are even, whence ~ or y is even. 
Ee In other words, f- and g- represent the same numbers of the form 4m-+1. 
: : Since g- is regular by Theorem 8, f- is regular as to all odd mumbers. 
Irregularity can arise only as to doubles of odd integers; we need the 
following new test. 

THEOREM 13. Jf b is divisible by 4 and if c is odd, f= 2°+by?+c2" 
is irregular if there exists an odd integer h relatively prime to both b and c, 
such that k = 2h is not represented by f and such that f =k (mod 8) is 
solvable. 

Then f =k (mod 2”) is solvable. To prove this by induction let f= k 
rf i (mod 2”) have solutions €, 7,¢ when m=3. Then & and ¢ are not both 
f WE Ae even, since otherwise / is divisible by 4, while k = 2his not. The proof 

Biteae:. * now proceeds as for Theorem 3, the coefficients § and ct of X and Zin L 

LY es being now not both even. Theorem 13 now follows exactly as in § 4. 

ee When f is f, the final condition in Theorem 13 is satisfied. For x =z 

« ae = 1, y= 0 or 1, we have f. =1-+c or 5+c (mod 8). But c= 1 or5 
i (mod 8). In each case f, is congruent to 2 or 6 and hence to the double 

i of any odd integer. 
re: nH | Hence /- is irregular with respect to 2h if h is an odd integer prime 
ee to c such that 2h is not represented by jc. 
ae Evidently f. is double an odd integer if and only if x and z are odd. 

ie A short computation yields a list of all integers N < 400 such that N 
is double an odd integer and N is not represented by f,. For c=5, 
N = 2, 26, 38. For c = 9, N is 2 or a multiple of 3. But if f is 
ie divisible by 3, it is the product of 9 by the regular form X?+4Y?-+ 2’. 
oo uf ft Finally, consider f= f, for c= 21. For p=3 or 7, f= 0 implies 

i x = y= 0 (mod p), whence 


Sia Meteo oie 


Bac Niortai nhee GS as Me ot ST SE Ri 


on 
Seta andl 


> LSE Se IOS 
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f=pF, F = pX*+4pY¥?4+21p72. 
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Hence f represents no integer of either of the forms 9*(9n + 6), 49*(49n-+ 7e), 
where e = 1,2 o0r4. Excluding these, we find that the remaining N’s are 


2, 9-2, 9%.2, 49-2, 10, 9-10, 182 = 7-26, 318 = 3-106. 


Of these, only 2 and 10 are prime to 21 and serve as k in Theorem 13. 
Doubtless f is irregular with respect to many doubles of odd numbers 
divisible by 3 or 7. 

8. Theorem 14. If b =1 (mod 4) and c= 8n, f is irregular except 
for ¢= 2° +5y7 +82? and f(c) = 2? +y+ce2, c= 8, 16, 24. 

If f is divisible by 4, 


2=2X, y= 2Y, f=4F F= X24bY2+2n2. 


(I) Let 2n>b. If 2n =2 (mod 4), Fis irregular by Theorem 7 unless 
b=1, 2n—2 or 6. If 2n=4 (mod 8), F is irregular by Theorem 11 
unless b = 1, 2m = 4 or 12. We postpone the case of 2” = 0 (mod 8). 

When c is a multiple of 4, f(c) evidently represents no integer of the 
form 4n+3. By known theorems on /(2) and (4), we readily prove 
that (8) represents exclusively all integers except 4n+3, 16n+6, 
4*(16n+ 14), and hence is regular. 

To prove that /(24) is regular, note that, if it is even, x+y = 2X, 
x—y = 2Y, and f is the double of a form /(12), which is regular by 
Theorem 11. We there noted that /(6) represents all integers + 9* (9n + 3). 
Let 4m-+1 be not of that form; then it is represented by /(6), and x+ y 
is odd, x*+ y? = 1 (mod4), whence z is even. Hence 4m--1 is represented 
by (24). 

Next, (16) is regular. If it is even, it is the double of (8). Any 
N = 8n+5 is a sum of three squares, two of which are even and one 
odd, whence N = 2?+4y’+42*. Then 4 = 4y*+ 42*(mod8), and one 
of y, z is even. Thus N is represented by /(16). The same is true also 
of any 8n-+1; but a proof seems difficult. 

If (48) is even, it is the double of (24). By the usual proof, 
J(48) + M = 9*(9n+6). It was verified that /(48) represents every 
4m-+1< 300 except 21, 9-21, and numbers M. We apply 

LemMA 3. (48) is irregular as to 21. 

Since f(48) = 21 (mod8) for 2 = 2, y = 1, f(48) = 21 (mod 2") is 
solvable by Theorem 3. We next prove by induction that /(48) = 21 
(mod3”) is solvable. We may take x —=y=0. For m= 2, let 
48 ¢* == 21+ 3" 9, whence ¢® = 1(mod3). Take z=(€+3"—"Z. Then 


48227 = 214+3"9+ 32-3"07-+ 16-3! Z? = 21 (mod3”*") 











340 L. E. DICKSON. 


if g+320Z = 0(mod3). The latter is satisfied by choice of Z, since ¢ 
is not divisible by 3. If p is a prime >3, Theorem 1 shows that 
S(48) = 21 (modp”) is solvable. Lemma 3 now follows as in § 4. 

(II) Let 2n<b. In F interchange Y with z and write c for b. We 
get gp = X*+2nY*+ cz’, where 2n<c, c = 1(mod4). If 2n = 2 
(mod4), » is irregular by Theorem 6 unless 2n = 2, c = 5. In the 
latter case, fis o. If o is divisible by 5, the quotient is 5X*+y*+40Z? 
== 0, +1(mod5), whence o represents no N = 25*(25n+10). By the 
Bulletin paper, g = z*+5y*+ 22’ represents all integers +N. Thus g 
represents every 4m-+1+4 N; then x+y is odd, 2?+5y*? = 1 (mod4), 
whence z is even, aud 4m-+1 is represented by o. Next, if o = 2(mod4), 
x and y are odd and o = 6(mod8). Now represents every 8n + 6< 200 
except 110 and 190, which are of the form WN already excluded. 

If 2n = 4(mod8), ¢ is irregular by Theorem 12. 

It remains to treat the case 2n — 8m in (I) and (II). The argument 
made for f is now repeated for F. If Fis divisible by 4, the quotient 
is w = &+by?+2mo*. First, let 2m > b, 2m = 2(mod4), w (and 
hence F' and /) is irregular unless b = 1,2m—2or6. Then / is (32) 
or f(96). Evidently f + 3, 6 or 7(mod8). We find that /(32) represents 
all 8n+2< 200, and all 4n+1< 300 except 21 and 161; the further 
numbers represented are all multiples of 4, and f/ was seen to be regular 
for them. Next, f = /(96) evidently represents no N = 9*(9n-+3); 
J represents all 8%-+ 2< 200 except 42, 66 = WN and 138 — N, and all 
4n+1< 200 except 33, 69, 77 and integers JN. 

Next, if 2m = 4(mod8), w and hence / is irregular unless }) = 1, 
2m = 4 or 12. Then / is either /(64) or (192). These are irregular 
as to numbers 4n-+1; the first represents all <400 except 21, 33, 57, 
133, 141, 253, 385; the second represents all except 77, 133, 161 and 
multiples of 3. 

For 2m<b, it remains by (II) to consider the case 2m = 2, c= 5, 
whence f is z?+5y*?+ 322%. The integers <100 not represented by f 
for which / is irregular are 13, 22, 17, 97, with doubt as to the multiples 65 
and 85 of 5. 

Further repetions of the process evidently lead to irregular forms. 

There remains only the case b = 8n, c = 1(mod4), c>8n. If fis 
divisible by 4, the quotient is g in (II). The only regular g has 2n = 2, 
c = 5, which contradict c>8n. 

9, Theorem 15. A positive integer is represented by f = 2*+y?+ 52° 
if and only if it is not of the form 4*(8n+3). 

If f = 3 (mod 4) then z, y, 2 are all odd and f = 7(mod8). Hence / 
represents no 8n+ 3. If f is divisible by 4, x, y, 2 are all even; hence f 
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represents 4m if and only if f represents m. The theorem will therefore 
follow if we prove that f represents every positive 8N-+7 and positive 
a= 1 or 2(mod 4). . 

We first prove that f represents every such a. The determinant of the 
halves of the second partial derivatives will be called the Hessian. The only 
reduced positive forms of Hessian 5 are f and g = z*+2y*?+32°+2yz. 
Since g = x*+ 2(y—2z)* (mod 5), g = 0 implies # = 5X, y = 22+ 5W, 

= 5G, G = 5X?+ 3274+ 10zw+ 10w’, G =0 or +3(mod 5). Thus g 
represents no 5(5n+1). We shall prove the existence of a positive form 


F = az’?+by+ce22+2ryz+2zz, b = 5(5n—1), 


of Hessian 5. Evidently F represents a and b. Since F' is therefore not 
equivalent to g, it is equivalent to f, whence also / represents a. 

The Hessian of F is 5 if b = aA4—5, where A = bc—r’*. Then if 
A>0, F is a positive form. Take A= 50L, D=44+1. Then lb = 58, 
8=10aL—1. Then 8 = 40a4+ 10a—1 is a linear function of 4 with 
relatively prime coefficients and hence is a prime for infinitely many values 
of 4. We have 


8 = 10a—1 = 1 or 3(mod8) according as a = 1 or 2(mod 4). 


Giles l= ()- l= 


so that —2L = R*—8C is solvable for integers R and C. Write c= 5C, 
r=5R. Then 50L = A= dc—r’, as desired. 

Next, let a = 8N+7. We now take 4 = 25], /] = 4¢+1, ¢ odd. 
Then ) = 10d, d= 10at+20N+17. Then d is a prime by choice of ¢. 
Since d = 3(mod 4), (—1/d) = —1, (—//d) = 1. Hence —/ = x?—dC 
is solvable for integers xz, C. Since we may add to x a multiple of the 
odd integer d, we may choose an odd value # for x Then C is even. 
Write C= 2y, c=5y, r=5R. Hence 4 = bc—r’. 

COROLLARY. g = X*+ Y*+ 102 represents all positive even integers 
except 4*(16n-+ 6). 

For if g is even, X+Y = 22, X—Y = 2y, 9 = 2f. Conversely, 
2f = («@+y)?+(—y)*+102* is of the form g. By Theorem 7, g is 
irregular with respect to odd integers. 
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CORRESPONDENCES BETWEEN ALGEBRAIC CURVES.* 


By S. LEFscHETz. 


1. The chief object of this paper is to show what can be accomplished 
with the aid of some simple notions of Analysis Situs in the theory of 
algebraic correspondences between algebraic curves. Most of the material 
has been outlined elsewhere [4], [7], p. 49.¢ Necessities of the case, how- 
ever, must have made the prerequisite knowledge of Analysis Situs appear 
more formidable than it actually is as we shall show. Furthermore one 
can take advantage of the fact that the topological situation is rather 
elementary to simplify many proofs. As we have already given a rigorous 
treatment in [2] we shall not hesitate to make a rather large appeal to 
intuition. The preliminary topological notions are considered first so as 
not to interrupt the dicussion of the main topic. It may be stated that 
a full résumé of the theory of correspondences and related topics will 
appear as part of the Report on Rational Transformations to be issued 
shortly by the National Research Council. 

2. Algebraic curves and surfaces. From our point of view an 
irreducible algebraic curve C is a multiply-sheeted, connected, oriented 
Riemann surface. Orientation can be determined in various equivalent 
ways. The most convenient mode is to derive it from a choice of a local 
system of curvilinear coédrdinates &, 7, for a point A. Congruent systems 
are then defined for all points of C and to change the orientation means 


to interchange §,7. At the same point if we pass from &, 4, to &, 7’, 
the orientation is preserved if ae >0O, changed if it is <0. We 
shall have repeated occasion to consider cycles and their homologies also 
the related connectivity indices, [3], Ch. 1; [4]. Homologies, usually defined 
in terms of boundary relationships, can intuitively best be apprehended 
thus: Let for example 71, ---, 7, be a set of linear cycles on C and suppose 
that there exist integers ¢; not all zero such that > t7; is continuously 
deformable over C into a sum of pairs of opposite arcs. We express the 
fact by the homology 
Dtivi~0, mod.c 


(“mod.C” is often omitted) and state that they are dependent. The maximum 
number of independent linear cycles is precisely the linear index R, and 
we recall that 4R, = p the genus of C. 





* Received January 12, 1927. 
+ The square brackets refer to the bibliography at the end of the paper. 
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It will be convenient to consider a signed point as a definite zero-cycle 
and since any point or its negative can be brought into coincidence with 
any other signed point, every zero-cycle is a multiple of a single point 
and Ro = 1. Every two-cycle on C is ~#C, and therefore R, = 1. 
This will be found more amply justified in [14], p. 110. 

All this can be extended to an algebraic surface F fulfilling the following 
conditions. It is irreducible on an S, and such that for every point A 
of F there is a cartesian codrdinate representation of its neighborhood by 
power series in two variables u,v, whose Jacobian matrix is of rank two. 
This is merely the analytical expression of the fact that F' is non-singular, 
but happens to be more convenient with the particular surface that will 
concern us. We can always choose two cartesian coérdinates x, y such 
that at any point not on a certain algebraic curve of F we can take 
u= 2—X, v= Y— Yo (7o, Yo Values of those codrdinates at the point). 

We recall that F is point-wise homogeneous, representable as a multiple 
sheeted complex S, and orientable, [3], Ch. 2. 

3. Kronecker-indices. We are interested in these only in two special 
cases. . 

(a) Index of two oriented arcs 1,l' on C. We assume them analytical 
and intersecting at a finite number of points, not end points. Let A be 
one of them, &, 7 its local codérdinate system as in No.2, uw(&, 7) = 0, 
v (§, 7) = O the equations of 7,7’. We assume w, v so chosen that following / 
positively from A on v is increasing and similarly for /’. Then the functions x, v 
define a new local coérdinate system. Let k be the number of points 
where it is congruent to the system £, 7, i. e. where we 3 >0, and 

? 
k’ the number of remaining points. The difference kK—k’ is the Kronecker 
index of 1,1’ and is denoted by (J-/’). The extension to sums of ares 
Dl, SVU’ is by imposing the distributive law 


(3.1) (D1. ¢) = Di-l). 


There is no difficulty in identifying our index with the numbers of [3], [8]. 
The process here used determines a small triangle ABB’, where AB, AB’ 
are positive arcs of J, 1’ and gives a way of finding whether it is an 
indicatrix or not. 

(b) Index of two surface elements L, L' by F. The procedure is exactly 
the same. The elements will be represented about an intersection A by 
two pairs of equations u = v = 0, w = t = 0 in the local codrdinates 
E,”,¢, 6. u,v define a codrdinate system on L’ and are so chosen as to 
correspond to the orientation on L’, and similarly on LZ, ete. The points 
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are again separated into two categories by the sign of the Jacobian of 
u,---+,#t and the rest is as before. 

Remark. Suppose that /, 2’ on C or L, L’ on F are continuously de- 
formed in such manner that as A varies the elements of each pair do not 
become tangent at any time. Then the Jacobians involved will vary 
continuously and never vanish, hence the contribution from A to the 
particular index involved will remain constant. 

For a similar reason we can replace each element by a tangent element. 
To be precise for example LZ may be replaced by an element L: u =v =0, 
in which u,v coincide with w,v in their first degree terms, since the 
Jacobian considered depends only on these terms. The orientation of 
one of the elements L, L’ defines that of the other. 

4. We now give a series of propositions which follow almost directly 
from the definitions, and in any case are proved at length in [8], [3], Ch. 1. 
We use throughout y for the linear cycles on C, I for the two-cycles on F. 


I. yey) = —-C'-y); We’) = U1). 


For both types of indices: 

II. When one of the cycles is reversed the sign of the index is changed. 

III. The distributive law holds. 

IV. When one of the cycles is ~0, the index is zero. 

V. When one of the cycles is replaced by a homologous cycle, the index 
is unchanged. 

Finally we have two propositions that are special. 

VI. For the retrosections 91, ---, gop of C, properly numbered and oriented 
all indices are zero except: 


(Gi 9p+i) = —(Gpsi-gi) = +1. 


In other terms the matrix 


1|| 
1 ol 
where in the second matrix each term stands for an obvious square matrix 
of order p. 

VII. The algebraic curves of F' are also two-cycles of the surface. Let 
I,T’ be two of them. There is an associated index (7’.7’), Then if their 
intersections are all simple each contributes the same amount to the index, 
and curves and surface can be so oriented as to make this amount positive. 
The following orientation scheme will fulfill the purpose: Let A be any 
point of FT, u,v the corresponding variables of No. 2, y(u,v) = 0 the 


1G,-9) | = | 
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equation of I (satisfied by its points of the neighborhood of A). Let 
u=u'+iu", v= v'+iv’, 9p = ow ,---, vv") +igg(w,---,v”) where 
all new terms introduced are real. Let similarly the equation of J” be 
wy=—wy,+iW, YW, and Ww can be used as codrdinates on I, in the order 
named, and (Nr. 3, Remark) the orientation thus assigned is fixed and unique 
not only for A but throughout I and independent of J”. Similarly for J” 
and 9;, %2 also for F and w, u”, v’, v”. 

Under the circumstances the contribution of A, equal to one in absolute 
D(G1, 2, Wr, Ws) 
Dw’, u”, v’, v”) . 
differential equations we may actually verify that the Jacobian is equal to 
Dg, W) 

D(u, v 
Nr. 3 and observe that it allows us to replace gy, yw by u,v. Then the 
Jacobian is +1 and therefore always positive. As we have thus shown 
that A always contributes +1, VII is in effect proved. The orientations 
as defined here will henceforth be adopted throughout. 

When I, I” intersect in multiple points, etc., each intersection must be 
counted with its multiplicity. This is proved by slightly changing the 
coefficients in g or w. For all this see [3], Ch. 2. 

5, Product of two configurations. By product ExF of two con- 
figurations EZ, F' we understand a homeomorph (continuous 1, 1 image) of 
the set of all point pairs e, f, where e belongs to F and f to F. This 
product can be thought of as a point-set where each individual point is 
representable as exf. If H and F are continua of h and k dimensions 
Ex F is a continuum of h+k dimensions. 

When £ is a point and F' an oriented configuration Ex F can be 
represented by F' itself and is to be oriented like it. For example if F is 
a surface element with a local codrdinate system §, 7 at the point A, Ex 
is a surface element with a similar codérdinate system and the same variables 
at Ex A. 

When E, F are both oriented arcs we impose upon the surface element 
which is their product an orientation such that 





value, has the sign of By means of the Cauchy-Riemann 


2 
| >0O. A more rapid procedure is to apply again the Remark of 


(5.1) (Ex f-exF) = +1. 


For reasons of continuity if this is true at ex /f it will be true over the 
whole surface element. 

These definitions are extended to sums of oriented configurations by 
imposing the distributive law 


(5.2) DExD>F=DE«F. 
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6. Of basic interest for the sequel is the product of two algebraic 
curves A, B.. Call their general p, g, and let them be non-singular curves 
of certain spaces Sm, Sm. Let a, (%,++-, 2m) be the running point on A, 
b, (Yo, Yt» ***, Ym) the running point on B. It is a simple matter to show 
that the surface of Smcm+2) whose parametric equations are 


(6.1) o Xi —= XL Yk; (j, k = 0,1, ---, m) 


is a non-singular surface of that space, and furthermore behaves in accordance 
with No.2. As it is homeomorphic to A x B we henceforth identify it 
with this product. 

The characteristic feature of Ax B from the birational standpoint, is 
that it carries two algebraic curve pencils of genera p, g, whose images 
are B and A, and which are composed of the curves Axb and ax B; 
one of them passes through every point a xb of Ax B. The natural 
convention for orienting Ax B is by imposing 


(6.2) (Axb-ax B) = 1 


analogous to (5.1). It will be observed that our orientation conventions 
are in agreement with [8], p. 30. From (6.2) and VII, No. 4, follows that 
the index of two algebraic curves on A x B is always equal to the number 
of their intersections. 

We have this important theorem. Every k-cycle of Ax B is a sum of 
products of h and k —h cycles of Aand B. Let yi, ---, yop and di, --+, dog 
be fundamental sets for A, B. The cycles a x 4;, y; x b constitute a funda- 
mental set for the linear cycles of Ax B and as they are independent 
its Rj = 2p+2q. For the two cycles we also have a fundamental set 
composed of independent cycles in the set ax B, Axb, y;:x6;. Hence 
R, = 4pq+2. For the proofs which are very simple, see [3], p. 52; 
[8], p. 52; [7], p. 362. 

Concerning Kronecker indices there is the important formula 


(6.3) (yxd-yxd’) = —(y-7) (6-0). 


Owing to V, No. 4, to the distributive laws and to our continuity con- 
siderations, everything comes down to examining the contributions at points 
axb,a,b, of intersections of the respective cycle pairs. We can choose 
our local codrdinates such that, with the same notations as in No. 4, 
u’ =u” = 0 represents Axb, v =v” = 0, axB. Also, No. 3 Remark, 
we may take y, 7’, 6, 0’, as being in order the uw”, uw’, v”, v’ axes. Then 
(y-y’) = (6.0’) = +1. The coordinates for y x 6 and 7’ x 0’ are respect- 
ively (w”, v"), (w’, v’). Hence 
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Diu, v, u", v”) es 


(yx d-7'x 0’) _— Di, u", v, v") ba 


—1 = —(y-7)(@-8) 





as was to be proved. 

7. The first geometer to consider products of curves would seem to have 
been Segre. They were also investigated by Picard, Maroni, de Franchis, 
and especially Severi, in whose beautiful paper [13] (1903) will be found 
ample references. Somewhat later (1907) general products were introduced 
by E. Steinitz and also investigated by his student Kiinneth. For references 
to their work see [8] p. 29. In that paper products were made the basis 
for solving the general problem of coincidences of transformations of 
manifolds without boundary. See also [9], vol. 1, p. 92; [4]; [6]; [3], p. 52; 
[8], p. 52. 

8. Algebraic correspondences between algebraic curves. Let 7 
be such a correspondence between our two curves A, B. We consider 7' 
as an algebraic transformation of A into B. To each point a of A corre- 
spond 4 transform points },,---, bs which constitute the group 7'a. Similarly 
to each b of B correspond by 7 points a,---, de, of the group 7 b. 
The numbers a, , are the indices of T. 

If b is any point of 7a, the set of all points a xb, when a varies, is 
an algebraic curve J on Ax B, since it is an algebraic locus «* of which 
no isolated component is a point or a surface. J as a cycle must be 
oriented so as to conform with VII, Nr. 4. Conversely every algebraic 
curve TY not a sum of curves ax B or Axb, defines a correspondence 7’. 
The study of correspondences is then identical with that of the curves on 
Ax B. In particular birational invariant integers associated with the 
curves will yield similar invariants for the correspondences. Thus the genus 
of I, and its degree (Kronecker index (I, I), number of intersections with 
a neighboring curve of the same continuous system) are invariants of 7’, 
as well brought out by the Italian authors who dealt with the question. 
However, our concern will be in a distinctly different direction. 

The indices of 7’ are 


(8.1) (T.4xb) = a; (F-axB) = 8, 


By I, No. 4, we may also interchange the cycles in (8.1) without affecting 
the indices. And while we are considering these indices we may as well 
observe that 


(8.2) (ax B-yx0d) = (Axb-yxd) = 0 


and likewise when the cycles are interchanged. For when a or b vary 
ax B, Axb are replaced by homologous cycles and therefore the indices 
26 
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are unchanged. Take a not on y, 6 not on 6. Then the cycles in each 
pair will not intersect and the indices are zero. Similarly 


(8.3) (ax B.ax B) = (Axb-Axb) = 0. 
9. Since F is a cycle we have by No.6 
(9.1) PweaxB+eAxb+De,7,%4,. 
By (8.1), (8.2), (8.3) and (6.2) : 
(r-Axbt) =e =a; (F-axB) = e = f. 
Hence in place of (9.1) 
(9.2) PwaaxB+BAxb+D6,,7;%4,. 


10. To proceed further we need to bring into play the transforms of 
the cycles of A by 7. Since 7’ is a transformation on points, strictly 
speaking we are quite free to define arbitrarily 7'y. But the only reasonable 
definition is this: Let first y be a simple circuit. As the point a describes 
it positively the points of the group 7'-a on B will describe paths whose 
sum is a cycle, that we consider by definition as Ty. If y is an arbitrary 
cycle we replace it by a homologous sum of simple circuits and define 7'y 
as the sum of their transforms. 

We next propose to prove the fundamental relation 


(10.1) (r.yx 6) = —(Ty-98) 


where the first index is measured on the product surface and the second 
on B. 

As in No.6 we can reduce everything to the special case of a single 
intersection ab for the cycles at the left and choose the local coérdinates 
such that Axb, ax B, I, be represented by wu =—0, v=0, u—v=—0. 
We can besides also assume that y, 6, are the real w”’, v’ axes. 

Let us compute ('-y x6). The equations of y x06 are u’ =v" = 0. 
On I the variables wu’, v”, reduce to v’, v”. This is the same set of local 
I cobrdinates as derived for it from the condition (7.axB) — 1, and 
corresponds then to the correct orientation of the cycle. On the other 
hand the equations of I: u’—v’' = 0, w”—v” = 0 are such that their left 
sides become —v’, uw” on yx 6. They vanish respectively on y and 6 and 
correspond to y and —d, hence the equations of / must now be written 
as v’— aw’ = u"—v" = 0. 


a ee Dw, vo", v'—w, w"—v") -* 
if. y Di(w, u", v’, v") = : 
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It is at once verified that 7'y coincides with the v” axis, hence (7'y-6) = 1, 
from which (10.1) follows. 

The formula just proved is a special case of the analogue of formula 
(59.2) of [8], for transformations between two distinct manifolds, derived 
in exactly the same way. Its proof as there given is much more general 
than the above but also far more laborious. 

11. The application is immediate. The effect of 7 upon the cycles is 
represented by a series of equations: 


(11.1) Ty, ~ a Cnn x 
From (9.2), (6.2) and (10.1) we find 
(11.2) bite (7;"7;) (6; - 6) = Dy (6;-4,). 


At this point matrix notations come in very conveniently. We designate 
by ¢,c, the matrices whose elements are ¢, Sip and set 


C= Il(y,-r) IL D= || (6; 9;) ||. 


From I, No. 4, we conclude that C is an alternate matric, i. e., C’ = —C, 
and also of course D’ = —D. Their respective orders are 2p, 2g. When 
the fundamental sets are changed C and D are multiplied by matrices 
whose determinants are +1. When the fundamental sets are retrosections 
C|='|D\ = +1. Hence these determinants are +1 in all cases, and 
C-1 and D™ are well defined. From (11.2) then follows 


(11.3) C’eD = —CeD = cD, 
and since D~ exists, 
(11.4) —Ce=c; e=—C ec, 


This completely determines the cycle I attached to 7. 

Remarks. I. An interesting application of our methods is found in the 
calculation of the transformation matrix ¢ corresponding to 7’ like c to T. 
For 7- and in virtue of the readily verified relation yxd = —dx~y, 
we must write in place of (9.2): 


(11.5) r~waBxatsbx A—D> ey 4; x yi, mod. Bx A. 
Hence « is new replaced by —e’, and by (11.4) we find 


(11.6) é= —D'e = De'C-. 
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When the fundamental sets are the retrosections, D and C have the form 
iG. Ce 


Cor Cag 
the terms are all matrices with p rows and qg columns. We have 


es 0 | lei, Con | 0 | = | 
—1 Ol lids eel i—1 0 SE Rae 5 


given in VI, No.4 and C-'= —C. Let us write c= , where 


U Ul 
C22 —= (Cis 


e= 


This result, except for the notations, has already been derived by Rosati[12], 
p. 41, by a lengthy calculation involving theta functions. 

II. The fact that 7 is algebraic enters solely in the proofs of several 
index formulas. These have been independently established in [8]. Hence 
all our results are valid for general correspondences. 

12. Let 7* be another algebraic correspondence between A, B and 
denote all its elements by starring those of 7. We are particularly 
interested in the number of coincidences of the two correspondences, i. e., 
in the number of pairs a, b such that b = Ta = T*a. That number is 
manifestly equal to (’-I'*). At once 


(12.1) (r.T*) = af*+a*B+ De, et. (y,x 55-7, x 4,), 
which by (6.2) becomes 
(r.T*) = af*+a*p— De, eX. (y,-7,) (6,-4,) 


(12.2) 
= af*+ a* 8—tracee’Ce* D’. 


By (12.4) we find e’Ce* D' = c'C’* c* D’.. The trace of the latter matrix 
is the same as that of its transverse Dc’* C—1c. For reasons of symmetry 
c and c* may be interchanged, hence finally 


(12.3) (r.T*) = af*+ a* 8 —trace De’ C—c*. 
The degree of F is obtained by assuming 7*~T. It is therefore 
(12.4) (r-I) = 2a8— trace De’ C~'e. 


13. Non-singular correspondences. The correspondence 7’ is said 
to be singular if the corresponding cycle transformation matrix c is + 0. 
A non-singular correspondence between the two curves A, B is then 
represented by a curve 
(13.1) I'~BAxb+aaxB 


and its coincidences with 7', whether singular or not, are given by 


(13.2) (.T*) = af*+ a* ZB. 
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REMARK. In view of the-equivalence between the relations ~ and = 
(Severi algebraic equivalence), [3], between curves on a surface, (13.1) can 
be replaced by the Severi relation 


(13.3) r= BAxb+aaxB. 


This is essentially his result [13], p. 22. 

14. Correspondences on a single algebraic curve A. This time B 
must be taken as merely another copy of A and the only change through- 
out is that D = C, so that in place of (12.3) we now have the coincidence 
formula 
(14.1) (I. 0*) = af* + a* 8 — trace Cc C— c*. 


As a matter of fact there is nothing to prevent us from using on B 
a fundamental set not made up of the images of the y’s and then (12.3) 
is unmodified. 

The interesting problem, however, lies now in connection with the relations 
of 7 to the identical transformation. Let us denote all the elements of 


the latter by the superscript zero. Then c® = 1, hence e° = — C~; also 
a = &) = 1, which determines its cycle 7°. Hence the number of fixed 
points of T, i. e., of points a = Ta is now given by 
(14.2) (r.r°®) = a+ 8— trace Cc C—. 


But by a well known property 


(14.3) trace Cc’ C-! = tracec’ = tracec. 
Hence the number of fixed points is 
(14.4) (r.r°) = «+8 —tracec. 


Of particular interest are the valence correspondences or correspondences 
whose effect on the cycles is merely to multiply them by one and the same 


integer —g, where g is the valence of T.t Then c= —gq- Joy, where lop 
is the identity matrix of order 2p. Here trace c = —2gp, wherefore 
for the number of fixed points: 

(14.5) (T- T°) = a+8+2gp 


which is the noted Cayley-Brill formula. Similarly the other coincidence 
and fixed points formulas generalise known results due to Hurwitz, [2]. 





t Usually v, but the change in notation is necessary to avoid confusion with our notation 
for cycles. 
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He assumes throughout that the fundamental sets are retrosections and 
obtains his results by means of theta functions. See also [4]; [8] p.47, a topo- 
logical derivation by Chisini, [1], and a related paper by Alexander, [15]. 

Remark. An interesting special type consists of symmetrical corre- 
spondences or correspondences which coincide with their inverse. From 


No. 11 follows that for such a 7, « == —e, i.e., the matrix « is skew 
symmetrical. Furthermore also c = Cc’ C-!, and when the retrosections 
are the fundamental set, c = —Cc'C. 


15, Existence of correspondences. We return to correspondences 
between A and B+ A. We ask if, given the cycle (9.2) a priori, there 
exists a related algebraic correspondence 7’? The problem is equivalent 
to obtaining the conditions under which (9.2) represents an effective curve 
of Ax B. The answer is provided by this theorem which I first proved 
in [7], p. 346; see also [3], p. 72: In order that I be homologous to a curve, 
effective or virtual (difference of two effective curves), it is necessary and 
sufficient that the corresponding period of every double integral of the first 
kind be zero. Let w,---, up and v1, ---, vg be independent sets of integrals 
of the first kind of A and B. Then every Picard integral of the first 
kind of A x B is a linear combination of the w’s and v’s, [9] vol. 1, p. 129, 
hence $2; = p+q in conformity with No.6. Similarly every double 


integral of the first kind is a linear combination of the integrals f f duj dvx. 


Hence, according to the above theorem we musi have J Jaw du, = 0. 


Let o, = ||},||, @, = ||%,|) be the period matrices of the w’s and v’s 
as to the y’s and 0’s, the rows corresponding to the integrals and the 
columns to the cycles. Since uw is constant on ax B and vm on Ax), 


our condition reduces to 


(15.1) 2 uw wl, o2, = 0, 
which is the same as 
(15.2) w 60, = 0, 


The necessary condition involves then, when ¢ + 0, that is, when 7’ is not 
an ordinary correspondence, a relation between the two period matrices. 
It is of the type called “simultaneous relation” by Scorza [10], p. 10. 
The number 4 of linearly independent relations of that type is his s¢multanezty 
index for », and w,. Thus a necessary condition for a singular corre- 
spondence is 4> 0. 

Conversely let 42>0. Then there exists an ¢ + 0 with a '~ an effective 
or virtual curve. We shall show in a moment that in that case there 
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exist integers ¢,, fg such that a curve raor+tAxdb +tax B is effective. 
This curve satisfies the homology 


P~ (a+t)axB+(A+h)Axb+ Dey nix dj, 


that is corresponds to the same matrix «, Hence this final theorem: In 
order that there exist a singular correspondence between A and B it is 
necessary and sufficient that the simultaneity index of their period matrices 
be positive. If (15.2) is the relation between the matrices there is a 7’ 
determined by (9.2) corresponding to the same « as in (15.2). 

16. To prove the existence of an effective T, let us set T= I,—T 
where I, F, are effective. It is sufficient to show that for 4, t properly 
chosen there is a curve ~t,-Axb+4,ax B containing TZ, as component. 

In the notations of No. 6, observe that the surfaces, [] X;" = 0, Sn, = n, 
cut out on Ax B curves ~ n(m ax B+m,Axb) where m, and mg are the 
orders of A and B. If follows that this is also the case for hypersurfaces 
of degree Of Smim+2). For » sufficiently high there exists such a hyper- 
surface passing through I, which proves our assertion. 

17. Hurwitz has defined in [8], correspondences 7% as dependent if there 
are integers 4; not all zero such that on B the abelian sums for the v’s 
and the group > 4; T‘a are constant. This means that the periods of 
the v’s as to SA; T*y are all zero, hence >'4; T‘y ~ O mod. B, whatever y. 
Let c’, @, I*, be the c,e, F for T*. Then 


(17.1) Did =0. 
(17.2) Darin dAxbtpax B. 


The last condition shows that the cycle } 4; 7 corresponds to an ordinary 
correspondence and gives the topological interpretation of the relation of 
dependence. From (17.1) we derive at once by (11.4) 


(17.3) Dua = 0. 


Conversely from (17.3) follows (17.1). Hence the maximum number of 
independent correspondences is equal to the maximum number of independent 
relations (15.2), that is, to the simultaneity index 4 of w, and »,. This 
is precisely the result obtained, loc. cit., by Hurwitz if we keep in mind 
Scorza’s theorem [10], p. 17, according to which the number of independent 
relations (15.2) is the same as that of relations 7, = ,c, where 9, ¢ are 
square, of orders p, 2q and c has its terms all rational. 

18. Similar results hold for correspondences on a single C. The termino- 
logy should be kept clearly in mind. The term singular correspondence 
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is applied only to a 7 whose effect upon the cycles is not merely to 
multiply them by a constant integer —g, i. e., to non-valence corre- 
spondences. To a valence correspondence belongs a matrix c = —g Io», 
(No. 14); hence by (11.4) its e = gC-1. The correspondences which change 
every y into a circle~0O are the correspondences with zero-valence. The 
number of independent correspondences is the number of linearly independent 
matrices ¢ such that we’ = 0 where is the period matrix of A. 
Similarly the number of independent symmetric correspondences is the 
analogous number obtained when « is skew-symmetric. The same results 
have already been obtained by Rosati, [11], p. 14. 
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ON THE EXISTENCE AND PROPERTIES OF THE 
SOLUTIONS OF A CERTAIN DIFFERENTIAL EQUATION 
OF THE SECOND ORDER.* 


By T. H. GRonwa.Lt. 


1. Introduction. The differential equation to be considered is 


(1) fe [9 044] = Sew 


with one of the following boundary conditions: 


(A) y=y at c=—m, yor at c=; 
(B) g(x, y)y =c at x =X, y=m at v= XH; 
(C) y=y at x = %, y>0 as £>®; 
(D) g(iz,y)y =c. at c=, y>0 as ZO, 


The existence and uniqueness of the solutiont will be shown under the 
following conditions on f(x, y) and g(x, y), where condition (5) is used 
only with (C) and (D). 

First, given any finite x,> 2, and any finite )>0, f(a, y) is bounded 
and satisfies a Lipschitz condition for x <2< <2, and |y|<}, and the 
same is true for 1/g(a, y) for zx <«< 2 and all finite y, so that 


f(x, y)|< Mh, Mm Stren, 
If (x, 2)—f (x, y)|< Mele—y|,J lyl Sb, lel <5. 
1 oe 
@) | g(x, y) pe % Seton 
all y and z 





| Sere 
g(@v,z) g(x,y 


* Presented to the American Mathematical Society, January 2, 1926, and February 26, 


1927; received January 21, 1927. 
+ P. Debye and E. Hiickel, Zur Theorie der Elektrolyte, Physik. Zeitschr., vol. 24 (1923), 


p. 185-206, assume without proof the existence of a unique solution of (1,D) in the 
n 

particular case g(x,y) = 2", f(x,y) =2* f(y), where f(y)= 3 «,A, ev! 
v=1 

stants «,,8, being real, all «, positive and Sa, f, = 0, so that f(0) = 0. Since 

S(y=s a, BF fo, it follows that f(x,y) and g(x,y) satisfy conditions (2) to (7). 
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where the M’s may increase indefinitely with z, or b. Second, for any 
finite x >2,, f(x, y) increases with y, and f(z, 0) = 0, so that 


(3) S (x, 2)>f (x,y) when z>y, ( => a), 
(4) S(x,y) =0 according as y = 0, (x > %). 
Third, for any y, +0, 

(5) {- SI (x, y:) dx is divergent. 

Fourth, g(x, y) has the properties 

(6) g(x, y)>0, (« = a and any finite y), 
(7) g(x, 2) = g(x,y) when |z|>|y|. 


In the particular case g(x, y) = 1, the boundary problem (A) was treated 
by Picard* under the sole assumption (2), provided that 2,— x, is sufficiently 
small. With g(x, y) = 1, the boundary problems (A) and (C) were solved 
by Kneser? under the conditions (2) to (7) and the additional assumption 
that f(x, y) is such that for every pair of values yo, yo, equation (1) has 
a solution which is finite throughout the interval (,, 2,) or (x, ©) and 
satisfies the initial conditions 


(E) y=y, y =y at x= m%. 


The nature of this assumption on f(x, y) is not investigated;{ it is an 
essential result of the present paper that this assumption is superfluous. 
2, Existence and uniqueness of the solution of an auxiliary 
equation with boundary conditions (EK). Let b> 0 be fixed arbitrarily 


and define F(x, y) as follows: 


S(z,b) when y= bd, 
(8) F(x, y) = S(x,y) ” era ~~, 
S@, —>d) ” ys —b. 


* E. Picard, Traité d’Analyse, vol. 3, chapter 5. 

+ A. Kneser, Untersuchung und asymptotische Darstellung der Integrale gewisser Diffe- 
rentialgleichungen bei grofen reellen Werten des Arguments, Journ. fiir Math., vol. 116 
(1896), p. 178-212. 

{ The existence of a solution of (1, E) finite in (29, x,) is no consequence of conditions (2) 
to (7), as is shown by the example y” = 2y*. We find y” = y‘+y, —y, so that 
when ys —yo #0, = is expressed by an elliptic integral of the first kind and conse- 
quently has an upper bound 2, for all real values of y, so that no solution of (1, E) exists 
in the interval (a, 2,) when x, >a. If, however, vo — Yo = 0, the solution which is 
finite for all x >a is y = yo/(1+|yo| (x — %)) with yy = yo|Yo!. 
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Then F(x, y) evidently satisfies those among the conditions (2) to (7) which 
are satisfied by f(x, y), except that the condition |y| <b, |z| <b in (2) 
is now removed. With the sole assumption (2), we shall now prove the 
existence of a unique solution for x> 2 of the differential equation 


(9) toe, 0 $4| = Fey) 


with the boundary conditions (E). 
Integrating and using (E), we obtain from (9) 


0) -¥@) = wtf [yao wtf" Fe, oat], 


and this is solved by the following successive approximations 


y1 =) = the a, 


(11) Yn (x) = will % (xo, yo) yo+ gs F(t, yn- m-s(oratl Tew ai =o) 


We have 


Yn+1 (x) — Yn (x) ={" [oa Yo) Yo +f Ft, Yn (o)at| 








1 1 
s ra yn(s)) 9 (8, Yn-1 (8)) 
+J. Y [F(t, yn () — F(t, yn—1 (0)] dt ——— 


and using (2), we find form <2<% 


ds 
G(s, Yn—-1 1 (s))’ 


‘Yn+1(x)— yn (x)| << My [| 9 (x0, yoyo + Mi (ay ae) yn (s)— yn—1(s)| ds 


(12) ups | 
+ MMe ff" yn) —yna(0) dtds. 
But 
x Ss zr J 
f. Yat) — Yn (t) dtds<f- ‘Yn (t) — yn-1 (8) | dt ds 
(13) ° ‘°° » J Xo 


Ss (— mo) lyn (t) — yn— (8) dt. 


When 2, 2%, yY and yy are bounded, m < mm <%, yo < jp, 
Yo < yo, the inequalities (12) and (13) give 


(14) Iynta (2) — yn @)| <I J Iyn (6) — yn v0) ds, 








—— 
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where M is a constant, and the inequality 


poe ie nn 
| yn (2)— yaa (x) | < yo MM" e—aY 


’ 

which holds for n = 1 by (11), now follows by complete induction from (14), 
so that y,(x) converges to a limit y(x) as no, the convergence being 
uniform with respect to x, 2, 2%, yo and yo when 7% <% ely < 27%, 
lyo! < Yo, |yo| << Yo, and every yn(x) being a continuous function of 
XL, Lo, Yo and yo, the same is true of y(x). Moreover, it follows from (11) 
that y (x) satisfies (10), so that it is a solution of (9, E), and by (10) y/ (x) is 
a continuous function of x, 2, yo and yo. This solution is unique, for let y(x) 
be any solution of (9, E); then it follows from (10) and (2) that y(z) is 
bounded, and the inequality 


Ly @)—n@) |< fy @)—mal | ds 


is derived in exactly the same way as (14).. Taking M’ so large that 
ly (xz) —y: (2) |< M’ for m <x <a it now follows that 
’ we (x ww - 
| y (x) — yn (x) |< M’ M” Wey tec as N>O, 
We thus have 

THEOREM I. Under condition, (2), there exists a unique solution y (x) 
of (9, E); y (x) and y' (x) are finite for all finite x > x, and are continuous 
functions of x, yo and yw. 

3. Existence and properties of the solution of the differential 
cquation (1) with boundary conditions (E). That a unique solution 
of (1, E) exists for values of x sufficiently close to x) is seen in the fol- 
lowing manner. Choose b>|y,| and let y be the solution of (9, E); since 
y is continuous, we have |y|<b for zx sufficiently close to x) and con- 
sequently, there either exists a smallest 2 = §(b) for which |y| =), or 
|y|<b for all x ><», in which case we write §(b) = ©. For m<2<§&(b), 
we have F(a, y) = f(z, y) by (8), so that y is also a solution of (1, E). 
Conversely, when y is a solution of (1, E), |y|<6b for ~» <x<a%+4, 
where 6 is sufficiently small, and hence y is a solution of (9, E) in this 
interval, so that y = y, and consequently the solution y of (1, E) is unique 
and exists for 7 <2<&(b). When b increases, it is evident from the 
definition of £(b) that the latter also increases, and writing § = lim § (0), 


b—>00 
it follows that the solution y of (1, E) exists and is unique for z << x<&. 
When & is finite, we must have lim sup |y| =o, for if | y| were bounded 
z—_> 
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<9 for 7 <x<&, we would only have to make b>y in order to obtain 
E(b) > b, which contradicts the definition of &. 

We shall now establish some properties of the solution of (1, E); the 
proofs apply word for word also to (9, E). Consider a solution y of (1, E) 
for % <2 <2, and let it have an extreme ys at x = 2, interior to this 
interval; then y: = 0 and (1) gives 


g(a, yo) y (a) = [Fle y() ae. 


For 7.<x2<2%+6 and 6 sufficiently small, the right hand member has 
the same sign as ys.* Similarly, the sign is opposite that of y, for 
Lga—O<a<a2. Since g(x, y) is positive, it follows that y, is a minimum 
when positive, a maximum when negative. Of two consecutive extremes, 
the maximum must therefore be less than the minimum, and we have 

THEOREM II. Under conditions (4) and (6), any solution of (1) has at 
most one extreme, which is a minimum when positive, a maximum when 
negative. 

In the case when § is finite, we may now make the statement lim - |y| == 00 

x2—> 


more precise. For x; <x<§ and 2; sufficiently close to &, y is monotone 
by Theorem II, so that either y>-+o or y>—o as x—>§&, Assume, 
for instance, that y > +0; then we have y’>0 and y>0 for a, < 2<&. 
By (1), 


g(a, v)y—g (a, ub = J Fl, u()) ds, 


so that, by (4), g(x, y)y’ increases monotonely with x toward a limit 4'> 0. 
Assume q’ finite; then 
x x 
yY—ys = f yda <4’ f. Ey < 9’ Mz (a — 23) 

by (2) and (6), whence it follows that y is bounded as x—>§&. This con- 
tradiction shows that y’ = +0, and a similar argument holds when 
y—>—o, so that we have 

THEOREM III. Under conditions (2), (4) and (6), there corresponds to 
every set of values yo, yo, a § (which may be + 0) such that the solution of 
(1, Z) exists and is unique for % < x<&, and if & is finite, then y and 
g(x,y)y' tend monotonely to infinity with the same sign as x &. 


*If ye = y:= 0, then y = 0 identically, since 0 is a solution of (1) by reason of (4), 
and the solution y is uniqueiy determined by the values of y and y’ at « = 2,. The existence 
theorem as given above yields this conclusion for 2,>2x = a, only, but the case x < x < 2, 
is reduced to the former upon replacing x by 2o+2,—<2. 
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We shall finally prove the following comparison theorem: 
THEOREM IV. Let y be a solution of (1, £). and z a solution of 


£_| a) Ha 

(15) 7 g (x, 2) pi = f, (x, z) 

with the initial conditions z = %, 2’ = 2% for x = %, where 
(16) Zo = Yo and g(a, 20) 2 = |G (Xo, Yo) Yo: 


Assuming that f(x, y), fi (x, y) and g(a, y) have the properties (3), (4) and (6), 
and that 

(17) Si (@, 2) = f(@, 2) 

Sor all x =>» and all z, then 


(18) z2eDy and g(a, z2)2'—g(a,y)y’ > g(xo, 20) 2% — 9 (0, Yo) Yo 


Sor % < x<&, and the equality sign holds in either place in (18) only 
when the equality signs hold simultaneously in both parts of (16), as well 
as in (17). 

Consider first the case where both equality signs do not hold in (16). 
When 2 > yo, then evidently z>y for »<x<2)+46, where @ is suf- 
ficiently small. When 2 = y but g(x, 20) 2) > 9 (xo, yo) yo, the latter in- 
equality reduces to 2)>y, and consequently z’>y’' for m<x<a+4, 
so that z>y in the same interval. If z<y for some x> 2p, there exists 
a smallest 7, >» such that z= y atx = a, so that, for |h| sufficiently 
small, y(a, +h) —2(a,+h) has the same sign as h, and consequently 
y >2z at ©=-2,. From (1) and (15) we obtain 


g(x, 2)2 — g(a, y)y’ = g(x, 20) 2 — 9 (Xo; Yo) Yo 


+ [Li@2—se@, 2) de, 
and for « = 2, where z, = y,, we find by (16) and (17) 


(19) 


g(%,%) (i— yi) S ue 2) — f(a, y)] dx. 


But since z>y for 7%<2< 2, (4) shows that the integral to the right 
is pusitive, so that 2’>y' at x = 2,, whence contradiction. Hence z>y 
for x > <p», and the second inequality (18) now follows immediately from 
(19) and (17). In the remaining case, where the equality sign holds in 
both places in (16), replace z by z.-+¢, where «>0. The corresponding 
gz is then greater than y for x >», according to what has just been proved, 
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and letting « > 0, it follows that z > y for x> a. Consequently (19) 
and (3) give 


g (2, z) 7“—y (x, y) y aus fru (a, z) —S (2, y)) dx 
> [ie se, alae, 


and the last expression is positive for «>2, when the equality sign 
in (17) does not hold everywhere. At any point 2,> 2p, the initial 
values corresponding to (16) therefore satisfy the conditions z, = y,, and 
g(%, 2) 21> 9 (a1, 4%) yi, So that we are now in the first case, and con- 
sequently z>y for x>2,. Letting x, approach x), the theorem is there- 
fore proved. 

4, Existence and uniqueness of the solution of (9) with the 
boundary conditions (A) to (D). Let y = y(z, y%, yo) be the solution 
of (9, E). 

To prove the existence of a unique solution of (9, A), we observe that, 
by (2) and (8), | F(z, y)|<M, for a» <2< a and any y. From (9) it 
now follows by integration that for 7<2< % 


9 (Xo, Yo) Yo— My (a— %) < g(a, yy’ < Gg (Ho, Yo) Yt Mi (a1— 2%). 


When yo is so large that the expression to the left is positive, (6) shows 
that y’>0; assuming that y (2, yo, yo) remains bounded <9 as y>+o, 
it follows from (7) that g(a, y) < g(a, 4), and 

1 dz 


Yi— Yo = [9 (oe; Yo) Yo— M, (x1 — %p)] hives 


so that y(m, Yo, y>+0 as yy>o. This contradiction shows that 
lim sup y (2%, Yo, Yo) = +. Similarly, when g (%, Yo) yot Mi(ai— x) < 0, 
we find y’<0 and lim inf y (2, yo, yo) = —® as yy>— ©. Making 2 = y% 
and jf, (x, 2) = f(a, 2) in Theorem IV, it follows from the first inequality (18) 
that y (2, ¥, yo) increases monotonely with yj. Since y (x, Yo, yo) is more- 
over a continuous function of yj, it follows that y (x, yo, yo) = y for one 
and only one value of y, so that (9, A) has a unique solution. In particular, 
it is seen that any two solutions of (9) cannot intersect at more than one 
point without being identical. 
Passing to (9, B), we observe that by (2), (8) and (10), 


ly (215 Yos Yo) — Yo| <[l9 (xo, Yo) Yo | + M, (2%,— 29)] - Ms (x:— %9), 


so that, when g (a, y)) yo is kept constant and y varies, y (1, Yo, y+ © 
according as y,>+ 0. By TheoremIV, y(2, yo, yo) is a monotone increasing 
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function of y) when g (xp, Yo) yo is kept constant, and moreover, this function 
is continuous. Hence (9, B) has a solution which is unique. 

To solve (9, C), it is sufficient to consider the case y,>0O, since upon 
replacing y by —y, (9) becomes 


and g(z,—y) and —F (x, —y) evidently also have the properties (2) 
to (7).* Consider the solution y (x, y, yo) of (9, E) with y fixed and 
variable, and assign yo to classI or class IJ according as y (x, yo, y) is 
positive for all x > 2, or passes through zero for some x>2. Neither 
class is empty, since any y >0 belongs to class I by Theorem II, and any 
solution of (9, A) with y,<.0 evidently gives an yj in class II. Moreover, 
Theorem IV with z = y and f(z, z) = f(a, z) shows that when any y 
belongs to class I, so does any greater yj, and when an y is in class II, 
so is also any smaller yp. Thus classes I and II define a Dedekind cut y, 
and the corresponding y = y(2, y, yo) is a solution of (9,C). In fact, 
y cannot have a minimum, for suppose a minimum y,> 0 to occur at z = a. 
Let 2,> 22, and denote by y, the corresponding value of y; take a 2, such 
that y,>2,> ye, and form the solution z of (9, A) passing through the two 
points 2, Y and 2, 2. Since z,<y,, and the solutions z and y do not 
intersect except at x), ¥, it follows that z<y for a~<x2< a, and con- 
sequently zo< yo (as 2)== yo would make z and y identical). But since 
2 (a2)< ye<y;, 2 must have a (positive) minimum, and thus 2 belongs to 
class I, which is contrary to the definition of y5. Hence y decreases mono- 
tonely as x increases. On the other hand, y cannot become negative, for 
let y= y%4<.0 at x = %, choose z, such that y,<2,<0, and form the 
solution z of (9, A) passing through x, yp and 2, 2,. It is than seen as 
above that 2 >y) must belong to class IJ, whence contradiction. Thus 
y decreases monotonely to a limit y, => 0 as x>o, and if y,>0, then it 
follows from (9) and (3) that 


g(a, Dy’ = gm wrt. Fe, ydde, 


so that, by (5), y’>0O for x sufficiently large, and y cannot decrease 
monotonely. Hence y, = 0, and y is a solution of (9,C). Let y and z 
be two solutions of (9, C), and assume 4 > y;. Then z>y by Theorem IV, 
and the second inequality (18) gives g(x, z)z’—g(z, y)y’>g(xo, yo(2o— yo); 
or since y’< 0 and g(z, y) < g(a, z) by (7), 





* When y = 0, Theorem II shows that y increases or decreases monotonely according 
as yo =0, so that we must make yo = 0 to obtain a solution of (9,C), and in this case, 
y = 9 identically. 
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(20) g(x, 2) (2’— y') > g (xo, yo) (2 — yd); 


whence z2’—y’>0, so that the difference z—y, which is positive for 
x > 2, increases with x, while (C) requires that z>0, y>0O as r>~m, 
and this contradiction proves the uniqueness of the solution of (9, C). 

To solve (9, D), we may assume y,<0 (replacing y by —y when 
yp > 0).* Consider the solutions y = y(x, yo, yo) of (9, E) in which y is 
variable but g(x, yo)yo constant, and assign y) to class I or class II 
according as y>0O for x= or y takes a negative value for some x > 2». 
Class II is not empty, since every y, < 0 belongs to it. That class I is 
not empty, is seen by constructing a solution y of (9) which has a minimum 
y2 > 0 at x = x, where 22 > 2 (this is done by replacing x by x) +a:—2 
and solving (9, E) with the initial values y= y, and y’=0). Then (9) 
gives 


- ‘Le 
1) — 90, wy =f Fle, ae. 


We have 0< F(z, y)< M, for x < x < 2, so that by taking x, suf- 
ficiently near x), the expression to the right in (21) becomes smaller than 
the given value of -- g(x , yo) yo. On the other hand, y > yz for 7) < «< %, 


so that 
Le Le 
f F(z, ydx>f F(a, y,)dx+® as 72> 


by (5), and taking 2, sufficiently large with y, fixed, the expression to the 
right in (21) may therefore be made greater than the given value of 
— g(%, Yo) yo. The expression in question being a continuous function 
of x, for ys fixed, we may therefore choose z in such a manner as to 
obtain a solution of (9) having the given value of g(a, yo)yo at x = x 
and possessing a minimum y, at « = a,. The y) corresponding to this 
solution evidently belongs to class I. 

Using Theorem IV, it is now shown exactly as in the case (9, C) that 
classes I and II define a Dedekind cut y,, and that the solution of (9, E) 
with the initial values y) and y (the latter being calculated from the given 
values of yo and g(2o, yo) yo) decreases monotonely toward zero as x in- 
creases indefinitely. We have thus a solution of (9, D). Let z be another, 
and assume 2 > yy); Theorem IV leads, exactly as before, to the inequality (20), 
and the uniqueness proof is completed just as in the case (9, C). 

5, Existence and uniqueness of the solution of (1) with the 
boundary conditions (A) to (D). The passage from (9) to (1) depends 





* When y, = 0, Theorem II shows that y increases or decreases monotonely with x 
according as ¥=0, so that to obtain a solution of (9,D) we must make y = 0, and 
y = 0 identically. 
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on the circumstance that when any solution of (9) is such that |y| < b, 
then it is also a solution of (1), since F(z, y) = f(x,y) for |y| < b. 
Conversely, if b is greater than the maximum absolute value of a solution y 
of (1) in a given interval, then this y also satisfies (9) in the interval 
considered. 

A solution of (1, A) or of (9, A) has either an extreme of the same 
sign as y), but less in absolute value, or else it varies monotonely 
from y) to y, (Theorem II). It is thus evident that |y| < |y)|+|m| for 
Ly < x <a, and making b = |y,|+|y,|, the solutions of (1, A) and 
(9, A) will coincide, and the existence and uniqueness of the solution of 
(1, A) is thus established. Making y, = 0, the same argument applies 
word for word to establish the existence and uniqueness of the solution 
of (1, C). 

In the case of (1, B) or (1, D), assume }>|y,| but otherwise arbitrary, 
and with this value of b, form the solution z of (9, B) or (9, D) respect- 
ively. Let 2 be the value of this z at x = x, make }, = |4/+/m) 
and define F,(x, y) by (8) where J is now replaced by b,. Then we 
obviously have 

Fi(e, y) > F(x,y) 


(the equality sign holding when |y| < 0). Form the solution y of the 
equation 


with boundary conditions (B) or (D) respectively, and let y, be the value 
of this y for x = a. 

By eventually changing the sign of y, we may assume that y%>0. 
Assume ¥% > 2); then Theorem IV and the argument leading to (20) show 
that y’— 2’>0, so that y —z increases monotonely, and y cannot satisfy 
y(x) = m, or y>O as x>@, respectively. From this contradiction it 
follows that y < 2, so that, by Theorem I], |y) < 2+ /y,!| or ly) <b 
everywhere. Hence the solutions of (1) and (22) with boundary conditions (B) 
or (D) coincide, which proves the existence and uniqueness of the solution 
of (1, B) and (1, D). 


CotumBiA University, New York Ciry. 








A NEW DEFINITION OF ALMOST PERIODIC FUNCTIONS. 


By NorsBert WIENER.* 


According to the definition of Harald Bohr, a function f(x) (possibly 
complex valued) of the real argument «(—« < x <0) is said to have 
the translation number rt, pertaining to « if 


If@+n—f@| Se 


for all real x. If for every positive « there is a finite number L, such 
that every interval (A, A+JZ,) contains at least one translation number r, 
pertaining to «, the function f(x) is said to be almost periodic. Bohr has 
shownt that the class of almost periodic functions is identical with the 
class of functions to which we may approximate to any desired degree 
of accuracy by a trigonometrical polynomial 


N . 
Z. Ay ear 
1 


Bochner§ has given an equivalent but distinct definition of the class of 
almost periodic functions. The present paper gives yet another definition 
of this class. 

We shall call a real function »(x) regular if 


. 1 
lim or [9 @9@—n de 


to 


exists for every real z. A complex function is regular if its real and 
pure imaginary parts are regular taken separately. Our theorem is: if 
I(x) is regular, and if for every « there is a regular real function »,(x) 
such that 


goa) = lim 5— [" S@—d9e@) a8 
exists for every € while 
IF @)—ge(z)|<e, (-x<r< om) 





* Received January 24, 1927. 

+H. Bohr, Acta Math., vol. 45 (1924), pp. 29-127. 

tH. Bohr, Acta Math., vol. 46 (1925), pp. 101-214. 

§ S. Bochner, Math. Annalen, vol. 96 (1926), p. 143. 
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then f(x) is almost periodic. Conversely, if f(x) is almost periodic, it is 
regular, and there exists for every « a function 9,(x) with the property 
just indicated. 

We may manifestly confine ourselves to the case where f(z) is real. 
Our hypotheses concerning / and »y, demand the regularity of f(x) + 9, (2) 
and f(x)—g,(x); hence g,(r) is the difference of two expressions of the form 


lim Lol. w(x) W(e—r) de. 


The author has shown* that every such function is the sum of an almost 
periodic function and a function which is o(1) at +o. Hence we may 
write 


9,(@) = g(a)-+g?(c), 


where g® (x) is almost periodic and g® (x) = o(1) at +o. 
We have 
9,(2)—9, (2) = g® (a) — 9 (2) + (9? @)— 9 (@)). 


The pair of terms in the parenthesis is o(1); the preceding pair is almost 
periodic. An almost periodic function comes arbitrarily near to its maximum 
value in any half line; hence 


max | 9 (a) -— (x)| S max |g_ (x)—9, (2) |- 
Hence 
lim g(a) = f(a) 


e—0 


exists as a uniform limit and is almost periodic.t Similarly 
lim g(x) = f®(2) 
e—>0 

exists as a uniform limit and is o(1) at +o. Clearly 


S (x) = f@+f (2). 
Let us consider 


se [FD 9. ae. 


By the Schwarz inequality this cannot exceed 





*In a paper soon forthcoming in the Proc. Lond. Math. Soc. Cf. N. Wiener, Math. Zeit., 
vol. 24, p. 581 (Theorem IX). 
7 Cf. the first cited paper of Harald Bohr. 
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3 
2 


ae [f \@e—ras [lve Pas] 
and, since 


. ix 2 aot 2 aot " At * - 
lim =; fir (xz—&) Padé = 0, jim 3 fi \ve®) dE<0@, 


to 
we have 


lim — (" s°@—B9,@) dk = 0, 
row 2t J+ 
and 
ge(z) = lim — f* f?@—B ye Brak. 
5 oe a) ‘4 


at eal 
Since f(a) is almost periodic, I. (x) must be almost periodic, g? (2) is 
identically 0, f(x) vanishes, and f(x) is almost periodic. 
On the other hand, if f(x) is almost periodic, it is clearly regular. By 
a theorem of Bochner,* y(x) = max | f(c+2)—/(r)| is almost periodic. 
Tt 


Let F:(u) be a continuous non-negative function, defined for positive and 
zero uw, not identically zero, and vanishing for w>«/2. Let 


ge(u) = Fe(v(@))/ lim 5 [" Fev @)) de. 


The author has proved elsewheret the existence and almost periodic 
character of y,(u) as well as the fact that 


lim 5 [" S@— 9. a —-S@)|<e. 


tr>0 2T 


The converse part of our theorem is thus proved. 





* Bochner, loc. cit., p. 136. 
+ In the forthcoming paper in the Proc. Lond. Math. Soc. 

















A THEORY OF INTEGERS, IN RELATION 
TO THE ITERATION OF ALGEBRAIC FUNCTIONS.* 


By 0. E. GLENN. 


The content and methods of this paper are presented in the form of 
original algorithms on the number system. The object is to develop a 
theory of indices in which A of the fundamental relation, 


(1) A” = A ‘mod. n), 


instead of being an integer, is a functional operation upon an integer and 
A’ is its rth iteration. 
1. Introduction. The well-known congruence, 


(2) ar™+1 = @ (mod. n), 


where n is any prime or composite number and ¢(n) is Euler’s function, 
may be considered as a form of iteration of a function § = ay (mod. n), 
a being an integer prime to mn, such that this function is recurrent upon 
being iterated y(n)+1 times. 

Suppose that, 


(3) F(&) = PAC gm—j + a gm—j—lg te... 6. nm), 


is a polynomial in two indeterminates §, 4 with integral coefficients Ain 
and assume that the congruence, 


(4) F(8) = 0 (mod. n), 


has at least one integral solution, § = 8 (mod. n), for each residue 
a of n which we assigni to 7. 

Assign « to 7 and suppose that it determines § = A, (mod. n); assign 
4, to m and assume that § = £, is determined; assign A, to 7 and continue 
the process. 

2. Postulate for single-valued determinations. The function F(é) 
is chosen to satisfy an arbitrary set of specific conditions which render 
the successive determinations of the numbers 4; single-valued. 





*Presented to the American Mathematical Society, December 1924; February 1927; 
received January 21, 1927. 
f Dickson, Annals of Math., 11 (1896-7), 73, § 11. 
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These conditions may be any set which defines a single branch of F(&). 
For example a branch of successive determinations, modulo 10, of numbers # 
from the function, 


F(§) = #+3§,+77?+1 = 0 (mod. 10), 
can be arranged on a line and a circle as follows: 


0 3 1 





7 


If we consider only the branch represented by this figure and choose for 
« any integer of the set 1, 5, 7, 8,9, F'(&) is periodic with the period 5, 
this fact being illustrated by the arrangement of the five numbers f on 
the circle in the order of their determination. In comparison, the successive 
powers of a in (2) form a circular branch of y(n) residues. 

LEMMA. Every branch of F'(&) terminates in a periodic segment (circle). 

This follows from the fact that only m different residues of n, at most, 
can be determined by the successive solution for §. When a residue is 
repeated among the numbers £ it closes the circular branch. The number 
of residues (w) on the circle is the period. If w= 1 the branch will be 
called unitary. 

LemMa. An alternating function has n branches of period 1, and, except 
in cases F(§)=a(§—yn)™, branches of period 2. A symmetric function 
has branches of period 2. 

Alternating functions are here defined as polynomials (3) written, more 
explicitly, F = F'(&, 4), which satisfy the conditions (e, 8 arbitrary residues), 


(a) Fe,a@)=0, F(a, 8’) = —F&, @) (mod. n). 
A function is symmetric if 


(b) F(a, 8) = F(8, «) (mod. n). 


If F is alternating F(a, «) = 0. Hence one value of A, (cf. § 1), is «, 
and, for this value, Fis of period unity. Also F(A,, «) = —F(a, £,) = 0 
(mod. ), from (a); hence @ determines 4, and 4, determines «. In this 
case w = 2. 

When F is symmetric, condition (b) gives w = 2. 
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The exception stated for the alternating functions represents the instances 
for which no number @, substituted for 7, determines a residue different 
from @, 

3. Formulas for iterated algebraic functions. If we represent A,, 
which, if considered analytically, would be an algebraic function of «, as 
an explicit function of «, symbolically, we may write, 


B, = A(e) (mod. n), 
B, = A(A(@)) (mod. n), (= A?(@)). 


then, 


Let the rth iteration of A be indicated by A’(«@), then 
(5) By = A’(a@) (mod. n). 


Upon any branch of F'(&), if @ is any residue and r is the least number 
for which, 
(6) A’ («) = A(e) (mod. n), 


A will be said to appertain to the exponent (period) w—7—1. Note 
that @ is the last integer on the straight line or any residue on the circle 
in the graphical representation of the branch. Thus, in the example of 
paragraph 2, 

A® (5) = A(5) (mod. 10). 


The non-unitary branches of a function F, of least period, will be called 
characteristic and, if their period is n, F' will be said to be primitive. 
Any branch of F, of the maximum period n, will be called primitive. 
The function, 

F(§) = 3&§+7y+1 (mod. 10), 


has a primitive branch. 

4. Determination of all functions which have unitary branches. 
In case of a branch of period unity, if « is substituted for 7 in F'(&, 7%), 
one value of § determined is ae. Thus, 


(7) F(a,a) = p> (a+ His +...+ Aim) a™—J = 0 (mod. n). 


In fact there immediately follows: 
THEOREM 1. A necessary and sufficient condition for a branch of period 
w= 1 of F(&,4), is F(a, @) = 0 (mod. n) for some residue @ of n. 
This condition may be satisfied identically or as a congruence of order 
<m having « as one of its solutions. If it vanishes identically i. e. if, 
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(8) Aig Ayr ++ > Om; ==-@ (mod. n), ©) = 0,---, m), 


every residue of nm is an unitary branch. Otherwise the solutions of the 
congruence (7) constitute the complete set of branches of period unity. 
If (7) cannot be satisfied no unitary branch exists. 

5. The functions whose characteristic branches are of period 2. 
A necessary and sufficient condition for a binary branch of F'(&,) is the 
co-existence of the following congruences for some pair of residues «, A: 


(9) F(s,a) = >> 1 pr-i-k gk =, F(a, 8) = 0(mod.n). 
Ac 


It was proved by Stieltjes* that a necessary and sufficient condition in 
order that q linear homogeneous congruences, (mod. m), in q variables at 
least one of which is prime to nm, should be consistent, is that the deter- 
minant of the system should vanish, modulom. In accordance with this 
theory we may eliminate « from (9) by Sylvester’s method since one of 
the quantities eliminated is then unity. The form of this eliminant, for 
example, when m = 2, is, 


an 8+ a1 a08?+a08+ a0 0 
2 an 8 + au ago B® + aro B+ a2 
an B+ a d28?+an8+ a2 0 
aloo an 8 + aro do2 B® + ari B+ a0 


= O0(mod.»). 








It is a congruence of order 4, in general of order m*, in the residue £. 
Suppose, in the general case, that the resultant, when expanded, is, 


(10) C= CA™+ C6, AM 44... +02 = 0(mod. n). 


THEOREM 2. A necessary and sufficient condition for a branch of period 
w= 2 of F(&,) is that C= 0(mod.n) for some residue B of n. 

For, if there exists a 8 for which C= 0, then, since C is an eliminant, 
there exists a pair (a, 8) to satisfy (9). We recognize the following cases: 
If C= 0 is not satisfied by C; = 0 (mod. n), i. e., identically, it is possible 
to choose an @ and then determine a & by solving C = O(mod.), such 
that (a, 8) is a branch of period 2. If C is identically zero (mod. n) it is 
possible to choose an @ such that every other residue 8 forms, with e, 
a branch (a, 8) of period 2. If (10) cannot be satisfied there exists no 
branch of period 2. 





* Ann. Fac. Sci. Toulouse, 4 (1890), 1-103. (Euvres Complétes, 317. 
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An example is, 
(11) FG, q) = 28+38q+4°+784+24+1 = 0(mod. 10). 













The congruences (7), (10) are as follows: 









6a?+9a+1 = 0(mod. 10), 
64°+48+6 = 0(mod. 10). 






' 





Hence there are no branches of F of periods 





They have no solutions. 
w=1 or w=2. 

6. Functions with characteristic periods w > 3. A necessary and 
sufficient condition in order that s residues (@,, @, ---, @s), in this order, 
may form a branch of F'(&,), of period s, is the simultaneity of the 
following s congruences: 


F(a,,«,) = b a S$ a, av-J-* gt = 0, F(@,, a) = 0,---, 
J=0 k=0 
F(as, 1) = 0, F(a, @;) = 0(mod.n). 









(12) 
















; For brevity we write x(a@;, «)) = yj and let Ry; represent the resultant 
iis of two forms xij, Yai, obtained by eliminating «;. We then construct the 
following series of resultants: 


Rs = R(Fis, Fo), Rs3= R(Rs2, Fie), wats Rst — R(Rst-, Fu-1), eas 
Rss = Ff (Rss—2, Fs—1s—2), Rss = Rk (Rss—1, F'ss—1). 











(13) 














The last resultant in this chain, Rss, is a polynomial, of order <7 in the 
residue @s alone, whose coefficients are rational and integral in the 
numbers aj. The form Rss may vanish identically or as a congruence. 
If no resultant Rw, ---, Rss: vanishes identically (mod. n), the vanishing 
of Rss evidently compels the existence of at least one whole set (a, as, +--+, 5) 
for which the congruences (12) are consistent. We refer to this as the 
normal problem. If some of the resultants (13), ¢< s, vanish identically 
we may still have a period w = s under more complicated conditions. For 
instance, if s = 3 and Rs, = 0 identically, /\, and Fi, are consistent for 
some residue @,, with e@, and @, arbitrary. Thus any pair of residues a, as 
if ! which satisfy F'(a,, a.) = 0(mod.n) form, with the properly chosen @,, 
a period w = 3. This case and the normal problem exhaust all possibilities 
in connection with the period 3. 

ie THEOREM 3. In the normal problem a necessary and sufficient condition 
By for a branch of period w = 8 of F(&, 4) is Rss = O(mod.n), for some 
. : aii. residue as of n. Referring to characteristic periods in the normal problem 
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the exponent r to which the explicit function A, obtained from F‘(&, n), 
belongs is the subscript of the first resultant which can vanish in the series, 
Re, Rss, ---, Rut, -++- 

In the case of the example (11) we find, 


F(a@,, «,) = «2+ (8a,+ 2)a,+ (202+ 7«,+ 1) (mod. 10), 

of +(a,+8)a + (802+ 3)a2-+ (403+ 402+ 3a,+ 8)a, 
+ (6a4 + 8.03 + 6a, + 6) (mod. 10), 

Ry = 5ai+ 5e8+ 603+ 404+ 708 + 305+ 2a,+ 4(mod. 10). 


R 


28 


The congruence Rss = 0(mod.10) has no solutions. Hence the function, 
— = A(y), defined by, 


287+ 38y+9°+7F+27+1 = 0(mod.10), 


has no branch of period 3. 
In the case of the linear function, 


F(é, n) — a&+bnt+e, 


the series of resultants which determines the exponent to which A appertains 
is the following in which the congruence (7) is included under the notation 2,,: 


(14) Ra = (-+(— 1 Haq + SECURE, ar 





The following conclusion is typical of much more complicated results for 
the forms F(§, 4) of higher order: 

LemMA. A set of necessary and sufficient conditions that a linear func- 
tion F(&, 4) should have a primitive characteristic branch is, Ry = 0 (mod. n) 
for t<mn, and that both-of the following expressions should be congruent 
to zero: 


S, = a®+(—1)"" 0b", S,/(a +5). 


The condition for a branch of a quadratic F(&, 4) = a&*+ b&y+ cy’, 
of period 2, is found to be, 


I= A&(at+ct+ 2ab?c— 2a*c?— a*b? — b?c*?) = 0 (mod.n). 


Such expressions have interpretations as invariants. Here J is invariantive 
under the linear transformations of the quadratic which leave unaltered 
the property of possessing a binary period. 
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Applications in two-dimensional systems of residues. 


7. Plexus of binary forms. The author has sought applications of 
the foregoing new theory in a field in which new elementary results might 
be expected, that concerned with systems of residues (mod.m) which are 
conveniently regarded as two-dimensional.* 

Assume any infinite series of integers, 


S; (a): Oy, bg, +++, Br ese, e, 


arranged, for convenience, in a vertical column and taken to be the initial 
numbers in a (triangular) table Q, in which any element is a sum 
o = xy-+y0d, where 0 is the element immediately preceding o in the row 
and y is the one next beneath d in the column of the latter. The 
numbers x, y may be arbitrary but are here regarded as integers. It is 
easy to show that the element in the vth row and wth column is the 
binary form, 

ee Poe Gy—wi2,***s ni (x, y)* 

(1 5) u,v 


The special cases needed for a proof by induction are readily obtained. 
Assume that the elements of the vth row and column number w—1, and 
of the (v—1)th row and column number «—1, are the following respectively: 


u—2 


u—2 
u—2 u—2 i : 

5 = PS ( | ap wtaie sry’, | ence Pa ( ‘ ) y—utits eae <. 

r=0 r r=0 7 
Then 

<= [u—2 u—2 

zy +yo - 2105 ) +( 8 ) Crees tne rt == f, 

since, 


pot. ee ca 
(e441 ef Nat. 

A table Q of residues obtained by reducing the elements of Q,, modulo n, 
contains numerous noteworthy configurationst formed by special arrangements 
of zeros and other residues. If S,(@) is periodic (mod.m) we shall refer 
to the strip of residues between two lines which intersect the end elements 
of a period, and which are parallel to the lower edge of the plexus, as 
a strip 7. 

* Carmichael, Quart. Journ. Math., 48 (1920), 343; Kempner, Trans. Amer. Math. Soc., 


22 (1921), 240; Glenn, Ann. of Math., 25 (1923), 57. 
+ Cf. example (and figure), Ann. of Math., loc. cit., 67. 
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THEOREM 4. Suppose n = p to be an odd prime. Let Q be the plexus 
which is residual to a Q, emanating from any sequence S(a) which is periodic 
(mod. p) of period w = p*. Then Q is a mosaic of period parallelograms 
of identical content, each bounded by the boundary lines of a strip T and 
two consecutive recurrences of S(a) as columns of Q. The width of the 
period parallelogram is p*’i where 4 is a definite divisor of p—1. 

We have 


It* was shown by E. Lucas that if p is a prime, and 


M = pm, +4, N = pn,+8, "<P; 


(x) = (ni) (oma. 


2) = GF) = (men, 


and there results the following formula: 


then, 


Hence, 


(16) (e+ a)m* = > ("" oD P* giv" (mod. p), 


j=0 
where oe, o are algebraic indeterminates. All numbers, 
m p* : 
( ". (¢ = 0,---, mp*), 


excepting those of the form given by ¢ = jp“ are divisible by p. It now 
follows that the elements of column number 1+ mp* of Q,, which are 
included between the two boundary lines of a strip 7 are congruent, 
respectively, to 

ory (ao?* + ye*)™, (s = 1, sai *, p), (cf. (15)). 


For all sets (x, y) which satisfy the condition, 


g = 2+ y®" = 0 (mod. p), 


therefore, it results from Fermat’s theorem that S(a@) is repeated when 
m = 4 where 4 is the exponent to which g appertains (mod. p) and is 
a divisor of p—1. Thus S(@) is repeated as column number, 


p*(p—1)/d+1, (v—1 = da). 
This proves the theorem. 
* Bull. Soc. Math. France, 6 (1877-8), 52. 
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8. Periodic functions and the drift-line phenomenon. Let F,, 
(w = 1,--+-,»), be a set of » functions (3) having respective circular 
periods W,,. If we choose an integer e@,, from each period of W, residues 
and proceed to develop the » periods of the set F, simultaneously by the 
method of paragraph 1 it is evident that the period of the set will be, 


W = L.C.M.(W,, Ws, +--+, We). 


That is, the » numbers @,,---, a, will be repeated in this order for the 
first time at the end of a period of W residues. Use is to be made of 
this principle in explaining certain periodicities in the plexus Q. 

When tables Q are actually calculated from given periodic initial series 
S(a@) a very persistent property is that they are scored by parallel and 
equally spaced lines of zero residues. These are finite lines running across 
the tables oblique to the boundary lines of the strips 7. In another 
paper I referred to these as drift-lines.* 

DEFINITION. A line drawn athwart the plexus Q, through «; and the 
element number i7—1 of the third column is said to be a drift-line if all 
elements of Q, which it intersects are congruent to zero (mod. 7). 

These elements are, 


(17) aia + (1) aineisoty +--+ (3%) aise, @ =0,---,i—0) 


We shall require that they all vanish (mod.m) in a way that is independent 
of the values of the binomial coefficients. The following congruences are 
assumed: 


gt, 8, t) = Gist grs—) + Qi+s—t ys—9 = 0 (mod. n), (t => 0, eet, 8). 


Thus a; = 0. Since g(i,j +k, t) = g(i,j,t—k), the vanishing of any 
element of a drift-line causes the next element to vanish provided the sum 
of the two end terms of the latter is congruent to zero. Hence the 7 elements 
of the drift-line are, essentially, a; = 0, and, in order, the following 
simultaneous forms: 


(18) Oj» x75 + Hiss y8 = 0 (mod. %), (s = ],---, i—1). 


Proposition. To determine a series S(a) and a pair (x, y) such that the 
corresponding Q has a drift-line passing through each element Gg (= 0), 
G¢ = ge, g = 1,2,---, oo), 





* Ann. of Math., loc. cit., 61. 
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The set which is to be simultaneous is, 


ie 6. +(— 1)e+1 as... y* = 0(mod.n), 
Gge—s 29 +- Geers y*® = O0(mod.n), (s = 2,---,ge—1). 


We assign @ge—1 arbitrarily and the same for all values of g determining 
for G@e+1, e411, +++, @geti,+++, any periodic sequence for which, 


(— 1)¢ ae} ae—1 
et @atDett) = 0 (mod.n). 
Qge+1 Qe—-1 


A@ = 


To make the periodicity depend upon simple considerations we may sub- 
stitute, in A, 
Ceget1 = Mg+neti (mod.n), 


assuMINg Gge+; prime to nm and that the number, 


janes p(n)—1 
Oe oe+1 


appertains to the exponent e, y(n) being Euler’s function. Then 


(20) ce! = 1(mod.n), 


Gy == @, Mey = Cea, Oe4-1 == C* a, se, Bget1 = CY ay (mod. n). 


The periodicity of this sequence is determined by (20). 
The determinants of the matrix of (19) are, 


8 —1)8+1 gs 
Ao = ee (HIP es = 0 (mod. n), 
Age-—s gets 
(s = 1,---, ge—1). 
The Gge+i being known we use ee+s, Gge—s in the roles of &, m, (§s, 4s), as 


in (3). Since 
| (q+ 1)e—(e—s) = ge+s, 


if we change g into g+1 and s into e—s in A the element cge+, is 
automatically transferred from the position it occupies in A@ to the lower 
left-hand corner of A@~». This transfer will be made analogous to the 
successive interchanges of the réles of § and y in the determination of 
the numbers 4 in paragraph 1. In fact the elements e+, for which (17) 


is a drift-line, are determined from periodic branches of the quadratic form, 
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, ee pe BORO xe pe-* 
A. = AMY gatrt) — 
(21) ° ” fe Ns E, qs E, | 
= ALE + (A e808 8) gt ve 05, 
where, 


A = Goi, ——f) = GQeett. 


The period of As is developed as follows: Assign 4s (= e—2 first in practice), 
and determine &, from the first factor of 4s made congruent to zero (mod. n). 
Substitute the residue found for a new gs. Solve for &, from the second 
factor of As. Substitute this for a new gs in the first factor and continue 
the process. The period found can be used for the series, 


Gets, &ze—s, Sseis, K5e—s, -**, &t—iet+s, %2t+e—s, “%(2t+ve+s, *°° 


Let s vary from 2 to e—2 in this series and assign the elements «@, ---, 
@e-2, arbitrarily. 

The series S(«) is now determined. To find (x, y) we assign y and solve 

— OW, y* = (-1/ 41 % 5 y*? = aj _,«,,x* (mod. n), 

for x («= qe). 

A series S(«) determined by these methods is the following, of period 20 
(n = 10): 

Sia): 7, 4 1; 2, OB 9, 4, 8 0, 7, & 1, & O 8, 0.6, 8,0; >--. 


In the figure is exhibited the portion of the corresponding Q, which extends 
from the 35th to the 44th rows as determined from S(a«) with x = 3, 
y= 1. Parts of two drift-lines are shown. 


36597795273627727709881627402236777777093861 
1386042952125055013301525924071700000138565 
456886929371550574097891814298210000745973 
77406119888805549236774911693833000997862 
0922506300045035171709540518550900306762 
310152990087514228213232529905370192732 
63789907063621602834373199075681761523 
9877079129123584257382660796741235897 
330194479477412614258808949799774176 
09765014510997851611046755640609923 
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ON SYSTEMS OF TOTAL DIFFERENTIAL EQUATIONS.* 


By JosrpH MiL_itER THoMAs.+ 


The object of this paper is to codrdinate the results of a number of 
investigators by showing that the existence theorems obtained by them 
for particular systems of partial differential equations are special cases of 
a general theorem.t This is accomplished in two steps: first, by reducing 
to a problem of elimination the problem of stating a similar theorem for 
any system which is composed of partial differential equations and a number 
of finite relations among the unknowns and whose general solution involves 
no arbitrary functions (§§ 3. 4); and second, by actually indicating in two 
cases the process of eliminauon which is to be employed, and which is 
essentially that used by the original investigators (§§ 5, 6). A further 
feature of the present treatment of the particular systems is that we shorten 
the calculations by not concerning ourselves with the explicit forms of the 
second members, see, for example, equations (5.1). The results so obtained 
are entirely satisfactory for the general theory of the systems and have 
the advantage of being applicable to a greater variety of problems.§ 

The results of the present paper are also presented in such a form that 
they leave the type of differentiation undetermined to a certain extent; in 
particular, it is indifferent whether we interpret the process of differentiation 
as partial or covariant in the application of the theorems to cases where 
the unknowns are the components of tensors (§ 2). Other types of invariant 
differentiation are also admissible. 

The paper closes with a short discussion of more general systems whose 
solutions involve arbitrary functions. The projective problem of the homo- 
geneous first integral for the geometry of paths is shown to be of this type. 

1. The general theorem. By a system of total differential equations 
is meant one which can be solved for all the first (partial) derivatives of 
all the unknown functions Z* in terms of Z* and the independent variables 2*. 
We shall find it convenient to denote such a system by 





* Presented to the American Mathematical Society, February 26, 1927; received January 29, 
1927. ' 

+ National Research Fellow in Mathematics. 

10. Veblen and J. M. Thomas, Annals of Math., (2), vol. 27 (1926), p. 290. Professor 
J. W. Alexander has remarked several times that the theorems in question could probably 
be obtained from some general theorem. 

§ J. A. Schouten, Trans. Amer. Math. Soc., 27 (1925), pp. 441-473. 
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aZ 
= = tS (Z, x), | 
the f denoting that the right hand members depend on Z* and z*, and 
upon those variables alone. 
A necessary and sufficient condition for the compatibility of such systems 
is known.* We give the theorem below for convenience of reference. For 


the moment, we suppose D, = a Di = sa It will be seen below 


that other meanings can be given this symbel without rendering the 
theorem invalid. 
THEOREM A, Consider the system of total differential equations 

(1.1) . DeZ = f(Z,2). 

Let the finite relations among the Z’s and x’s obtained by expressing 
the relations between the second derivatives Dj(D;Z) and D;(D;Z) and 
eliminating DzxZ by means of (1.1) be denoted by F, = 0. Let Fy = 0 
denote the system obtained by differentiating F, = 0 with respect to each 
independent variable in turn and eliminating Dz Z by (1.1). Let the sequence 


(1.2) Fi = 0 (4 = 1,2, ---) 


be obtaining by forming Fi = 0 from Fi-1=0 in the way that Fy = 0 
was formed from F, = 0. A necessary and sufficient condition for the com- 
patibility of the system (1.1) is the existence of a positive integer N such that 
F, = 0, Fz = 0,---, Fw = 0 are consistent in the unknowns Z and that 
any solution of them satisfies Fy41= 0. 

2. Systems of total covariant differential equations. A particular 
type of the systems considered above occurs when the unknowns Z are the 
components of a number of tensors 7. The form in which such a system 
is usually given is 
(2.1) Ti = f(T, 2), 


where the left hand member denotes the covariant derivative of 7. Since 
we have identically for any tensor 


oT 
(2.2) Ti= on tT LCT, x), 


L denoting linear homogeneous dependence on 7, we see that system (2.1) 
is of the type (1.1), and we can apply theorem A to the equations obtained 
by combining (2.1) and (2.2). 





* 0. Veblen and J. M. Thomas, loc. cit. 
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It is possible, however, to apply Theorem A directly to equations (2.1). 
Instead of forming F, — 0 by means of the identities 


SO, See 
dat Og On bat 





(2.3) 0, 


we can use the conditions of integrability for covariant derivatives* 


(2.4) T3,5 —Tjs= L(T, 2); 


and in forming Fy = 0 from Fi-1.=— 0, we can use covariant differentiation. 
The sequence F, = 0 obtained in this manner is algebraically equivalent 
to that obtained by partial differentiation: for the ideutities (2.4) are proved 
by adding certain expressions, linear and homogeneous in the components 
of T, to both sides of (2.3); and the identities (2.2) show that for a tensor U 


the systems 
a0 


0, re 0, 


and 
U = 0, U;= 0, 
are algebraically equivalent. 

THEOREM B. If the unknowns in a system of total differential equations 
are the components of certain tensors, the process of differentiation in Theo- 
rem A can be regarded as partial or covariant at will. 

3. Mixed systems. Consider the system 


(3.1) DzZ = f(Z,2), f(Z x)= 0. 


An examination of the proof of Theorem Aj shows that the following 
theorem is capable of proof in the same way. 

THEOREM C. A necessary and sufficient condition for the existence of 
solutions of the mixed system composed of (1.1) and a number of finite 
relations, 

(3.2) J (Z, x) = 0, 


is furnished by Theorem A provided we include (3.2) among F, = 0 before 
proceeding to the formation of the sequence Fi = 0. 

4, Systems reducible to mixed systems. Suppose that instead of 
being given all the derivatives of all the unknown functions, we are only 
given relations between them insufficient in number to determine them. 





* G. Ricci and T. Levi-Civita, Math. Annalen, vol. 54 (1901), pp. 125-201. 
+0. Veblen and J. M. Thomas, loc. cit. 
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It may happen that by differentiating some or all of the given relations 
a sufficient number of times we can find a system of total differential 
equations, in a greater number of unknown functions, which is satisfied by 
any solution of the original system. Those of the original equations which 
do not figure in the new system are to be looked upon as finite relations 
among the unknowns of the new system. Theorem C is then to be applied 
to give the desired condition. 

5, The linear first integral. The equations of condition are of the 
type 
(6.1) Diy + Djhi = fh, 2). 


The number of relations is n(n-+1)/2, and the number of derivatives n’. 
Hence we differentiate. In order to keep our system of the first order, 
we introduce the notation 
dD; h; = hj. 
We find 
Dx hig + Di hjt = Fras hay, 2). 


Permuting the indices in these last relations cyclically and forming the 
combination 


(ijk) — gka) + (kiy), 
we find Dx hi. Hence theorem C is to be applied to the mixed system 


D; = hij, Dx hij = Sha; hays x), 
hij + hy = She; x). 


To find the original theorem of Veblen and T. Y. Thomas,* we put 
D;hi = hj = covariant derivative, and remark that from the linear, 
homogeneous character of the right hand members of (5.2) and (2.4) it 
follows in this case that the equations of condition are linear and homo- 


geneous in the unknowns /; and /;,;. 
6. The quadratic first integral. The equations of condition are of 


(5.2) 


the type 

(6.1) Di gin + Dj gi + De gy = f(Gas, x) (Gi = gi). 
Two differentiations give 

(6.2) Dp Git + Dp Gjxit + Dp grit = FGaps Iyser Jeqoxs ©) 


It is clear that the left-hand side of (6.2) is transformed into itself by all 
six permutations of 7,7, k and also by the interchange of 7 and p. For 





* 0. Veblen and T. Y. Thomas, Trans. Amer. Math. Soc., vol. 25 (1923), p. 599. 
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a given set of indices i, j, k, 1, p there are accordingly at most 120 + 12 = 10 
distinct equations (6.2). By making the substitution (k/p) in (6.2), and then 
permuting cyclically all five indices in the result and in (6.2) itself, we 
get ten linear equations in the ten unknown derivatives. This system can 
be solved by evaluating two determinants of the tenth order, most of whose 
elements are zero. It is also easy to determine multipliers so as to eliminate 
all but one unknown. A linear combination serving the purpose is 


2 (ijklp) + 2(klpiz) + 2 (pigkl) + 2 (ijlpk) — Gkipi) 
— (Lpijk) — Gkpil) — (klijp) — Upjki) — (piklj), 
where (#jklp) denotes the left-hand member of (6.2). 
Hence our mixed system is 


Di G5 = Gey Di Gin = Gina, Dp Gin = SF Gaps Iyder Jinx» X)s 
GJiik + Jini + gris = S( Gap, x), 


(6.3) 


and Theorem C gives the desired result. 

To obtain the theorem for the quadratic first integral in tensor form, 
we put Dx giij = giy,x, and as before we can see that the equations of 
condition will be linear and homogeneous in the unknown functions gj, 
Gii,ks Ju,k,t™ 

7. Geometries of paths projectively equivalent to a Riemann 
geometry. As a further illustration consider conditions of the type 


(7.1) Di gin + Pix = S(Gep; x), 


where the P’s are known functions of g.s, D. gg, and x which satisfy 
identically the relations 


Pi + Pict + Pry = 0. 


By permuting the indices in (7.1) cyclically and adding we find that 9; must 
satisfy the same type of system as in § 6. Hence we adjoin equations (7.1) 
to F, = 0 as formed in the preceding section and apply Theorem C. 





*0O. Veblen and T. Y. Thomas, loc. cit., pp. 599-608. The method of elimination em- 
ployed here is not exactly the same as theirs. It seems to us simpler to employ the 
covariant derivative, g,,,, rather than the second extention g,, ,,, because the covariant 
derivatives of higher order are more easily calculated for the former. If it is desired, 
however, to obtain their theorem exactly as given, we can parallel their elimination on 
pp. 599-603, and then apply Theorem C. The two sequences F, = 0 can also be trans- 
formed one into the other by means of the identities 


94,21 = Iya — Ios At — Iu Aju 
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The problem of determining whether a given geometry of paths is 
projectively equivalent to a Riemann geometry requires the discussion of 
the equations* 


(7.2) = 2(n—1) gu,nt+9? (Gap, 9% + Gap, i Gik — 2Gap,n gi) = 9, 


where gy is related to the fundamental tensor gj; of the Riemann space 
by the formulas . 
(7.3) Gi = €*? Hy, 


and where the Christoffel symbols 7’ are given by 


(7.4) Te = Tr—G or—9e 93, 95 = of 
The system (7.2) is a particular case of (7.1). The conditions F, = 0 are 
algebraict in gj and gy,x. 

If we suppose the I’s are the Christoffel symbols of the second kind 
for a given Riemann space, then the solution of system (7.2) determines 
all Riemann spaces capable of geodesic representation on the given one. 
The above discussion, therefore, shows that zt can be determined by algebraic 
operations whether a given Riemann space admits others in geodesic corre- 
spondence. 

One set of finite relations which any solution of (7.2) must satisfy is 
easily obtained. Denote the curvature tensors by Bjx: and Bj. Then we have 


(7.5) Bia = Bhat of On — d% Op, 
where 
P= Fin 9; Pr 
Multiplying equations (7.5) by 
GJiee g" = ie g’", 
we get 
J? Brest = 9? Brapit+ gu © — On, 
where 
Brepi = Grr Bra, O = 7 Diy. 
We therefore have 
(7.6) 9? (Brgi — Biape) = 9°? (Brest — Brepr)- 


For the Riemann tensor we have 


Biage = Bua = Brpgar. 





* Cf. J. M. Thomas, Proc. Nat. Acad. Sci., vol. 12 (1926), p. 123. 
7 Cf. the solution which was previously given by me, Proceedings, loc. cit. The test 
for compatibility given there requires the integration of a complete system. 
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Hence the desired relations are 
9"? (Brapi — Brapr) = 0. 


The expression on either side of (7.6) is an invariant of the trans- 
formation (7.3) combined with (7.4). All the integrability conditions of (7.2) 
must of course have this property of invariance. 

8. More general systems. A system of total differential equations 
is characterized by its having a finite number of arbitrary constants in 
its general solution. To get an example of a system which does not fall 
in this category, consider the projective problem of the homogeneous linear 
first integral for the geometry of paths. The condition is the existence 
of a pair of vectors h; and y; which satisfy the relations* 


(8.1) hij th,ith wry yi = 0. 


Suppose we have a solution h, w of these equations. Let » be any 
scalar function. Then the functions 


eo ye Ee ae bate 
hy = e*? hy, w= WUt2— 3 


also satisfy (8.1). Hence the methods of the present paper are insufficient 
for the treatment of this problem. 

The above remarks apply with equal force to the projective problem of 
the homogeneous first integral of any degree. 





* J. M. Thomas, loc. cit., p. 119. 
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ON POSITIVE SOLUTIONS 
OF A SYSTEM OF LINEAR EQUATIONS.* 


By Luoyp L. Dings. 


Among the most elegant chapters of algebra is undoubtedly that one 
which treats the solution of a system of linear equations 


n 
(1) > vst; = 0, (r= 1,2,---+, m) 


s=1 
from the point of view of the matrix || a,s5|| of coefficients. This theory 
furnishes criteria for the existence of solutions (other than the obvious 
identically zero solution), methods for determining and expressing the degree 
of arbitrariness of the general solution, and an algorithm for determining 
the general solution. 

One point upon which the classical theory does not touch is the character 
of the solutions (21, 22,---,2n) with respect to the signs of the components 2s. 
This question, conceivably important in certain types of applications, has 
found its way into several recent papers.+ 

The purpose of the present note is to present a simple algorithm for 
determining whether a given system of equations (1) with real numerical 
coefficients admits a solution (x1, 72,---, 2%») in which every component 
is positive, and for determining such a solution if one exists. Such a 
solution will be called a positive solution. 

1. The case of a single equation. If we consider a single equation 


Ay M+ Ag Het ++++ An Xn = 0, : 


in which at least one coefficient is different from zero, we note that a 
necessary condition for the existence of a positive solution is that some 
coefficients be positive and some negative. 

Assuming then that both positive and negative coefficients are present, 
let us distinguish the two classes 

those which are positive: ai, (§ = &, ig, -*-, tp); 

those which are negative: a;, (j = Sry Jay °°) JN) 





* Received February 11, 1927. 
+See papers by Carver, Annals of Math., vol. 23, p. 212; and the author, Annals of 
Math., vol. 27, p. 57, and vol. 28, p.41. Reference should also be made to an abstract 
of a paper presented by Professor Gummer to the Mathematical Association in September 
1926. This abstract appears in the Amer. Math. Monthly of December 1926, and came to 
the author’s notice after the present paper was written. 
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Then the given equation can be written in the form 


D> Ux = —D) aj 2, 


and a positive solution* is obtained by taking 
= — 2a, (i = it, in, +++, ip); 
y= aM; Gj = JiyJar***>JN)s 


2. The reduction from m equations to m—1 equations. Let us 
consider next the system of m equations (1). If any one of the equations 
contains positive but no negative coefficients or negative but no positive 
coefficients, a positive solution is obviously impossible. Let us then assume 
that each equation contains both positive and negative coefficients. 

We separate the coefficients of the first equation into two classes 

those which are positive or zero: ai, 
those which are negative: yj; 
and write the first equation in the form 


(2) ti i= 2a Xj. 


Next we write the remaining m—1 equations in the form 
(3) De tej y= — Ps Ori He (r — 2,3,-++-+, m), 


it being understood that the ranges of the summation indices are those 
determined by the jirst equation, that is ¢ runs over all values for which 
ax; is positive or zero, and 7 over those for which a; is negative. 

We now form m—1 new equations, by multiplying the two sides of 
each equation of (3) by the corresponding sides of (2) as follows: 


(4) > Mi Li +>) Oyj Xj = D) ay xj -> ari xi, (r = 2,3,-+-+, m). 
i J j i 
This system may be written in the form 
(5) $A %y = 0, (yr = 2,3, ---, m). 
where 
a) = Ay 4,5 — A; O,;5 Uy = x, 2; 





* This is of course only one particularly simple positive solution. No attempt is made 
to give expression to a general positive solution. 
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The double summation index 77 runs over all the combinations of the 
values of i and j. 

The system (5) is thus seen to be a system of m — 1 linear homogeneous 
equations in the new unknowns zj. The significant relation between the 
systems (1) and (5) is expressed in the following 

THEOREM: To every positive solution of the system (1) there corresponds 
a positive solution of the system (5), and conversely. 

The first half of the theorem is almost obvious. For if (2, 72, ---, Xm) 
is a positive solution of (1), then this set of values also satisfies (2) and 
(3) and (4), and hence the set of values aj — 2; 2; satisfies (5). 

To prove the converse, suppose that the system (5) admits a positive 
solution (aj). Then upon substitution of the explicit values of the 
coefficients af}, this fact may be written in the form 


De (as Ary — ay Ori) Zy =0, (r = 2,3,---,m). 
This in turn may be written in the form 
> ri [—2 azul + Daj lQLauz%) = 0, ¢ 
L J t 


and this exactly expresses the fact that the last m—1 equations of the 
given system (1) admit the solution 


2, 3,+++, Mm), 


(6) u= 2 ay Ey; xj = Davi Lij. 


It may be verified directly that this solution also satisfies the first equation 
of (1). Furthermore it is obviously a positive solution. The proof of the 
theorem is thus complete. 

3. The algorithm for a system of m equations. The developments 
of the preceding section afford a definite procedure for finding a positive 
solution of a system of m equations when such a solution exists. The 
system is first reduced to a similar system of m—1 equations which is 
equivalent in the sense indicated in our theorem. The reduction may then 
be repeated and an equivalent system of m—2 equations obtained. By 
m —1 successive reductions we finally obtain a single equation which can 
be examined for positive solutions by the method of § 1. From a positive 
solution of this single equation, a positive solution of the preceding pazr 
of equations can be determined by the procedure indicated in § 2, from 
this a positive solution of the preceding triple of equations, and so on 
backward through the m—1 successive reduced systems, until finally 
a positive solution of the given system of m equations is obtained. 
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The following two points are to be noted: 

(a) If at any stage of the reduction any one equation of the system 
under temporary consideration contains some positive coefficients but no 
negative coefficients, or vice versa, then a positive solution of that system 
is impossible, and hence the same is true of the original system. 

(b) That step of the indicated process which consists in obtaining 
a positive solution of a system of equations from a known positive solution 
of the system derived from it by reduction, is a matter of a simple formal 
substitution. For example, a positive solution (zs) of the system (1) may 
be obtained from a known positive solution (7) of the reduced system (5) 
as follows. For each i, the component 2; is equal to the right side of (2) 
with 2; replaced by 2. For each j, the component 2; is equal to the 
left side of (2) with 2; replaced by zy. 

§ 4. An example. As an illustration let us seek a positive solution 
of the system of equations 


%— At Mt Ut mM— B— M— %&= OD 
(7) 4 +2%— a+2x%,— X+2%— %—2m =— 0 
X,+2a,.+3273—42,—527;—62%+72%,—82, = 0. 


As explained in § 2, we write the first equation in the form 
(8) XY + aegt atx = 2+X%e+%m+ aH. 


Noting that 7 = 1, 3, 4, 5, and 7 = 2, 6, 7, 8, we must then write the 
remaining two equations 


2aet+2xe— %—2xe-—= —MU+ X%—2u+ Bs 
222—62,+72,—82%, = —27,—32,+42,4+ 52,5. 


We now form the two equations corresponding to (5), and write them 
with terms arranged according to the «—j classification dictated by the 
signs in the first of them, as follows: 


3X13 + 3216+ X23 + 494 + Le + Xs6+ 4246 + Laz + Xe 
= Lg + 2x37 + 323g + 2X57 + 3258, 
(6) — TX + 1025; —5 xg + 225; —13 255 
= — 32+ 5x6 — 5X95 + 2x4 + 3x95 + 3x6 
— 847 + 12 a5 + 10 246 — 3247 + 11 X55. 
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As regards positive solutions, this pair of equations is equivalent to the 
given system (7) in the sense of the theorem of § 2. Multiplying the 
corresponding sides of this pair of equations together, we obtain a single 
equivalent equation. If we denote a product a x by the contracted 
form 2x (or interchangeably by zxuj), this single equation may be written 


36 21287 + 12 ai257 + 20 x1637 + 20 xeg37 + 10 wegsg + 12 X2357 + 2 xe858 
+ 36 weus7 + 4 2457 -+ 4.22587-+ 4. X8687 + 20 Xs746 + 16 e747 + 4 Waser 
+ 82x4757+ 8 xg + 16 x1737 + 24 1788 + 16 21757 + 24 21758= 18 a1218 
+ 6 21238 + 30 r1258 + 26 x618 + 30 r1638-+ 421657 + 54 21658-+ 2 Xise8 
+ 30 x1804 + 26 ao43g + 58 wou53 + 10 x1905 + 14 x2588-+ 4 e557 + 22 aes58 
+ 10 xig36 + 14 xesg + 4 Xg657 + 22 xse58 + 38 2is4s + 50 xesa6 + 12 x4657 
+ 82 2658+ 4 21847-+ 44758 + 18 w1956 + 12 9756 + 38 xa856 + 20 xs657 
“+ 46 xs658 + 12 21848 + 24 xg748 _ 36 23848 + 24 24857 + 36 4858 « 


(10) 


According to the principle established in § 1, a positive solution of this 
equation may be obtained by assigning to each unknown in the left member 
of the equation a value equal to the sum of all the coefficients in the 
right member, and to each unknown in the right member a value equal 
to the sum of all the coefficients in the left member. On account of the 
homogeneity of the equation the magnitude of these values may be reduced 
by the removal of any common factor. Applying this principle, we find 
the following solution of equation (10) 

each unknown in the left member — 105, 
each unknown in the right member = 37. 

Now by the principle of § 3(b), a positive solution of the pair (9) may 
be obtained by formal substitution in the right and left sides of the first 
of these equations. For example, 2,, is found by substitution in the right 
side, and 2,3 by substitution in the left side, as follows 


Xy2 = A218 + 2 X1287 + 3 X28 + 2 21257 + 3 X1953 = 4< 105 + 7 x 37 = 679, 
Xs = 3x2 + 32isi6 + Lises +4218 -+ 21895 
+ 2189+ 421816 + Xieiz+ 1856 == 19 < 37 = 703. 


A complete positive solution of the system (9) found by this method is 


Me = 679, ig = 543, 2%, = 11585, Hg = 703, 
Zag = 1087, Xe = 679, tes = 543, I3g = 543, 
Xs; = 1927, X33 = 839, Tug = 543, Lun = 883, 
ys = 407, se = 407, Ls, = 1315, Xe = T1711. 
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Again by the principle of § 3(b), a positive solution of the system (7) 
may be obtained by formal solution in the two members of equation (8). 
For example, for the component x, we have 


Lr = Het Ae 27+ %s3 = 3080. 


On account of the homogeneity, the magnitude of the components may again 
be reduced by the removal of a common factor. The resulting positive 
solution of the given system is 


x, = 770, X= 747, 23 = 1099, x, = 628, 
Xs = 759, Xe = 509, Ly 1320, Zs = 680. 


5. Systems of non-homogeneous equations. Non-homogeneous 
equations can be made homogeneous by the introduction of a new unknown. 
The system 

n 
(11) D>) drs Xo + by r= 1, 2,+++, m), 


s=1 


is equivalent to the system 


n 
(12) > esXs+ by In41 = (ry = 1, 2,---, m), 
; s=1 


if La+1 = Bs 

To every positive solution of (11) corresponds a positive solution of (12), 
and conversely. The system (12) may be investigated for positive solutions 
by the method of the preceding sections. 

6. Solutions which are somewhere positive or nowhere ne- 
gative. For some purposes solutions (2, %2,--+, 2%») of a system (1), in 
which at least some of the components zs are positive while none are 
negative, are desired. Such a solution may be called M-positive.* Clearly 
it is possible for a system of equations to admit such a solution while 
admitting no positive solution.t 

A slight alteration of the algorithm above described suffices to determine 
such solutions when they exist. When seeking positive solutions, the pro- 
cedure is blocked if an equation is encountered in which there are not 
both positive and negative coefficients. When seeking M-positive solutions, 





* For the significance of this term, see the author's paper On sets of functions of 
a general variable, Trans. Amer. Math. Soc., vol. 29 (1927), p. 463. 
t For example, the system 
2,- m+x;= 0, = 0, 


admits no positive solution, but admits the M-positive solution (x,, x2, 2;) = (I, 1, 0). 
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if an equation appears which contains coefficients of one sign but none of 
the opposite sign, all unknowns with non-vanishing coefficients in such 
equation must be put equal to zero. The solution of the remaining equations 
for positive values for the remaining unknowns may then be proceeded with 
as in the algorithm. If the process of reduction, supplemented by this 
additional feature (of assigning zero values to certain unknowns) can be 
continued until a single equation is reached, and if this single equation 
contains both positive and negative coefficients, then it admits a positive 
solution, and the original system admits an M-positive solution which may 
be found by the reversal process indicated in the algorithm. 
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ON COMPLETELY SIGNED SETS OF FUNCTIONS.* 


By Lioyp L. Drnzs. 
Relative to a set {/;} of linearly independent functions 
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continuous on an interval X 
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I have recentlyt proved the equivalence of two additional properties which 

the set {fj} may or may not have. These properties are: 

(a) Every linear combination of the functions changes sign on X. 

(b) There exists a positive continuous function 7(z), orthogonal to each 
function of the set on the interval X. 

While this equivalence theorem is satisfactory from the point of view 
of elegance, it may be noted that the two properties (a) and (b) are both 
(and apparently equally) difficult to recognize in a given set of functions. 
The object of the present note is to define a third property (c) relative 
to such sets of functions, which is more easily recognized than either (a) 
or (b), and which when present is sufficient (even without the assumption 
of linear independence) to ensure both (a) and (b). It will be seen also 
that if the set {/;} has the property (c), it is usually a comparatively 
simple matter to determine the positive function 7(x) whose existence is 
asserted in (b), a determination which does not .follow readily from a 
knowledge of (a) alone. 

1. The definition of the new property depends upon the notion of a com- 
pletely signed matrix, which I have defined in a previous note.=t Let us 
consider a matrix 


ee 


| ay || (¢ = 1,2,---, m) (j = 1,2,---, 2™), 











of m rows and 2” columns in which all elements are real and different 
from zero, and let us denote by oy the sign of the element aj. If the 
2™ columns of signs 










* Received February 11, 1927. 
TA theorem on orthogonal functions with an application to integral inequalities, Trans. 
Amer. Math. Soc. 
{ Ann. of Math., vol. 28,-p.42. The roles played by rows and columns have for con- 
venience been interchanged in the present paper. 
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O1j, Daj, *>+5 Smj (j = 1,2,---, 2™) 


include all the 2” possible arrangements of sign (+ and —), then the 
matrix || aj|| is said to be a completely signed matriz. 
The property (c) referred to above may now be defined as follows: 
The set of functions {fi} is said to be a completely signed set on the 
interval X if there exist 2™ points x; (j = 1, 2,---,2™) on the interval X, 
such that the matrix 
ll Fi (ay || G¢= 1, 2,--+, m) y= 1, 2,---, 2™) 


is a completely signed matrix.* 

2. THkorEM: If the set {fi} is a completely signed set on the interval X, 
then it has the properties (a) and (0). 

In view of the equivalence of (a) and (6), if will be sufficient to prove 
one of them. We will prove (b), inasmuch as the proof exhibits a method 
for actually determining the positive function a(x) whose existence is 
asserted. 

By hypothesis there is a set of points zj(j = 1, 2,---,2™) on X for 
which the matrix (1) is completely signed. And from the continuity of 
the functions /; it follows that, corresponding to each 2;, a closed interval 
can be determined which contains z;, and in which no one of the functions 
changes sign. Let us denote this interval by X;. That is f;(2) has the 
sign of f;(xj) so long as x is on Xj. 

Next we consider, relative to each interval X;, a function 7; (x) restricted 
as follows. It is continuous on X, and is zero except at the inner points 
of X;, where it is positive. We define the function a(x) as follows: 


- 
(2) n(x) = Cy +a mj (x), 


the coefficients ¢ being constants to be determined. 

The function a(x) so defined is continuous on X, and is positive if 
Coy Cyy ***y Gm are positive. We shall show that these c’s can be given 
positive values such that the conditions 


(3) [i x@f@ax = 0 (¢ = 1, 2,---,m) 
will be satisfied. 

Upon substitution of (2) in (3), we obtain a system of m linear homo- 
geneous equations in the 2”-+-1 unknown c’s, which may be written 


9™ 
(4) > %j 6 = @ (Gi = 1,2,---, m), 
j=0 





* An example of a completely signed set is: fi(xz) = 2, fx(a) = a2*—-1, —22252. 


ON COMPLETELY SIGNED SETS OF FUNCTIONS. 395 


where 
Ain = [A@az, Oj =[ m@fAwae, va eer 


From the definition of aj(x), it follows that the constant aj has the 
same sign as fj (aj). Hence the matrix 


|| aay (¢ = 1, 2,---, m) (j = 1, 2,---, 2”) 


is a completely signed matrix. According to the corollary to Theorem III 
of the note previously referred to in § 1, the system of equations (4) admits 
therefore a solution c,, ¢,,+--, ¢m in which all the c’s are positive.* The 
function 2 (x) defined by (2), upon the substitution of these values, furnishes 
the function (x) required for the property (0). 

3. Remark: The notion of a completely signed set may be extended 
directly to a set of functions of a general variablet g whose range is an 
arbitrary class of elements Q. By application of Theorem III of the note 
already cited it may be shown that every linear combination of a completely 
signed set of functions on a general range changes sign. 





* An algorithm for determining a positive solution of a system such as (4) is described 
in the preceding paper. 

+ Such sets of functions have been considered in the recent paper: On sets of functions 
of a general variable, Trans. Amer. Math. Soc., vol. 29 (1927), p. 463. 
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CONCERNING CONTINUOUS CURVES 
AND CORRESPONDENCES.* 


‘By Wiiu1am Leake Ayres. 


I. Introduction. 


In this paper we shall discuss plane continuous curvest and especially 
continuous (1, 1) correspondencest between continuous curves. Part II 
contains a new definition of end-points and several theorems concerning 
continuous curves which are useful in the latter part of the paper. In 
part III we define and give several results concerning branch points and 
end-point homogeneity of continuous curves. In part IV we give a very 
general set of conditions under which a correspondence of subsets of two 
acyclic§ continuous curves can be extented to a continuous (1, 1) corres- 
pondence between the continuous curves themselves. The paper is confined 
to two dimensions but it is evident that a number of the theorems extend 
easily to m dimensions. 

Finally I wish to thank Professor J. R. Kline, who suggested the problem 
of this paper and who has assisted materially in its preparation by many 
suggestions and criticisms. 


II. Theorems on continuous curves.|| 


THEOREM 1. Jf M is a continuous curve and N is a subset of M which 
is also a continuous curve, then, for any positive number ¢, M— WN contains 
at most a finite number of maximal connected subsets§| of diameter greater 


than «.** 
Proof. Wildert+ has shown that M—WN consists of a set of maximal 
domains [d], with respect to M/, whose boundaries with respect to M belong 


* Received January 11, 1927. 

7 For definitions and theorems relating to continuous curves see R. L. Moore, Report on 
continuous curves from the viewpoint of analysis situs, Bull. Amer. Math. Soc., vol. 29 
(1923), pp. 289-302. Hereafter we shall refer to this paper as “Report”. 

¢ Report, p. 289. 

§ A continuous curve which contains no simple closed curve is said to be acyclic. 

|| Presented to the American Mathematical Society October 31, 1925. 

4] A connected set K is said to be a maximal connected subset of a set H if K isa 
subset of H and H contains no connected subset of which X is a proper subset. A subset 
N of a set M is said to be a proper subset if M—WN is not vacuous. 

** The diameter of a point-set is the upper bound of the set of numbers d (a, y), where 
x and y are points of the set and the symbol d(a,y) denotes the distance from a to y. 

TT R. L. Wilder, Concerning continuous curves, Fundamenta Mathematicae, vol. 7 (1925), 
pp. 340-377, theorem 9. 
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to N.* Suppose the set of maximal domains [d] of M—WN of diameter 
greater than « is infinite. If d denotes any domain of the set, d contains 
two points A and B such that d(A, B)>«. There exists an are AB from 
A to B every point of which lies in dt Since M is bounded and no 
two of the sets [d] have common points, there exist two points A and B 
and two sequences <A,, As, As,--- and B,, By, Bs,--- such that (1) the 
points A,, Ag, As,--- are distinct points of the set [A] and A is the sequential 
limit point of this sequence, (2) the points B,, B,, Bs, --- are distinct 
points of the set [B] and B is the sequential limit point of this sequence, 
(3) for every 2, the points A; and B; belong to the same domain of the 
set [d]. ae 

It follows that d(A,B) > «. There exists an integer k such that if 
i>k, Aj and B; lie within circles C, and C, of radii }e with centers at 
A and B respectively. Each are A;B; (i>) contains a last point X; in 
the order A; to B; in common with C, and the subare X;B; of A;B; con- 
tains.a first point Y; in common with C,. The sequence of arcs ze 
Yuti1, Xe+2 Ye+2, Xe+s Ye+s, «++ contains a subsequence xX, Y;, » A 
X; Y3, --+ having the following properties: (1) X; is on C, and Y; is on C, ‘ 
and every other point of X;¥; lies outside both circles, (2) C, contains 
three points P,, Q, and X such that every point X; lies on the arc P,Q, X 
of C, and in the order P, Q, } e - Xs + - X, and C, contains three points 
P2,Q: and Y such that every point Y; lies on the arc P:Q: Y of C, and 
in the order P; Q, Y; Y; Ys--- ¥, (3) the sequence X,, Xz, X,--- has the 
point X as its sequential limit point and the sequence Yj, Ys, Ys,-- - has 
as its sequential limit point the point Y, (4) each of the arcs X; ¥; lies 
in a maximal domain of M—N of diameter greater than « and no two 
lie in the same domain. 

Each are X;¥; contains a point Z; at a distance greater than or equal 
to 4¢ from both A and B. The set [Z;] contains a subset Zn,» Zn Zn *** 
which has a sequential limit point Z. It follows that Z is at a distance 
greater than or equal to }¢ from both A and B. Let C, denote a circle 
of radius «/8 with center at Z. Since M is connected im kleinen there 
exists within C,; a concentric circle C, such that every point of M lying 
within C, lies together with Z in a connected subset of M which lies 

* A connected subset D of a continuous curve M is said to be a domain with respect 
to M, or an S-domain, if for every point P of D there exists a circle C with center at 
P such that the set of all points of M, which (1) lie interior to C and (2) lie with P in 
a connected subset of M that lies wholly interior to C, belong to D. The set of all 


limit points of D which do not belong to D constitutes the boundary of D. Cf. R. L. Wilder, 
loc. cit. 


t For proof of this see R. L. Moore, Concerning continuous curves in the plane, Math. 
Zeit., vol. 15 (1922), pp. 254-261. See also R. L. Wilder, Joc. cit. 
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entirely within C;. Let Zm, be the first point of [Z,,] which lies within C,. 
The curve M contains a simple continuous arc «, from Zp, to Z which 
lies entirely within C;.* The arc @, contains a last point 7, in the 
order Zm, to Z in common with Xm, Ym, and the are 7,Z of «, contains 


a first point 7; in common with Xm Yi. Since C; is of radius «/8 
the are 7, T; of @, lies entirely within the simple closed curve J, formed 
by Xun, Ym, Xm’ Ym’ -, the arc p am Xm: of C, which lies on P, Q, X and the 
arc Ym Ym of C, which lies on P;Q,Y. The are 7, 7; contains in its 
interior a point V, hg N, for otherwise the maximal domain of M—WN 
which contains Xm, Ym, would contain Xm; Ym; also which is contrary to 
the hypothesis that ‘the ares lie in distinct domains of the set [d] of M—N. 

Let C, denote a circle with center at Z lying within C,, containing no 
point of Xn, Yu, and radius less than «/16. Repeating the above argument 
with C; taking the place of C; we determine a point V, of N within the 
simple closed curve J; formed by Xm, Ynys Xm; Ym;, the are Xm,Xm; of 


C, which lies on P,Q, X and the are Ta. Ym of C, which lies on P;Q, Y. 
where Zm, is the first point of the set [Z,,] which lies in Cy (me > m) and 
where C, is a circle concentric with C; such that every point of M within 
Cs lies with Zin a connected subset of M lying wholly within C;. Continue 
this process indefinitely each time taking me circle Cy4: of radius less 
than «/2**? and such that no point of Xm, ,Ym,_, lies within it. 

Thus there exists a set of points V,, Vz, V3,--- such that for every 
value of i (1) V; belongs to N and is at a distance from Z less than 
«/2*+2, (2) V; lies interior to the simple closed curve J; formed by Xun, Ym 


Xm: Ym; the are Xm,Xm; of C, which lies on P,Q, X and the are Yin, Ym, 
of C, which lies on P,Q, Y, 

By property (1), Z is the sequential limit point of V;, Vs, Vs3,--- and 
since N is closed, Z belongs to N. As N is connected im kleinen by 
hypothesis, there exists within the circle C, a circle C with center at Z 
such that every point of N within C can be joined to Z by an arc of N 
which lies wholly within C;. By property (1), N contains a point V; within C. 
Let @ denote the arc of N from V; to Z lying wholly within C,;. The point V; 
is in the interior of the simple closed curve Jj and Z is in the exterior, 
thus @ must contain a point of Jj. Since the radius of C; is ¢/8, Xm, Xm: : 
and Ym, Ym; lie in the exterior of C, and thus can have no point in common 
with @, The arc @ can have no point in common with either Xm, Ym, or 
Xm; Ym; since these ares belong to M—N. But these four ares ‘form Jj 





* For a justification of the term “arc” here, see J. R. Kline, Concerning approachability 
of simple closed and open curves, Trans. Amer. Math. Soc., vol. 21 (1920), p. 453 and footnote. 
T If m, denotes Ny, then m:, denotes Mey 


CONCERNING CONTINUOUS CURVES AND CORRESPONDENCES. 399 


and therefore @ contains no point of Jj, which is a contradiction. This 
completes the proof of the theorem. 

We may state the following more general form of this theorem. The 
proof, except for a few minor changes, is the same as for Theorem 1. 

THEOREM 2. Jf M, Ni, Ne, Ns, --+, Ne are continuous curves and 
Ni(O<i < k) is a subset of M, then, for any positive number e, 
M—(N,+ N2+---+ Nx) contains at most a finite number of maximal 
connected subsets of diameter greater than «. 

Definition. A point P of a continuous curve M is said to be a W-end- 
point,* or simply an end-point, of M if for every are « of M joining P to 
any other point P’ of M, it is true that the set M@—(a@—P) contains no 
connected subset consisting of more than one point which contains P. 

THEOREM 3. Jn order that a point P of a continuous curve M be an 
end-point of M, it is necessary and sufficient that (1) P belong to no simple 
closed curve which is a subset of M, (2) P be a non-cutpoint? of M. 

Proof. (a). The conditions are necessary. (1) Suppose P is an end-point 
of M and lies on a simple closed curve J of M. Let P’ be any other 
point of J. Then J is the sum of two arcs from P to P’, 

J = PXP’+ PYP’. 
Let PXP’ = a, The set M— (a — P) contains a connected subset PY P’ — P’ 
consisting of more than one point and containing P. Then P cannot be 
an end-point of M by definition, which is a contradiction. 

(2) Suppose that P is an end-point of M which is also a cutpoint of M. 
Let P’ be any other point of M and let « be an are of M whose end- 
points are P and P’. As P is a cutpoint, 


M—P= M+, 


where M, and M, are non-vacuous mutually separated sets.§ Now a— P, 
being connected, must lie wholly in M, or M,. Suppose it lies in M. 
By a theorem due to Wilder,§ M, is a set of domains with respect to 





*This definition was given by R. L. Wilder, loc. cit., p. 358. Cf. also H. M. Gehman, 
Concerning end points of continuous curves and other continua., Bull. Amer. Math. Soc., 
vol. 32 (1926), p. 218 (abstract). 

Tt If M is a continuum and P is a point of M, then P is said to be a non-cutpoint or 
a cutpoint according as M—FP is connected or not. Cf. R. L. Moore, Concerning the cut- 
points of continuous curves and of other closed and connected point-sets, Proc. Nat. Acad., 
vol. 9 (1923), pp. 101-106. 

{Two sets H and K are said to be mutually exclusive if they have no common points. 
They are said to be mutually separated if they are mutually exclusive and neither contains 
a limit point of the other. The symbol H- K is used to denote the set of common points 
of the sets H and K. 

§ Loc. cit., Theorem 9, p. 360. 
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whose boundary points with respect to M are contained in M,+P. Let 
D be one of these domains. As D is a subset of M;, no point of M, can 
be a limit point of D and thus P must be the entire boundary of D. 
Then D+ P is connected, consists of more than one point and contains P, 
which is contrary to the assumption that P is an end-point. 

(b). The conditions are sufficient. Let P be a point of M which satisfies 
the two conditions and let us suppose that P is not an end-point of M. 
Then there exists a point P’ of M and an are @ of M whose end-points 
are P and P’ such that M—(a—FP) contains a connected set N consisting 
of more than one point and containing P. Since P is a non-cutpoint, 
M—P is connected. Divide M—P into two sets, e—P and M. Then 
M contains N—P. Let q be any point of N—P and let D, be that 
maximal domain with respect to M which lies in M and contains g. As 
N is connected, one of the sets N-D, and N—N- D, must contain a limit 
point of the other. The set V-D, cannot contain a limit point of N— N- D, 
as no point of the domain D, is a limit point of a set of points of M 
lying outside the domain. Since D, is a maximal domain of M and 
N—(N-D,+P) lies in M, no point of N—(N-D,+ P) is a limit point 
of N-D,. Therefore P is a limit point of N-D,, and consequently of Dg. 
As D, is a maximal domain of M, D, and M—D, are mutually separated; 
and as M—FP is connected, «—P must contain a point x which is a limit 
point of D,. There exist* arcs « and «@”, whose end-points are x and q 
and P and q respectively such that D, contains «’—z and ae” —P. 

There exists an arc 8, whose end-points are x and P, every point of 
which belongs to «+ «” and such that D, contains 8—(P+ <x). The are ~ 
and the arc Px of « have no points in common extept their end-points 
and thus their sum is a simple-closed curve which is a subset of M and 
contains P. But this is contrary to the hypothetis that P lies on no simple 
closed curve which is a subset of M. 

THEOREM 4. If x and y are two distinct points of a continuous curve M, 
then no point of an arc xy of M, except possibly the points x and y, is an 
end-point of M. 

Proof. Let P denote any point of an are xy of M distinct from x and 
from y. Let @ denote the arc Px which is a subset of the are zy. Then 
M—(a— FP) contains a connected subset, namely the arc Py of xy, con- 
sisting of more than one point and containing P. Thus, by definition, 
P cannot be an end-point of UV. : 





* Cf. R. L. Wilder, loc. cit., Theorem 1, p. 342. 
7 R. L. Wilder, loc. cit., Theorem 14, p. 364, gives a proof of this theorem for the acyclic 
case. Cf. also R. L. Moore, Concerning the cut-points etc., loc. cit., Theorem C. 
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THEOREM 5. If K denotes the set of all end-points of a continuous curve 
M then K contains no connected subset consisting of more than one point. 

Proof.* Suppose that K contains a connected subset K which contains 
more than one point. Let P be any point of K. Let P’ be any other 
point of M and @ be an arc of M whose end-points are P and P’. Let 
P” denote a point of e—(P+ P’). Then by Theorem 4, no point of the 
arc PP” of a except possibly the point P is a point of K. Thus the set 
M—(PP" —P) contains the set K and consequently K. But this is con- 
trary to the assumption that P is an end-point of M. 

THEOREM 6. If K denotes the set of all end-points of a continuous 
curve M, then no subset of K disconnects M even in the weak sense.t 

Proof. Suppose K contains a subset K such that M— K is not connected 
in the strong sense. Then M-—XK contains two points A and B which lie 
in no closed and connected subset of M—K. The curve M contains an 
arc AB whose end-points are A and B.f Since A and B lie in-no closed 
and connected subset of M— XK, the are AB must contain a point of K, 
which we will call P, and P must be distinct from A and from B. The 
point P belongs to K and thus to K. But this is impossible by Theorem 4. 


III. On branch points and homogeneity.§ 


Definition. We shall say that a continuous curve M is homogeneous 
with respect to n end-points if for each two sets of n distinct end-points 
of M, A;, As, As,---, An and B,, Bs, Bs, ---, Bn, there exists a continuous 
(1,1) transformation 7|| of M into itself such that 7(A;) = B; for each 


* For a proof of this theorem for the acyclic case, see R. L. Wilder, loc. cit., Theorem 15, 
p. 365. 

TA point-set is said to be connected in the weak sense if no matter how it is divided 
into two mutually exclusive subsets, one of these subsets contains a limit point of the 
other. The set M is said to be connected in the strong sense if every two points of M 
lie together in some closed subset of M which is connected in the weak sense. A point 
set K is said to disconnect a connected point-set M in the weak sense if M—M-K is not 
connected in the strong sense. For these definitions, see R. L. Moore, Concerning the cut- 
points etc., loc. cit.; Theorem F of Moore’s paper together with Theorem 3 of this paper 
give a proof of the acyclic case of Theorem 6. 

} Every two points of a continuous curve M can be joined by a simple continuous arc 
which is a subset of M. Of. R.L. Moore, A theorem concerning continuous curves, Bull. 
Amer. Math. Soc., vol. 23 (1917), pp. 233-236. See also R. Tietze, Uber stetige Kurven, 
Jordansche Kurvenbogen und geschlossene Jordansche Kurven, Math. Zeit., vol. 5 (1919), 
pp. 284-291; S. Mazurkiewicz, Sur les lignes de Jordan, Fund. Math., vol. 1 (1920), 
pp. 166-209, and earlier papers referred to therein. 

§ The results of this section, except Theorems 11 and 12, were presented to the Society 
January 2, 1926. Theorems 11 and 12 were presented May 1, 1926. 

|| Cf. Report, p. 289. We shall use the terms “transformation” and “correspondence” 
interchangeably. 
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0<i<n. If a continuous curve is homogeneous with respect to  end- 
points for every positive integer , we shall say that it is homogeneous 
with respect to its end-points or end-point homogeneous.* 

Definition. Suppose P is a point of a continuous curve M which lies 
on no simple closed curve of M. Then M—P is a finite or at most 
countablet set of trees [7').{ If the set [7] consists of just one tree, 
P is an end-point of M by Theorem 3. If the set [7] consists of just 
two trees, we shall call P an ordinary cut-point of M. If the set [7] 
consists of three or more trees, we shall call P a branch point of M. 
If the set [Z'] consists of a finite number k (k >2) of trees we shall say 
that P is a branch point of order k. If the set [7'] is infinite, either there 
are only a finite number » of trees each of which contains just one end- 
point of M or there are an infinite number of such trees. In these two 
cases we shall say that P is a branch point of order no and © re- 
spectively, (Note: m may be zero.) 

THEOREM 7. Suppose (1) M is an acyclic continuous curve and A and B 
are end-points of M, (2) there exists a continuous (1,1) transformation T 
of M into itself such that T(A) = B and T(B) =A, then the arc ABS 
of M contains a point which remains invariant under T.)\ 

The proof of Theorem 7 affords no difficulty and will be omitted. 

THEOREM 8. Jf all, except possibly three, of the end-points of an acyclic con- 
tinous curve M remain invariant under a continuous (1,1) transformation T of 
M into itself, then all of the branch points of M remain invariant under T. 

Proof. Under the hypothesis that not more than three end-points of M 
are affected by 7' three cases arise: (1) all of the end-points of M remain 
invariant under 7, (2) all except two, EH, and £;, of the end-points of M 
remain invariant and 7(£,) = E£,, T(E:) = &, (3) all except three, 





*S. Mazurkiewicz, Sur les continus homogénes, Fund, Math., vol. 5 (1924), pp. 137-146, 
has defined a homogeneous set of points and has shown that a plane bounded continuous 
curve which is homogeneous is a simple closed curve. The above definition gives a some- 
what similar notion which is applicable to acyclic continuous curves. 

7 Cf. Theorem 1. Of. also R. L. Wilder, loc. cit., Theorem 9. 

tIf N is a subcontinuum of a continuous curve M, a maximal connected subset of 
M—WN which has only one limit point in N is called a tree with respect to N or a tree in 
M—N. The limit point in N is called the foot of the tree. Cf. H. M. Gehman, On extending 
a continuous (1,1) correspondence of two plane continuous curves to a correspondence of 
their planes, Trans. Amer. Math. Soc., vol. 28 (1926), pp. 252-265. 

§If A and B are two points of an acyclic continuous curve M then AB denotes the 
arc of M from A to B. 

|| W. Scherrer, Uber ungeschlossene stetige Kurven, Math. Zeit., vol. 24 (1925), pp. 125-130, 
proves that if 7 is any continuous (1,1) transformation of M into itself then M contains 
an invariant point. Then Theorem 7 states that under condition (2) one such point lies 
on the are AB. 
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E,, E, and E; remain invariant and 7'(£,) = E,, T(E.) = EB, T(Bk;) = &,. 
We shall show that in each of these cases all of the branch points must 
remain fixed under 7". 

In case (2) the are E, E, contains a point P which is invariant under 
T by Theorem 7. We shall now show that #, E, cannot contain a branch 
point distinct from P and thus prove that the arc F, E, contains not more 
than one branch point and if there exists one it remains invariant under 7. 
Suppose the arc E, E, contains a branch point B distinct from P. The 
point B must lie on either PE, or PE,," suppose PE,. As B is a branch 
point there is at least one end-point Z, such that the are BE; has only 
the point B in common with FE, #.. Since T(PE,) = PE, B’ (i. e. T(B)) 
must lie on PE,. The point HF, is invariant under 7' since we are con- 
sidering the case in which only two end-points are affected by 7. Then 
T(£;B) = E;B’ and, as the arc EB’ contains P, the arc A,B must 
contain a point Q@ such that 7(Q) = P. Thus M contains two points, 
P and Q which have P as their correspondent under 7’, which is contra- 
dictory to the hypothesis that 7 is a (1,1) correspondence. 

We shall show that in case (3) each of the three arcs, E, E,, Ey Es, 
E, E;, contains but one branch point and this branch point is common to 
the three arcs and remains invariant under 7. Let P be the first point 
of the arc £, E, in the order from E, to EZ, which is a point of FE, EF. 
The point P is distinct from £,, E, and E; by Theorem 4. Then the subare 
PE; of E,E; has no point except P in common with the are E, Fy, P is 
the only point which belongs to all three of the arcs E, Ey, Ey E;, E, EB; 
and P is a branch point of M. We have now 


T(E, Ez) — E, Es, T (£3 Es) = £ Fi, T(E, Es) = EF, E,. 


Now P lies on each of the three ares E, Fi, ELE, E, BE, and thus P’ 
must lie on each of the three transformed arcs. But as P is the only 
point which lies on each of the three arcs FE, E;, E; E, E, E,, P’ = T(P) = P. 
Thus P is invariant under 7. Now suppose one of the three ares from 
P, say PE,, contains a branch point B distinct from P. The argument 
continues exactly as in case (2) above and we obtain a point Q such that 
Q + P and 7(Q) = P, which contradicts the hypothesis that 7’ is a (1,1) 
transformation. 

Now, in any one of the three cases, let us suppose that M contains 
a branch point B such that 7(B) = B+B. Let EE be a maximal 
arc of M containing B and B’;t then EZ, and Z, are end-points of M. 

*TIf AB is an are, AB denotes AB—(A+ B). 

+S. Mazurkiewicz, Un théoréme sur les lignes de Jordan, Fund. Math., vol. 2 (1921), 
pp. 119-130. 
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We suppose the order E, BB’ E,. We see easily that, as B is a branch 
point of M, B’ is also and thus there exist two end-points FE; and E, of M 
such that B and B’ are the only points which the arcs 2B and E,B’ 
have in common with the are E, E,. Not more than one of the four points 
E; can be affected by 7, for if two fail to remain fixed. under 7’ the arc 
joining these two must contain one of the two points B or B’, neither of 
which remains invariant under 7. But we proved above that if two end- 
points fail to remain fixed under 7’ then the are of M joining them can 
contain at most one branch point and this branch point must remain fixed 
under 7. It follows then that not more than one of the four points £; 
can be affected by 7. And if one of the points £Z; fails to remain fixed 
under 7, EF; and Ej lie in the same tree of M—BB’. 

Then at least one of the two points #, and Ey, say Z, and at least one 
of the points HE, and E;, say #,, remain invariant under 7. Since 
T(E, B) = E,B’ and EB contains B, £,B contains a point P, such 


that T(P,) = B. Similarly 7(£,B) = E3;B’ and E3B’ contains B since 


E; and £3, whether identical or not, lie in the same tree of M—BB’. 
Therefore £;B contains a point P, such that T7(P:) = B. But P, +P, 


and B is the correspondent of each point under 7, which is contrary to 
the hypothesis that 7 is a (1,1) correspondence. 

THEOREM 9. In order that an acyclic continuous curve M be homogeneous 
with respect to its end-points it is necessary and sufficient that M contain 
a point P such that M consists of a set of arcs from P to the end-points 
of M, no two of which have any point in common except P. 

Proof. The condition is obviously sufficient; we shall show that it is 
also necessary. Let EL denote the set of all end-points of M and let e, 
and e, be points of HE. The are ee, of M must contain a branch point }, 
for otherwise M consists of merely the arc ee, and the theorem is true. 
The set M—b, consists of at least three trees, one M., containing e,, one 
M., containing e,, and at least one other M., containing a point e, of E. 
We shall prove that Me, = eb; —),. 

Suppose that 1,, contains a point p which is not on ¢,),. Let eb, be 
a maximal arc of M. +, which contains p and b, and let b, be the first 
point which the are e,}, has in common with e,}, in the order e, to },. 
Then e& is a point of H and b, is a branch point of M. By hypothesis 
there exists a continuous (1,1) transformation 7’ of M into itself such that 
T(e,) = e, Tle) = |, Tes) = eg, T(es) = eg. By Theorem 7 the 
are &¢, contains a point g which corresponds to itself under 7. Five 
cases may arise according as (1) q lies between e, and bs, (2) g = de, 
(3) q lies between bd, and b,, (4) gq = },, (5) q lies between b, and eg. 
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Let us consider the first case. Since ej = e, and e& = e, T'(e,q) = eg 
and 7'(e.q) = eq. Then bj and bs lie on €1g: The set e,b,-+e,be is not 
connected while 7'(esb, + e, be) = es; bi + eb: is connected since each com- 
ponent is an arc and they have the point q in common. But this is 
a contradiction since the connectivity of a set is invariant under a con- 
tinuous transformation. In each of the other four cases we arrive at 
a contradiction in exactly the same way by showing that e,b,-+ e,b, is 
not connected while e,b{-+ eb; is connected. Thus Me, = 4b, —h,. 

Let M, be any other tree of M—b,, and let e be a point of E in M,. 
Suppose M, contains a point which is not a point of eb,. Then M, con- 
tains an end-point e distinct from e. We may arrive at a contradiction 
exactly as in the case of M. above by considering the continuous (1,1) 
transformation 7' of M into itself such that 


T(e) = 4, T(a) = e, Ta) = %, T(e) = @. 


Thus M, = eb,—},. Therefore every tree of M—b, is a set consisting 
of an are of M from }, to an end-point of M minus the point },, which 
proves the necessity of the condition. 

As M is connected im kleinen we see that the set of ares of the pre- 
ceding theorem is finite or at most countably infinite and, if infinite, }, is 
the only limit point of Z, the set of all end-points of M. By noticing 
that in the proof of the preceding theorem we make use of four end-points 


+ in each step we obtain the following more general result. 


THEOREM 10. A necessary and sufficient condition that an acyclic con- 
tinuous curve M be homogeneous with respect to n end-points (n> 3) is that 
M contain a point P such that M consists of a set of arcs from P to the 
end-points of M, no two of which have any point in common except P. 

The following example shows that the condition of Theorem 10 is not 
necessary unless n>3. In this example any three end-points may be 
carried into any three end-points by a continuous (1,1) transformation of 
M into itself and yet M fails to satisfy the condition of Theorem 10. 

Consider the ordinary Euclidean plane with a rectangular codrdinate 
system. Let M,, denote the interval from (1,0) to (0,0) and let IM, be 
vacuous. Let p (¢ = 1, 2,---) be the point of 14, whose distance from 
the point (0,0) is 4-2! and let qi (¢ = 2, 3, 4,---) be the point of M,, 
whose distance from (1,0) is 4(1+2'-*). At each point p; and q erect 
perpendiculars to M,, of length ?;-2'-* with p; or qi, as the case may be, 
as midpoints. Let M,, be the set of points consisting of all such per- 
pendiculars and let M/,, be vacuous. Let M, denote M,,+M.,. Suppose 
that AB is any interval of M, such that A is an end-point of .My, B is 
a branch point of M, and AB contains no branch point of M,. Let 
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d denote the length of AB. Let uw (¢ = 1, 2, 3,---) be the point of AB 
whose distance from B is }-2'-*-d and let 1; (¢ = 2, 3,4,---) be the 
point of AB whose distance from A is 4(1-+2'~)d. At each point 4 and 
vj erect perpendiculars to AB of length ;),-2'-‘-d with « and vj, as the 
case may be, as midpoints. Let M,, be the set of points consisting of 
all such perpendiculars for all such intervals AB of M,. Let CD be any 
interval of M, such that C and D are branch points of M, and CD con- 


tains no branch points of M,; and let k be the length of CD. Let 

a; (i = 1, 2,3,---) be the point of CD whose distance from C is 2-*-k 

and bj (¢ = 2,3, 4,---) be the point of CD whose distance from D is 

2-‘.k. At each point a; and 0}; erect perpendiculars to CD of length 

}-2-*-k with a; or bj, as the case may be, as midpoints. Let Ms, be the 

set of points consisting of all such perpendiculars for all such intervals 
8 2 

CD of M,. Let Mj = > > M;. By erecting similar perpendiculars to all 
i=1j=1 

intervals AB and CD of M, we may define M,, and My, and so on in- 
co 2 

definitely. Let Ki, = > > My and let Kz be the set obtained by re- 


#=1j=1 
flecting K, in the line x = 0, Ky; be the set obtained by reflecting K,-+ K, 
in the line x = y. Let M=> K,+K,4+ K;. 

By examination we see that M is an acyclic continuous curve and that 
any ‘three end-points of M@ may be carried into any three end-points of M 
by a continuous (1,1) transformation of M into itself. But M does not 
satisfy the condition of Theorem 10. 

THEOREM 11. The set of branch points of an acyclic continuous curve 
is countable.* 

LemMMA A. If J is a tree of a continuous curve and P its root then 
T-+-P is a continuous curve. 

Proof. Wet M be the continuous curve. From the definition of a tree 
it follows that 7’ and M—(7+P) are mutually separated sets. Thus 
T+ P is bounded, closed and connected and we need only to show that 
T+ P is connected im kleinen at each of its points. As M—T is closed, 
the connectivity im kleinen of 7+ P at a point Q of 7 follows at once 
from the fact that the set M is connected im kleinen at Q. The set 7+P 
is also connected im kleinen at P for if C, is any circle with center at P, 
there exists a concentric circle C, such that every point of M lying within 





* This theorem was presented to the Society May 1, 1926. I later found a proof by 
Menger and, as mine is very similar, it is omitted here the reader being referred to Menger’s 
paper (Uber regulire Bawmkurven, Math. Ann., vol. 97 (1926), pp. 572-582). Since this 
paper was in print, I have found a still earlier proof by Wazewski, Ann. Soc. Polonaise 
de Math., vol. 2 (1923), pp. 49-170. 





CONCERNING CONTINUOUS CURVES AND CORRESPONDENCES. 407 


C, lies with P in a connected subset of M lying wholly within C,. Let 
x be any point of 7’ within C, and let Mz be an are of M from x to P 
and lying wholly within C,. Since 7 and M—(7T-+P) are mutually 
separated, the arc M, must lie wholly in 7+P and thus 7+P is 
connected im kleinen at P. Since 7'+P is bounded, closed, connected 
and connected im kleinen it is continuous curve. 

Definition. Suppose M is a continuous curve which contains just one 
simple closed curve C. The set M—C consists of a countable number of 
trees, d;, dz, ds,-++, by Theorem 1. Each tree d; has just one limit point 
P; in C which is the root of the tree by definition. We shall call the 
points P; the cyclic branch points of M. 

THEOREM 12. The set of all branch points (ordinary and cyclic) of 
a continuous curve containing just one simple closed curve is countable. 

Proof. Let M be the continuous curve and C be the simple closed 
curve in M. Any maximal connected subset of M—C is a tree and the 
number of such trees is countable by Theorem 1. Let these trees be denoted 
by 7;, Ts, T3,--- and the corresponding limit points in C by P,, Ps, P3 --- 
Every set 7;+ P; is a continuous curve by Lemma A. Also it is evident 
that no continuous curve 7;+-P; contains a simple closed curve. Then 
if B; denotes the set of all the branch points of 7;+ P;, B; is countable 
by Theorem 11. Then if B denotes the set of points consisting of all 
the points of the sets B; (¢ = 1, 2, 3,---) together with all the points P;, 
B is a countable set being formed of a countable number of countable sets. 
The set B contains all the branch points of M and therefore the set of 
all the branch points of M is countable. 


IV. On continuous (1,1) correspondences 
between continuous curves.* 


In this section we give a very general set of conditions under which 
two continuous curves, which are acyclic or each of which contains just 
one simple closed curve, can be put into continuous (1,1) correspondence. 
We also give a set of conditions under which a correspondence between 
subsets of two acyclic continuous curves can be extended to a continuous 
(1,1) correspondence between the continuous curves themselvyes.t From 
this we can formulate the corresponding theorem for the case of the con- 
tinuous curves containing just one simple closed curve but the conditions 
are necessarily so numerous as to make the theorem of little interest. 





* Presented to the Society May 1, 1926. 
+ We say that a correspondence C between two subsets, N, and N,, of two sets, M, 
and M;, respectively can be extended to the sets themselves provided there exists a cor- 
respondence C’ between M, and M, such if P is a point of N,, C(P) = C'(P). 
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The conditions given are conditions on the subsets, whose correspondence 
we desire to extend, and the branch points of the continuous curves, 
Thus we see from Theorems 11 and 12 that the conditions restrict only 
a countable set of points in addition to the subsets themselves. 

THEOREM 13. Let M, and M, be acyclic continuous curves and C, be a (1,1) 
correspondence between N, and Nz, subsets of M, and My respectively. Then 
this correspondence can be extended to a continuous (1,1) correspondence T 
between the continuous curves provided there exists a (1,1) correspondence 
Cy between B, and Bs, the branch points of M, and Mz, and C, and C, 
satisfy the following conditions: 

(1) if P is a point of N, and B, then C,(P) = C.(P) and if P’ is 
a point of Nz and B, then Cy\(P’) = Cy (P"), 

(2) if P is a point of B,, R and C,(P) are branch points of the same 
order, 

(3) if P is a point of Ni, P is an ordinary cut-point if, and only if, 
C,;(P) is an ordinary -cut-point, 

(4) if Pi, Ps, Ps are points of K,(Ki = Ni+ Bi) then P,, Ps, Ps lie on 
an arc of M, and Py, is between P, and Ps if, and only if, C(P,), C(P,)' 
C(Ps) (C is the correspondence between K, and Kz which is the same as C, 


for points of Ni and the same as C; for points of Bi) lie on an arc of Mz 


and C(P,) is between C(P,) and C(Ps), 

(5) a sequence of points of K,, P,, Ps, Ps, +++, has a sequential limit point Q 
if, and only if, C(P,), C(P:), C(Ps), «++ has a sequential limit point R, 
(6) if either Q or R is an ordinary cut-point then the other is also, 

(7) the point Q belongs to N, if, and only if, R belongs to Ng. 

It will be noticed that M, and M, enter into the hypothesis of the 
theorem in a completely symmetrical manner. Thus any statement which 
is proved concerning M, or any of its subsets gives a corresponding statement 
concerning M, or corresponding subsets of M,. This being the case we 
will usually omit the statement concerning M,. Before proceeding to the 
proof of the theorem we will state several lemmas which follow out of 
the hypothesis of the theorem. 

LemMA B. Under the hypothesis of Theorem 13, if Q is a point of Ki 
then R is a point of Kz and C(Q) = R. 

Proof. We will show that the assumption C(Q) = Q’+R leads to 
a contradiction, thus proving the lemma, for Q’ = R implies R is a point 
of Ke. If Q belongs to Ni, & belongs to Nz by condition (7). If Q belongs 
to B,, by condition (6) R belongs to B, or is an end-point of M,. Thus 
R either belongs to Kz or is an end-point of M,. We may suppose that 
the points Q, P,, P2, Ps,--- are distinct points as the other cases may be 
easily settled or reduced to this. Then the points R, Pi, P2, P3,---; 





CONCERNING CONTINUOUS CURVES AND CORRESPONDENCES. 409 


(Pi = C(P)) are distinct. For every i let bi; be the first point which 
the arc of M, from P; to R has in common with the arc RQ of M,. 
If & is an end-point no }j can be R.* If Ris a point of Kg, then there 
exists a point R in M, such that C(R) = R and R is distinct from Q, 
If for infinitely many values of i, b; = R, then for every such 7 we have 
the order P;RQ’ in My, and consequently (Condition (4)), Pi: RQ in M, 
and as M, is connected im kleinen Q could not be the sequential limit 
point of [Pj]. Thus in either case not more than a finite number of the 
points bj are R. It follows that there exists a.sequence of positive integers, 
My, Me, Mg, +++ (Mi<Mi41), Such that every point by, lies on RQ, bn, + Dn, 
unless i = j and we have the order Q' by, Dn,bn,--- R. For every i, dn, 
lies between Q and P;,. The point b;, is a point of B, and thus a point 
by, Such that C(0n,) = b,,, exists and lies between Q and P,, for every i 
(Condition (4)). As M, is connected im kleinen Q cannot be the sequential 
limit point of the sequence [P,,]. Thus the assumption that Q’ + R has 
led to a contradiction. 

LemMMA C. Under the hypothesis of Theorem 13, Q is a branch point, 
an end-point or an ordinary cut-point if, and only if, R is also. 

Proof. By condition (6) if either Q or FR is an ordinary cut-point, the 
other is also. Then the only possible case contradictory to the lemma 
is that either Q or R, say Q, may be a branch while the other is an end- 
point. But in this case, by Lemma B, RB is a point of K, and Q’ = R. As Q’ 
is a branch point and Q’ = R, the point R must be a branch point also. 

LemMA D. Under the hypothesis of Theorem 13, if P is a point of N, 
then P and C,(P) are either both end-points, both branch points or both 
ordinary cut-points. 

The lemma follows immediately from conditions (1) and (3) of the 
hypothesis of the theorem. ao 

Proof of Theorem 13. If P is any point of K, we denote C(P) by P’. 
We will define 7’ as follows: 

If P is any point of K,, then 7(P)=— P’. If P is not a point of K, 
but is a limit point of K,, then K, contains a sequence, P,, Ps, Ps, --- 
of points which has P as its sequential limit point. In this case we define 
T(P) to be the sequential limit point of Pi, P, P3,--- which exists by 
condition (5) and, by Lemma B, 7(P) is not a point of Ky. 

The transformation 7’ has been defined for all points and limit points 
of K,, a closed set U. Let P be any other point of M and Eip Hep be 
a maximal are of M, containing P. Let p, and p, be the first points of 





* Cf. Theorem 4. Cf. also R. L. Wilder, loc. cit., Theorem 14, and R. L. Moore, Con- 
cerning the cut-points etc., loc. cit., Theorem C. 
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the sets U+- Ep and U-+ Eop on the arcs from P to E;p and from P to Zep 
respectively. Neither p, nor p, is P unless P is itself an end-point of M,. 
The arc p;p2, may be one of three types: (1) p; = Eip and ps = Epp, 
(2) p, and p, both belong to U, (3) either p, or ps is an end-point of M, 
and the other is a point of U. 

In case (1) B, and B, are vacuous and M, and M, reduce to simple 
continuous arcs. Here all seven conditions of the hypothesis are satisfied 
and Theorem 13 is obviously true since any two arcs may be put into con- 
tinuous (1,1) correspondence. 

In case (2) we will show that there is no point of 7(U) on the are 
of M, between 7'(p,) and 7(p,). Suppose 7(U) has a point Q’ between 
T(p,) and T(p,). If Q is not a point of Ky it is a limit point of K,. 
Let «>0O be a number smaller than both d(7(p,),Q’) and d(T(ps), Q’). 
As M, is connected im kleinen there exists a number 6, >0 such that 
every point of M, within a distance 6, of Q’ can be joined to Q’ by an 
are of M, every point of which is a distance from Q’ less than «. As Q’ 
is a limit point of K,, K, contains a point w such that d(u,Q’)<d,. 
The first point which the arc from wu to Q’ has in common with the arc 
from 7'(p,) to T(pe) must be a point of Kz and lie between 7'(p,) and 
T(p,). Thus we may assume that Q’ is a point of K, for, if not, we 
may replace it by this new point which belongs to Kg. 

Let Q denote the point of M, such that C(Q) = Q’; Q exists since Q 
is a point of K,. The first point the are from Q to p, has in common with 
the arc p; pe is either p, or ps, Say po. If pe is not a point of K, then 
we may replace it in the argument by a point p, of K, so that the 
original order is preserved, as follows: 

Let 7 be a positive number such that the points Q and p, lie in the 
exterior of the circle of radius 7 with center at p, and such that the 
entire arc of M, from Q’ to 7'(,) lies in the exterior of the circle of 
radius 7 with center at 7p). Since M, and Mz are connected im kleinen 

M;\ 


there exists a positive number 4, such that every point of ul within 
2 


jM 


| pe | by an are of 2 
2 


| Ds 
\T(p,)! 


iT (pe) 
every point of which is within a distance y of Tp ' There exists 
2 


a point g of K, such that d(q,p.)<0, and d(T(q), T(p2))<4,. Let ps 
be the first point the arc of M, from q to pe has in common with the arc 
Qp,. Then pe is a point of K, and lies between Q and p,. It follows 
that T(p-) is a point of K, and Q’ is between 7(p,) and Tp). Similarly 
if p, is not a point of K, we may determine a point p; of K, preserving 


a distance 5, of can be joined to 
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order relations. If p, or ps are points of K, let p, = p; and ps = po; 
and then in any case we have three points p,,Q, p. of K, so that ps is 
between Q and p, and three corresponding points of Ky, such that Q’ is 
between pi and p2. But this is contrary to condition (4) and thus the 
assumption that 7(U) contains a point between 7(p,) and Tp.) has led 
to a contradiction. Then we may set up any continuous (1,1) correspondence 
between the ares p,p, and TJ'(p,)7'(pe), such that p, and 7'(p,) and p, and 
T (pz) correspond, and call this correspondence 7 for the points of these arcs. 

In case (3) we will suppose that p, is the end-point of M, and p, is 
the point of U. We will consider three possibilities according as p, is 
(a) an end-point, (b) an ordinary cut-point, or (c) a branch point. 

In (a), M, and M, reduce to simple continuous ares and N, and JN, to 
a single end-point each. Theorem 13 is here obvious. 

In (b), Mz—T' (pz) is the sum of two trees D, and D,. If neither D, 
nor D, is an are minus one of its end-points, each contains a branch 
point of M,, bj and 6: respectively, and 7'(ps) is between bj and b3. Let 
b, and b, be the points of M, such that C.(b,) = bj and C,(b.) = bs. 
Then ps is not between b, and b,. If ps is a point of K,, then by con- 
dition (4) we have a contradiction immediately, and if not, then as we 
have done in case (2) above we may replace ps by a point of K, without 
disturbing the order arrangement and then obtain a contradiction by con- 
dition (4). Therefore at least one of the two trees of M,—T (pz) is 
a simple arc. If both are simple arcs then M, and M, reduce to simple 
ares and N, and Nz each to a single cut-point and Theorem 13 is evidently 
true. If just one of the two trees of M,—T (pz) is a simple arc minus 
one of its end-points, let the end-point which the tree contains be 7'(p,) 
and we may set up any continuous (1,1) correspondence between the two 
arcs pip, and T'(p,)7'(ps), such that p, and 7'(p,) and ps, and 7p.) cor- 
respond, and call this correspondence 7' for these two arcs. 

In (c), we proceed as follows: The branch points po and p2 are of the 
same order by condition (2). We shall show that M@,—p, and M,—p: 
have the same number (if it is finite, and if one set is infinite then the 
other is also) of trees that are simple arcs minus one end-point and contain 
no point of N, or N;. First, let us suppose that p, is of order m. Every 
tree of M,—pz which is not of the above type contains at least one point 
of K,. Let Ti, To,+--, Tk (Qk <n) be the trees of Mi—po which 
are not of this type. We shall show that the number of trees Mo.—~p: not 
of this type is greater than or equal to k. For k equal 0 or 1 this is evident. 
Consider k>1. For each i (0<i< k), ZT; contains a point q of Ky. 
For every i and j (i+,), pe lies between gq; and q;. Then ps lies between 
q: and g; by condition (4) and thus gj and gj lie in different trees of 
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M2.—p:. But as a tree of M.—p} which contains a point gj cannot be 
a tree of the above mentioned type, the number of trees of Mz2—p not 
of this type is greater than or equal to k. Conversely in exactly the same 
manner we may show that k is greater than or equal to the number of 
trees of Mz—p which are not of the above type. Therefore M@:—pe and 
M2—p each contain exactly n—k trees that are simple arcs minus one 
end-point and contain no point of N; or Nz. The cases where the order 
of p, is of the form n@ or © may be treated in a similar manner. 
Thus in any case the number of trees of Mj—p2 and M.—p> that are 
simple arcs minus one end-point and contain no point of N, or Nz, as 
the case may be, is the same. We may arbitrarily set up a (1,1) corres- 
pondence between the trees of p, which are of this type and those of 
ps which are of this type and we may select any continuous (1,1) corres- 
pondence between corresponding trees (arcs), such that pe and »5 corres- 
pond, and call this 7 for these arcs. 

We have now defined the correspondence 7’ for every point of M,. We 
have yet to show that 7 is a (1,1) correspondence between M, and M, 
and that 7’ is continuous. 

To every point of M, there corresponds under 7' just one point of M,. 
It is easy to see that M, cannot contain a point which corresponds to 
no point of M,. Now suppose two points P, and P,, of M, correspond 
to a single point P of M,. If P belongs to K., then P, and P, belong 
to K, and we have a contradiction for C is a (1,1) correspondence and 
for points of Ki, 7=—=C. If P is not a point of the set K, but is a limit 
point of it, then P, and P, do not belong to the set K, but are limit 
points of it. Let Pi, Pis, Pis,--- and Ps,, Pes, Pos, --- be sequences of 
points of K, which have P, and P, respectively as sequential limit points. 
By definition of 7, P is the sequential limit point of both Pi, Pro, Pis, --- 
and Ps, Peo, Pes,-++ and hence of- Pi, Ps, Pi, Po,--+. But as the 
sequence Py1, Po, Pi2, Po, --- has no sequential limit point this is a contra- 
diction of condition (5). If P is not a point of 7'(U), then neither P, 
nor P; are points of U. As above we define the points p, and p, such 
that P, but no point of 7(U), is between p, and p. and p, and pe are 
points of 7(U) or end-points of M,. Correspondingly we obtain points 
P11; Piz» Por, Pox Which are points of U or end-points of M, such that P,, 
but no point of U, is between p,, and p;z, and Ps, but no point of U, 
is between ps; and poo, T' (pir) = T (po) = pry T (pis) = T (poz) = pro- 
Then either p,;; = po; and pis = peg and thus there are two ares of M, 
from p;; tO piz which is impossible since M, is acyclic, or two points of U 
correspond to one point of 7'(U) which we have already shown impossible. 
Therefore 7' is a (1,1) correspondence between M, and M,. 
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We shall show that if P is a limit point of Z, a subset of M,, then 
T(P) is a limit point of 7(Z). The converse follows from the symmetry. 
Let P,, Ps, Ps, --+ be a sequence of distinct points of Z which has P as 
its sequential limit point. If infinitely many of the points of the sequence, 
Px,, Pr,, Px,» +++; belong to K, then P’* is the sequential limit point of 
the sequence, Px’, Px!, Px, ---, by Lemma B or definition of 7. In this 
case P” is a limit point of L’’. Suppose infinitely many, Py, Pn,, Pn,,---, 
of the points of the sequence are points of U but not of K,. For each 2, 
there exists a point Qn, of K, such that d(Qn, Pn) <2-¢ and d(Qn, Pn))<2-*. 
The point P is the sequential limit point of [P,,] and consequently of [Q,,,]. 
By condition (5), the sequence [Qn] has a sequential limit point and, by 
definition of 7 and Lemma B, this point is P’. Since d(Qn,, Pn.) << 2-*, 
P" is the sequential limit point of the sequence [P,’]. In this case then 
P” is a limit point of the set L’”’. 

if neither of the above two conditions exist, infinitely many, Pm,, Pm,, 
Pm,,+++, of the points of the sequence [Pj] must belong to M,—U. Each 
such point lies on an arc pma Pm, Pm2 and each point Py, on an are 
Pima Pm, Pm as these ares are defined above in the definition of 7. One 
of the two points, pmaj, Pmg, is either a point or a limit point of K, and 
therefore for every ¢ there exists in K, a point Xm, such that 


d(Xm,; Pn,) te di, 


where dj = 2-*+ d (arc pms pm), and such that for the corresponding 
rer 


point Xm, it is true that 
d(Xm,, Pm) < di, 


where dj = 2-*+ d(are pma pm). But 
lim d; = O and lim d; = 0,7 


imo imo 
therefore as P is the sequential limit point of the sequence [P,,,| it is the 
sequential limit point of the sequence [X»,]. By condition (5), the sequence 
[Xm,] has a sequential limit point which is P” by definition of 7 and 
Lemma B. Then, since lim dj = 0, P” is the sequential limit point of the 


sequence [Pm]. Thus in any ease if P is a limit point of ZL, a subset 
of M,, P” is a limit point of L”. 

We have defined a correspondence 7 between M, and M, such that 
for any point P of N,, T(P) = C,(P), and have shown that 7 is a (1, 1) 





*If P is a point or set of points of M,, P’’ denotes the point or set of points T(P). 
+ Cf. my paper, Bull. Amer. Math. Soc., vol. 33 (1927), p. 201-208, Theorem 4. Cf. also 
R. L. Wilder, loc. cit., Theorem 8. 
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correspondence and is continuous, which completes the proof of the 
theorem. 

Independence examples. Condition (1) of Theorem 13 is simply that the 
two correspondences C, and C, be consistent. The other conditions are 
independently necessary as shown by the following examples. In each 
example every condition except the one mentioned is satisfied and it is 
obvious that no continuous (1, 1) correspondence between M, and M, exists. 
In each example except (3) and (7), the sets N, and N, are considered 
vacuous. We take the continuous curve M@, in a Euclidean zy-plane 
and M, in a Euclidean x’y’-plane. 

Condition (2). The set M, consists of the points of the interval from 
(1,0) to (—1,0) together with those of the interval from (0,1) to (0, 0). 
Let M, be the interval (in the x’y’/-plane) from (1,0) to (—1,0) together 
with the interval from (0,1) to (0,—1). Also to show the necessity of 
distinguishing various types of branch points of infinite order we give the 
example: Let Z, consist of the intervals from (0,0) to (—2,0) and from 
(—1,4) to (—1,0). Let Zis: be the set obtained from Z, by shrinking 
I; to one-half its size about the point (0,0) = P and then rotating it 


about P through an angle of ~~ in a clockwise direction. Let 
x, = a Tj, and let M, be the same set of points in the 2’y’-plane as M, 


in the pole -plane with the addition of the interval from (1, 0) to (0, 0). 
The point P is a branch point of order 0 © while the point P’(= (0, 0) 
in the 2’y/-plane) is of order 10. 

Condition (3). Let M, be the interval from (1,0) to (—1,0) and N, be 
the point (0, 0). Let M, be the interval from (1, 0) to (—1, 0) in the ’y/-plane 
and N, be the point (1, 0). 

Condition (4). Let M, consist of the intervals (2, 0) to (—2, 0), (1, 1) 
to (1,—1), (—1, 1) to (—1, —1) and (0,1) to (0,0). Let M, consist of 
the intervals in the 2’y’/-plane from (2, 0) to (—2, 0), (1, 1) to (1, 0), (0, 1) 
to (0, —1) and (—1,1) to (—1, —1). 

Condition (5). Let M, consist of the intervals (2,0) to (—2,0) and, for 
every positive integer 7, from (1/7, 1/7) to (1/i,0) and from (—1/2, 1/2) to 
(—1/i,0). Let M, consist of the intervals in its plane from (3, 0) to 
(—3, 0) and, for every positive integer 7, from (1+ 1/7, 1/2) to (1+ 1/2, 0) 
and from (—1—1/i, 1/7) to (—1—1/, 0). 

Condition (6). (a) Let M@, be the sum of the intervals from (0, 0) to 
(2,0) and, for every positive 7, from (1/7, 1/i) to (1/2, 0). In this case 
Q(= (0, 0)) is an end-point. Let M, be the same as &, in its plane with 
the addition of the interval from (0,0) to (—1,0). In M, the point 
R(= (0, 0)) is an ordinary cut-point. 
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(b) Let M, be the same set of points in its plane as M, in (a) except 
with the addition of the interval from (0,1) to (0,0). In M, the point 
Q = (0, 0) is a branch point. Let M, be the same as M, in (a) except 
for the addition of the interval from (— 34,1) to (—4,0). In M, the 
point R = (0, 0) is an ordinary cut-point. 

Condition (7). Let M, be the same set of points in its plane as M, in 
6(a). Let N, be the point (0,0). Let M, be the same as the M, of 
6(a). Let Nz be the point (— }, 0). 

As.a corollary of Theorem 13, we have, in case N, and N, are vacuous: 

THEOREM 14. There exists a continuous (1, 1) correspondence between two 
acyclic continuous curves M, and My, providing there exists a (1,1) corre- 
spondence C Vetween B, and B,, the branch points of M, and M,, satisfy- 
ing the following conditions: 

(1) P and C(P) are branch points of the same order, 

(2) three points of B,, P,, P,, Ps, lie on an arc of M, and Pz is between 
P, and Ps if, and only if, C(P,), C(Ps), C(Ps) lie on an arc of Mz and 
C(Ps) is between C(P,) and C(Ps3), 

(3) a sequence of points of B,, P,, Pz, Ps3,--+, has a sequential limit 
point Q <f, and only if, the sequence, C(P,), C(Ps), C(Ps), +++, has a sequential 
limit point R, 

(4) of either Q or R is an ordinary cut-point then the other is also. 

Definition. Suppose P and P’ are cyclic branch points of two con- 
tinuous curves M and M’ each of which contains just one simple closed 
curve, C and C’. Let >) Dp and > Dp be the sets of trees of M—C 
and M’—C’ which have P and P’ as roots. Then the points P and P’ 
will be said to be similar providing there exists a continuous (1, 1) corre- 
pondence 7’ between P+ >’ Dp and P’+)> Dp such that T(P) = P’. 

The sets P+» Dp and P’+> Dp are acyclic continuous curves* and 
thus the conditions under which two cyclic branch points are similar are given 
in Theorem 13 in which the sets N, and N, are the single points P and P’. 

THEOREM 15. Jf M, and My are continuous curves each of which con- 
tains just one simple closed curve, C, and Cy, then there exists a con- 
tinuous (1,1) correspondence T between M, and My provided there exists 
a (1, 1) correspondence T’ between B, and B;, the cyclic branch points of M, 
and M,, satisfying the following conditions: 

(1) P and T’(P) are similar, 

(2) the points P, and P, separate Ps; and P, on C, if, and only if, the 
points T’(P,) and T’(P3) separate T'(Ps) and T’(P,) on Cy, 

* Every closed and connected subset of a continuous curve containing only a finite 


number of simple closed curves is a continuous curve. Cf. abstract of my paper, Continuous 
curves of a certain type, Bull. Amer. Math. Soc., vol. 32 (1926), pp. 307-8. 
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(3) the sequence P,, P:, Ps,--- of points of B, has a sequential limit 
point Q if, and only if, the sequence T’(P,), T’(P:), T’(Ps),-++ has a 
sequential limit point R, 

(4) the point Q is a point of B, if, and only if, R is a point of By. 

Proof. We shall define 7’ for points of M, as follows: 

The points of B, are countable and may be ordered in a sequence 
Pr, Pa, Ps, ++ and let pj = T' (pi). Let Es =pit+ > Dp, and Ei = pity Dp, 
where > Dp, and >) Dy; denote the sets of trees of M,— C, and M,—C, 
which have p; and p; as roots. By condition (1) there exists a continuous 
(1, 1) correspondence 7; between E; and Ej such that 7;(pi) = pi. For: 
all points of Z;, let 7 = Tj. 

Let P be any point of C,— B, which is a limit point of B,. Then P 
is the sequential limit point of a sequence of points },, bz, bs3,--- of By. 
By condition (3), the sequence bj, b5, bs, --- (bj = T’(bi)) has a sequential 
limit point Q. We define 7(P) = Q. By condition (4), Q is a point 
of C,— B,. Let LZ denote the closed set of points for which 7 has been 
defined and let L” = T(L). 

Let P be any point of M,—L. Since L is closed there exist, unless 
B, is vacuous, two points Nip and Nop of ZL such that one, Cp, of the 
two ares of C, from Nip to Nop contains P but no point of L except 
Nip and Nop. In case B, is vacuous, the curves M, and M, are simple 
closed curves and our theorem is evident. If Nip and Nop are not distinct, 
B, consists of a single point and then our theorem is easily proved. Using 
methods similar to those of Theorem 13 we may prove that at least one 
of the two arcs from Nip to Nep* contains no point of L” except Mp and 
Nzp. If both of the two ares have this property then B, and B, each 
consist of just two points and we may easily complete the proof for this 
case. Excepting this simple case, let Cp be the are of C, from Np to 

ep which contains no point of L” with the exception of these two points. 
For points of the arc Cp we define 7’ to be any continuous (1,1) cor- 
respondence between Cp and Cp such that Mip and Nop correspond to 
Mip and Ne respectively. 

We have now defined 7’ for every point of M,. It is evident from the 
definition that no two distinct points of M, can correspond to the same 
point of M@,. And using methods similar to those of Theorem 13 we may 
show that to each point of M, there corresponds at least one point of M,. 
Thus 7’ is a (1,1) correspondence between M, and ™M,. 

It remains to prove that 7’ is continuous. Suppose P is a limit point 
of a set of points N, a subset of M@,. We shall prove that P” is a limit 





*If K is a point or set of points of M,, then K’ denotes T’(K) and K” denotes T (K). 
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point of N”’. The set N contains a sequence of distinct points which has P 
as its sequential limit point and by selecting a subsequence of this we obtain 
a sequence of points, 71, ps, ps,---, Of N which has P as its sequential 
limit point and such that the sequence pi’, p2, ps,--- of points of N” has 
a sequential limit point Q. If P’’ = Q, our statement is proved. 

If P is a point of M,—C,, then all but a finite number of the points 
of the sequence [p,] must lie in the same tree of M,—C, as P and, since 
T is continuous for any single tree by definition, P” = Q. If P is a point 
of C,—L, all but a finite number of the points of the sequence [p,;] must 
lie on the interval Nip Nop and, since 7' is continuous on any such interval, 
P" = Q. The remaining case is that P is either a point or a limit 
point of B,. 

If infinitely many of the points »; lie in trees which have the same root 
point 7, then r = P for r+ > D, is closed and has only the point r in 
common with C,. Since 7' is continuous in a single set r+ > D,, P” = Q. 
If infinitely many points p; lie in M,—-C, but no single set r+ > D, 
contains more than a finite number of the points, then there exists a se- 
quence of integers ,, M2, s,--- and a sequence of distinct cyclic branch 
points of M,, 1, r2, 7s, ---, such that, for every i, 7; +> D,, contains the 
point py. We. see easily that P is the sequential limit point of the 
sequence [rj], and that Q is the sequential limit point of the sequence [7‘). 
Then we may replace the sequences [p;] and [pj’] by [ri] and [ri] in this 
case in showing that P” + Q is impossible. Then we need only to con- 
sider the case where P is a point or a limit point of B, and every point 
of the sequence [pi] belongs to C,. Let Q denote the point of M, such that 
T(Q) = Q, and consider the following cases: 

Case I. Infinitely many of the points p; are points of B,. Then we 
may select a subsequence [pzx,] all of whose points belong to B,. If P is 
a limit point of B, but does not belong to B,, then P” was defined as 
the sequential limit point of a sequence bj, bj, bs,--- of B, and P”+Q 
violates condition (3) since the sequence px, b, px,, be, --- has the sequential 
limit point P while the corresponding sequence of B, has no sequential 
limit point. Now suppose P belongs to B,. By condition (4), Q belongs 
to B, and let be any point of B, distinct from P and Q. Since P is 
the sequential limit point of the sequence [px] and Q is the sequential 
limit point of [px], there exists an integer ¢, such that if 7>t,, px, lies 
on PQ or Pr and pk, lies on P'Q or Qr’.* If for any value of i>t, 


px, lies on Pr then P and 7 separate Q and px, on C, while P’ and 7’ 





*If A, B,C are points of a simple closed curve y, AB denvtes the are of y from A 
to B which does not contain C. Ares AC and BC have similar meanings. 
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do not separate Q and p%, on C;, which contradicts condition (2). The 
same contradiction arises if for any value of i>t, px, lies on Qr’. Then 


for every i>, px, lies on PQ and px, lies on QP’. Let s be ‘an integer 
greater than 4. There exists an integer ¢,>¢, such that if 7>t,, px, lies 


on the segment of the arc Pp,, of C, which does not contain Q or *. 
From condition (2), it follows that px, for i>t, must lie on the segment 
of the arc P’px, which does not contain Q or 7’. But this are does not 
contain Q and so Q cannot be the sequential limit point of the sequence 
[pk]. Thus under the assumption that P” + Q, in case infinitely many of 
the points p; belong to B,, we are led to a contradiction. 

Case Il. Infinitely many of the points p; are limit points of B, but do 
not belong to B,. Then there exists a subsequence [p,,j all of whose points 
are limit points of B, but do not belong to B,. We have just shown 
that if X is the sequential limit point of a sequence of points of B, then 
X” is a limit point of the corresponding sequence in B,. Each point of 
[px] is a limit point of points of B,; to each point px, we may associate 
a point ); of B, such that 


A(pr,, bi) << 1/t and d (pi, bi) < 1/i. 


As [px,] has the sequential limit point P, the point P is the sequential limit 
point of (bi. And from the preceding case we have that P” is a limit 
point of [bj]. Since d(px,, bi) < 1/7, the point P” is a limit point of [px). 
But Q is the only limit point of [px] and therefore P’ = Q. 

If neither of the above two cases hold, then all except a finite number 
of the points p; belong to C, but are neither points nor limit points of B,. 
In this case we may show that the assumption P’ +Q leads to a con- 
tradiction in an analogous manner to that of the similar case of Theorem 13. 

Then in every case we have shown that if P is a limit point of a set 
of points N belonging to M,, the point P” is a limit point of NV”. The 
converse follows from the symmetry. Therefore 7' is a continuous (1, 1) 
correspondence between M, and M.. 

We may set up examples similar to those of Theorem 13 to show that 
the conditions of this theorem are independently necessary. 


THe UNIVERSITY OF PENNSYLVANIA. 





GENERALIZED DERIVATIVES.* 


By Aurrep J. Marra.t 


Introduction. The point of departure in this paper is that, if f(e) is 
a completely additive function of normal sets, then, for any normal measurable 
set E, f(E) = f, DfaP or f(E) = f(E- B) + f,DfaP according as fle) 
is absolutely continuous or not. The set E is of measure zero. The 
function (H.-H) has a zero derivative nearly everywhere and Df is 
a derivative of f calculated on any regular family. These results are 
valid for any finite number of dimensions.t 

This suggests a decomposition of a completely additive function of point 
sets f(e) in terms of a Stieltjes integral, instead of a Lebesgue integral, 
in which the derivative of f(e) with respect to g(e) occurs. It is evident 
that g(e) is the analogue of the measure function in the foregoing theory. 

Several papers§ have appeared concerning this more general decomposition 
and in each a different method of treatment is employed. Moreover 
a different definition of the derivative is used by each author. 

It is the purpose of this paper to obtain and extend these results merely 
by making use of the results stated at the beginning of this paper and 
a transformation considered by Radon.|| Such a method of treatment is 
desirable because not only doe§ it show the very close connection between 
the results stated at the beginning of this paper and those of the authors 
referred to, but it also serves to unify and extend these results. 

A Transformation. The transformation used by Radon is of funda- 
mental importance in obtaining the results of this paper. It seems advis- 
able, therefore, to consider it in some detail. We shall confine the detailed 
discussion to the one-dimensional case and merely state the results for 
two or more dimensions. 

Let g(e) be a completely additive, non-negative function, defined for all 





* Presented to the American Mathematical Society under the title Stieltjes Derivatives, 
May 1, 1926; received June 10, 1926, in revised form April 30, 1927. 

+ National Research Fellow in Mathematics. 

tde la Vallée-Poussin, Intégrales de Lebesgue, 1916, p. 97. 

§ W. H. Young, Proc. Lond. Math. Soc., vol. 15 (1916), p. 35; P. J. Daniell, Trans. Amer. 
Math. Soc., vol. 19 (1918), p. 353; P. J. Daniell, Bull. Amer. Math. Soc., vol. 41 (1920), p. 444; 
E. C, Francis, Proc. Cambr. Phil. Soc., vol. 22 (1925), p. 924. 

|| Radon, Wiener Sitzsber., vol. 122 (1913), p. 1342. 
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normal sets* in the interval J (0 < x<1). Now divide J successively 
into 2, 27, 2°, --- congruent intervals,t which are denoted by (Jj, Js), 
(Ji1, Jis, Joi, Joe), «+ respectively. It is clear that each point of J belongs 
to one and only one interval for a given division. 

Consider the interval K(O < y<g(J)). In the nth division of J we 
have 2” intervals (Ja,...¢,). To each Ja,...«, for which g(Je,...«,)>0 let 
there correspond an interval Kz,...«, whose measure is g(Jz«,...¢,). If 
gVJa,...c,) = 0 there isno Ke,...c, corresponding to it. We lay off these 
(Ke,...«,) intervals on K end to end and in such a way that they have 
the same order as the (Jz,...c,) intervals, to which they correspond, have 
on J. For the (m+1)st division of J we divide each Jz,...c, into two 
intervals Je,...c,,1 and Je,...«,,2 The intervals Ke,...¢,,1 Ke,...0,,2) COr- 
responding to them exactly cover the interval Kz,...«, which corresponds 
to Je,...c,. We have assumed g(Je,...c,)>0. If g(Ja,...«,) = 0 then 
any further subdivision of that particular interval may be left out of 
consideration. It is clear that 


2 2 
Due, éscens Dia, Ka,..-0, = g(J) 


for any n. 

We shall now define a correspondence between the points of J and K. 
Each point P of J is a limit set of a definite set of intervals Je,, Ja,«,,+-: 
The corresponding intervals in K are finite or infinite in number. If they 
are merely finite in number then P will be said to have no corresponding 
point in K. The set Zp of points of J of this type is evidently obtained 
by taking the logical sum of the J intervals for each of which g = 0. 
Clearly g(£>) = 0. 

If the corresponding intervals of K are infinite in number, then they 
have a limit set which consists of a simple point Q or of an interval A; 
(open or closed on the right) or the limit set is empty. In the former 
cases Q or A; is said to correspond to P. The latter case can occur if 
and only if all of the corresponding K intervals, from some definite interval 
on, have the same right hand end point Q, which obviously belongs to 
none of them, while their left hand end points converge toward Q. If 
such is the case P will have no corresponding point in K. It is clear 





*A set E is said to be normal relative to a completely additive function f if, when 
¢>0 is arbitrarily preassigned, we can find an open set OD E and a closed set FCE 


h that 
en \f(E'—E")l<e 


whenever OD E'D EOF. The sets HE’, E’’ are such that f(H’), f(E'’) exist. 
t+ We shall use the term interval to denote the set of points for which a = r<b, 
unless otherwise stated. y 
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that the set* of points Ey’ of J which is of this type is at most countable 
and is such that g(Z;’) = 0. The former statement is obvious. The latter 
follows from the fact that g(P) = im. 9 (Ja,...0,) = Jim 1 m(Ka,.. .«,) = 0. 


By definition the correspondents, “when they exist, ‘of two distinct points 
of J are distinct. Therefore the A; do not overlap and hence are at most 
countable. We thus obtain the 

THEOREM 1. With the exception of a set of points Ey = Ej + Ey’ such 
that g( Ky) = 0, each point P of J has as a correspondent a point Q or 
an interval A; of K. The intervals (Aj) are distinct. 

CoroLuaRy. Jf g(a@)>0 for any interval a« in J then Ey is empty. 

Each point Q of K is a limit set of a unique set of intervals Ke,, Ka,«,, 
or is contained in an A; which is a limit set of a unique set of intervals. 
Consider a point Q not in any A;. To each interval in the set of intervals 
which determines Q there corresponds an interval of J. The intervals 
of J thus defined cannot all have the same right hand end point from 
some definite one on as is seen by the definition of the correspondence 
between the K and J intervals. They, therefore, have a limit set which 
contains one and only one point P. This point P is said to correspond 
to Q. It is clear that Q also corresponds to P. If Q is any point of 
some A; then, to each interval in the set of intervals determining A; there 
corresponds an interval in J which has as an interior or left hand end 
point the point P to which A; corresponds. Hence the set of intervals 
thus defined has P as a limit set. The point P is said to correspond 
to Q. We thus have the 

THEOREM 2. To each point Q of K there corresponds one and only one 
point P of J. 

Consider a set # in J which is normal relative to g. Then H may be 
contained in an open set O, and CE may be contained in an open set O, 
so that 


g(r) = Do@)<gB)+Z, 9s) = Doh) <g(CH)+5, 


where ¢>0 is arbitrarily preassignedt and 0, = >a, 0: = >. The 
intervals (@) and (4) are those intervals arising from the successive sub- 
divisions of J.f 





*The set Ho’ is not necessarily empty. In fact the function g(e) which is defined 
as m(e) for any measurable set in the interval 0 <a<a, 0 in the interval a<r<ec 
and m(e) in the interval c= x<(1 where 0<.a<c<‘1 and a is irrational is such that 
the point P, which has the codrdinate a, has no correspondent in K. Clearly P does 
not belong to Eo. 

tde la Vallée Poussin, Intégrales de Lebesgue, p. 87. 

¢ de la Vallée Poussin, Intégrales de Lebesgue, p. 13. 
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Let E, = E—E.E, and E, = CE—CE-E,, where E, is the set of 
points of J mentioned in Theorem 1, and let EZ’ be the set in K which 
corresponds to E,. Evidently CE’ corresponds to F). 

Since 


D> g(a) +> 9(B)<gJ)+e = m(K)+e 
m(E’)+ m(CE')<m(K)+.e, 


we obtain 


where m(E’) denotes the exterior measure of E’. This is obvious since 
the intervals of K corresponding to (a;) include H’ and g(a) is equal to 
the measure of the corresponding K interval. Since «>0O is arbitrary 
we have ; 
m(E")+ m(CE’) < m(K). 
On the other hand we have 


m(E")+ m(CE’) => m(K) 


by the definition of exterior measure. Hence m(E’)+ m(CE’) = m(K) or 
m(E’) = m(K)—m(CE’) = m(E’), where m(E’) is the interior measure 
of EZ’. Therefore EZ’ is measurable. o 

Given ¢«, >0O we can find a set of @ intervals such that 


g(E) +4 > D'9(@) > m(E’). 


On the other hand, in a similar way, we have 
g(E) < Dg @)<m(E')+4. 


Since ¢,, &:>0 are arbitrary we see that: m(Z’) = g(£). We may thus 
state the 

THEOREM 3. Given a normal set E in J. There corresponds to E—E E, 
a set E’ in K such that m(E’) = g(E). 

In an analogous manner we may prove the following 

THEOREM 4, Let E’ be any measurable set in K. Then if E of J cor- 
responds to E’— > E’ A; we have g(E) = m(E’—)> E’ Aj). 

A further property of the transformation is given by the following 

THEOREM 5. Jf «@ is any interval (which may contain either end point, 
both, or none) of J, and such that g(a)>0, then the set of points in K 
which correspond to a—a- Ky is an interval. 

We shall prove the theorem for a closed interval. The other cases may 
be treated in a similar manner. Let « be a closed interval in J and such 
that g(@)>0. It is easy to see that « is a limit set of intervals a, a,---, 
each of which is a sum of @ intervals. Now let a, = >a; where the 
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@; are @ intervals. Consider the intervals Ai on K which correspond to 
@;, then, if 8, = > Ai, it is clear that 8, is an interval and 4, /,---. 
Hence tim 4’, = B exists. Moreover £ satisfies the conditions of the 


theorem. "Ta fact, a point P in a—a.- KE, is contained in all of the @,’s 
and, therefore, its correspondent Q is contained in all of the ,’s and 
hence belongs to #. Similarly the correspondent P in J of any Q in £8 
belongs to «. It is obvious that # is an interval. Hence the theorem is 
proved. The interval 8 may be open at the left even if @ is closed at 
that end, and may be closed at that end, even if « is open there. 

Absolute continuity. A completely additive function f(e) of normal 
sets (not necessarily non-negative) is said to be absolutely continuous with 
respect to g(e) (a non-negative function of normal sets) if whenever E is 
a set for which f(£) is defined and g(Z) = 0, then f(Z) = 0.* 

Definition of derived numbers and derivatives.+ The derived 
numbers of f with respect to g at the point P are defined as 


D+ f = lim 
ma—->0d 
Ds f = lim 
ma—>o | S(@) 
D-f = iim |{ g(@) 
ma—>0 
D_f = lim 
ma—>0 _ 





where in the first two cases @ is a closed interval having P as left hand 
end point and in the remaining cases @ is a closed interval having P as 
right hand end point. If g(a) = 0 then we define f(a)/g(«) = 0. If 
D*f = Dsf we say that f has a right hand derivative with respect to 
g at P. Similarly we define the left hand derivative. If Dt f — Dif 
= D-f = D_f then fis said to have a derivative with respect to g at P. 
We denote this derivative by Dft 

THEOREM 6. Df exists and is finite nearly everywhere (g) in J, i. e., except 
Sor a set E such that g(E) = 0. If f is not absolutely continuous with 
respect to g we shall assume that g(«)>0 for any interval a in J. 





*A consequence of this definition is that any set which is normal relative to g is a set 
which is normal relative to f. Radon, loc. cit., p. 1318. 

Tt In this and the discussion following it is to be understood that f and g are completely 
additive functions of normal sets in J, g non-negative, and g(e) = f(e) = 0 ife-J = 0, 
unless otherwise stated. When we say that EZ is a set for which g or for which f exists, 
we shall understand EF to be normal relative to g or to f. 

_{The upper and lower derived numbers of f with respect to g at P may be defined 


lim 7” /g(a) and lim f(«)/g(a) where « is any interval containing P. 
ma—>0 
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Let f(e) and g(e) be the functions stated in the theorem and let f be 
absolutely continuous with respect to g. Then if H’ is any measurable 
set in K such that EZ in J corresponds to E’—> EL’ A; we define 


ees m(E’ Ai) ‘ 
FE’) = f(E) +g S (Po. 


The P,’s are the points of J which have the intervals A; of K corre- 
sponding to them. 

The F' thus defined is a completely additive function of normal sets and, 
hence, DF calculated in the usual manner on any regular family in K 
exists and is finite nearly everywhere in K.* ! 

Consider any set E in J for which g(/) exists. Then to H—E-EK, 
(EZ) is the set given in Theorem 1) there corresponds E’ in K. Therefore 
to E'—> E’A; there corresponds E—(L-Ey+> £- Pj). Hence 


F(E’) = f(E)—f(E- BE) —DS(E-P)+DP(E- Pi) = f(E), 


since f(£- Ey) = 0. 

Consider the right hand derivative of f with respect to g. Let E be 
the set of points of J such that each point P of E has one and only one 
point Q of K as a correspondent. Any interva] « which has P as left 
hand end point is such that g(@)>0, for otherwise P would have no 
corresponding point Q in K. If 8 is the interval in K corresponding to 
the closed interval « in J we have 


f(@) _ F) 
g (@) m (8) ° 


Since the intervals (8) form a regular family and since DF calculated 
on any regular family exists and is finite nearly everywhere in K, we have 
D* f = Df and is finite nearly everywhere (g) in Z. If P is a point 
such that g(P)>0 then for each such point Dt f = Di f= f(P)/g(P). 
Hence D* f = Df and is finite nearly everywhere (g) in J. 

Consider the left hand derivative. Let FH be the set of points of J such 
that each point P of E has one and only one corresponding point Q 
of K. The set of points # of E such that for each one there is at least 
one interval @ having it as right hand end point and such that g(«) = 0, 
is at most countable. In fact, if we associate with each point of E an 
interval @ such that g(@) = 0, then the associated intervals are distinct, 
since each point of # has a corresponding point in K. Just as before 
we can show that D~f = D_/ nearly everywhere (g) in J. 








*de la Vallée Poussin, loc. cit., p. 97. 
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Since DF = D* f = Ds f nearly everywhere (g) in J and DF = D-f 
= D_f, it is clear that f has a derivative with respect to g nearly 
everywhere (g) in J. 

If fis not absolutely continuous with respect to g we proceed as follows: 
F is obviously a function of normal sets. Since ZX) is empty [corollary to 
Theorem 1], f(«) = F(8), where # is the interval in K corresponding to « 
in J. The remainder of the proof is evident. 

COROLLARY. The derived numbers of f with respect to g defined in the 
JSootnote p. 423 are equal to Df nearly everywhere (g) in J. 

THEOREM 7. If fis absolutely continuous with respect to g and E is any 
set in J for which g is defined, then 


F(Z) = [pf ag. 


The integral ts a generalized Stieltjes integral.* Df may be either the 
derivative defined on p. 423 or in the footnote p. 423 when the upper and 
lower derived numbers are equal. 

The function F' defined in the proof of Theorem 6 is absolutely con- 
tinuous. In fact if m(Z’) = 0 then m(E’ Aj) = 0 and m(E’— SE’ Aj) = 0. 
But m(E’—> E’ Ai) = g(E) Theorem 4. Hence F(£’) = 0. Hence there 
is no singular set E’ for F(E’), and the statement is proved.t 

We may, therefore, put 


F(z’) = |.,DF dP 
E 


where Z£’ is any measurable set in K and DF is a derivative of F cal- 
culated on any regular family. 

Consider 

See is See Cee ae Coen ae ee 

where the Y_; are negative and Y; positive numbers, and the absolute 
value of the difference between any two consecutive terms does not exceed 0. 
Let the set of points of #’ for which Y, < DF'< Yn: be Ey and let 
the set of points of E for which Y, < Df< Ynii be Ep. 

It is clear that g(E,) = m(E,). Hence 


+00 +00 
2 Y; m(Ei) a Yi g(Ki). 
It follows that§ 


F(z’) = {Df ag. 


* Radon, loc. cit., p. 1322 ff. 

de la Vallée Poussin, loc. cit. p. 97. 
{de la Vallée Poussin, loc. cit., p. 73. 
§ Radon, ibid., p. 1328. 
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But since F(E’) = f(2£), as is seen by referring to the proof of Theorem 6, 
we have f(£) =f, Dfdg. This completes the proof of the theorem. 
CoroLLaRY. Jf f is not absolutely continuous with respect to g and E is 
a set for which f and g are defined then {,Dfdg =|,.DFaP. E' is 
the set in K which corresponds to E in J. 
THEOREM 8. If f is not absolutely continuous with respect to g and 
g(a) >0 for any interval « in J, then 


f(E) = s(B-B) +f, Df ag. 


E is any set in J for with both f and g are defined. Df(E-E) = 0 
nearly everywhere (g) in J and E is such that g(E) = 0. 

Let EL’ be a measurable set in K such that f is defined for the F in J 
which corresponds to E’—> E’A;. Define 


= ¢( Eye MEA) op 
F(E') = f@)+2 Gy SP 


which is evidently a completely additive function of normal measurable 
sets in K. 
We may, therefore, put 


(1) F(B’) = F(H'R) +f. DFap 


where DF(E’E’) = 0 nearly everywhere in K and m(E’) = 0.* 
Now if £ is any set in J for which f and g are defined and Z’ in K 


corresponds to it, then, 
F(E’) = f(E) 


since the set H) is empty [corollary to Theorem 1]. Let ZH in J correspond 
to E’ in K, then f(£) and g(£) exist. In fact, E’ is measurable Borelt 
and since the transformation from K to J carries intervals into intervals 
or points, the corresponding set E in J is measurable Borel. But f and g 
are defined for all sets measurable Borel.t Hence f(£) and g(£) exist. 
Since m(EZ’) = 0 then F(>E'A) = 0. It follows from this that EZ’ may 
be assumed to contain no points of >) A;. Hence 


F(E'E’) = f(E-E). 
*de la Vallée Poussin, loc. cit., p. 97. 
fde la Vallée Poussin, ibid., p. 63. 
} de la Vallée Poussin, ibid., p. 87. 
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By means of (1) we conclude that 


f(E) = f(E-B) +f. DR ap. 


Hence by the corollary to Theorem 7 we have, for any set for which 
both f and g exist, 


f(B) = f(E-B)+f sag. 


Since m(E’) = 0 then g(E) = 0, Theorem 4. Since DF(E’E’) = 0 
nearly everywhere in K then Df(EZ-E) = 0 nearly everywhere (g) in J 
{corollary to Theorem 6]. The theorem is thus proved. 

THEOREM 9. Let f and g be given as in the previous theorem but with 
the added restriction that f has no point values* where g has none. 
Then E is the set of points in J where S has a unique infinite derivative 
(+0 or —) with respect to g. 

It follows from the assumption that f has no point values where g has 
none that the function F defined in the proof of the previous theorem, 
has no point values. But on Z’, the set of points of K corresponding 
to E, F(E’) has a unique infinite derivative (+0 or —oo).t Therefore, 
by Theorem 6, f has a unique infinite derivative on Z. 

Derivatives of point functions. Let f(x) be a function of bounded 
variation in J(0 < x< 1) and g(z) be a non-decreasing function in the same 
interval. Denote by f(e) and g(e) the unique completely additive functions 
of normal sets defined by f(x) and g(x) respectively.t We shall call f 
and g the variation functions of f and g. 

Definition: The function f(z) is said to be absolutely continuous with 
respect to g(x) if f(e) is absolutely continuous with respect to 9 (e). 

Definition. The upper and lower derivatives of / with respect to g at 
P are defined as 

lim re. Df, lim f(a) __ Df. 


ma—>0 g(@) ie ma—>0 g(@) ae 


We define @ as the interval a—h, <t<2+h, where x is the codrdinate 
of P. f(a) = f(a+hs)—f(x—h,) and similarly for g(@). When P 
belongs to > P;, the set of points of discontinuity of g(x), we shall choose 


*f is said to have a point value at the point P if f(P) + 0. 

tde la Vallée Poussin, loc. cit., p. 94. 

{G. C. Evans, The Rice Institute Pamphlet, vol. 7 (1920), p. 271. The facts here are as 
follows: For any intervals « (x, <¢X.) in J the relation f(a, +0) —f(a, —0) = f(@) 
holds. 
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« so that P is an interior point of it. If g(«) = 0 for some ae, then 
J(«) = 0 and we define the meaningless ratio 0/0 = 0. If at a point P 
Df = Df = Df then f is said to have a derivative with respect to g 
at P, In order to define Df at 0 we define f(x) = f(0), g(x) = g(0), 
x<0. ; 
Lemma. Let g(x) be a non-decreasing function of x inJ. Let g(e) be 
its variation function. Then lim g(a)/g (a) = 1 nearly everywhere (g) in J. 
ma—->0 
a has the same meaning as in foregoing. 
In fact 
g(a) _ gle) , S(a) 
g (@) g(a) g(@) 





where g, is a continuous function of x and S is a saltus function.* Clearly 
lim g;,(@)/g(e) exists nearly everywhere (9) in J, corollary to Theorem 6. 
ma—>0 
In fact, the variation function g, of g, is such that g,(@) = g,(@) for 
any « If P; is a point of J such that g(P;) +0 then lim g,(@)/g (a) = 0 
ma—>0 


for every point of > P;. We wish to show that lim g,(«)/g (a) = 1 almost 


ma—>\) 


everywhere (g) in J—>P;. We have 


g(a) _ gi(@) 
g(@) g(a)" 





Let G,(Z’) be the function on K corresponding to 7,(Z). Then G,(Z’) = gi(E) 
by definition in Theorem 6, and 


G,(E’) = m(E'— D> AE’) 
and 
gi(@) ue Gi, (a’) Fabs m(a' — >) Aja’) 


g (@) ne m oe’ 











But the limit of this expression as me’>0O is the density of the set 
K—)> Aj, which is unity nearly everywhere in K —)> A;.t 

If P is not in > Pj, and has a correspondent P’ in K, then P’ is in 
K—)> A; and me’>0 with ma. Hence inJ— > P;, lim g,(e)/g(a) = 1 


ma—->o0 
nearly everywhere (7).i 





* Lebesgue, Lecons sur |’Integration, p. 58. 

+ de la Vallée Poussin, Intégrales de Lebesgue, p. 71. 

tI am indebited to Professor G. C. Evans for the proof that lim g, (a)/g(«) = 1 nearly 
ma —>o0 


everywhere (7) in J— 2 P;. 
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We assert that lim S(«)/7(a) = 0 nearly everywhere (7) in J—> P; 


ma—->o 
and is 1 at every point of >) P;. In fact, the variation function S of 8 
is such that S(a) > S(a)* for any @ in J. Now define 8, on K exactly 
as F' was defined in the proof of Theorem 6. We see that DS, = 0 
nearly everywhere in K—}> A;. Hence lim S(a)/g (a) = 0 nearly every- 


ma—->o0 
where (g) in J—> P;. Therefore lim S(a)/g (a) = 0 nearly everywhere () 
ma—-> 0 
in J—> Pj. It is obvious that lim S(a)/g(«) = 1 at every point P of 
ma—->0o 


> FP;. This completes the demonstration of the lemma. 

THEOREM 10. Df = Df = Df nearly everywhere (g) in J. If f is not 
absolutely continuous with respect to g we shall assume that g(«)>0 for 
any interval a in J. 

Since f(x) is of bounded variation it can be written as the difference 
of two non-decreasing functions of x. It will be sufficient, therefore, to 
prove the theorem for a non-decreasing function. 


We write 
S(z) = fi@@) +8) 


where f(x) is non-decreasing, f(x) is continuous and S(x) is a saltus 
function.t Let f, A, S be the variation functions defined by /, fA, S 
respectively. We then have 


SE) = AO+t+S8E 
for any normal set in J. 
Since a 
S(a) g(a) = S(a@) 
g(a) gla) = gla) 





we see, by the above lemma, that DS = 0 nearly everywhere (7) in 
J—>P;. Now since f,(@) = fi(@) for any a we have 


file) _ file) g(e) 
g(a) g(a) g(a) - 





Hence, by the above lemma, Df, = Df, nearly everywhere (g) in J—> Pi. 
But Df = Df, nearly everywhere (7) in J—> P;, since DS is obviously 
zero nearly everywhere (g) in J—>P;. Therefore Df = Df nearly 
everywhere (g) in J—D Pj. If Pi is a point of > PF then clearly 
Df = Df. This completes the proof of the theorem. 





* G. C. Evans, loc. cit., p. 270. 
T Lebesgue, loc. cit., p. 58. 
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The two following theorems are obvious. 
THEOREM 11. If f is absolutely continuous with respect to g, then, for 
any set E in J for which g exists, 


fz) =f, fag. 


THEOREM 12. Jf f is not absolutely continuous with respect to g and 
g(a)>0 for any interval « in J, then for any set E for which f and g 
exist, 


FE) = fie- EB) +f, gag. 


The function f(EE) has a derivative with respect to g which is zero nearly 
everywhere (g) in J. The set E is such that g(E) = 0.* 

Note. The statement made by Francis, loc. cit., p. 928, that Df and 
Df exist together and are equal is not necessarily true. 

Define f(x) and g(x) in J as follows: 


SJ@ =-2z, Os 2< 1/2, 

S@) = 2/2+2, a<xr<yn, x4 = 1/24+1/2;, 
J (xi) = f(ai—0) = 2/271 + x, 

g@) =2x, OLF2e<1/2, 

g(a) = 2/2+2, wi<a<ayu, x = 1/2+1/2-, 
g(x) = g(ait0) = 2/2'+ %. 


Then at x = 1/2, Df exists and is equal to 1 while Df = 1 and 
Df = 2/3. It is true, however, that Df and Df exist together and 
are equal nearly everywhere (7) in J, Theorem 10. 


Additive functions of point sets in two or more dimensions. 


A transformation.+ We shall now consider, briefly, the two dimensional 
case since the treatment of the higher dimensional cases is exactly analogous. 
Let there be a square whose upper right and lower left hand vertices 
have the codrdinates (M, M) (—M, —M) respectively. We denote by J 
the interval (—M <x2<M, —M<y<M). If (a,b), (c,d) are the 
coérdinates of the upper right and lower left hand vertices of a rectangle 
whose sides are parallel to the coérdinate axis in J we shall understand 





* Theorem 11 includes the result of Daniell, Trans. Amer. Math. Soc., loc. cit., p. 353. 
Theorems 10 and 11 include the results of Francis, Joc. cit., p. 935ff. concerning the 
derivatives of functions of bounded variation. Theorems 10, 11, 12 include the extensions 
of Lebesgue’s theorems given by W. H. Young loc. cit., p. 58 ff. 

+ Radon, loc. cit., p. 1342. 
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by an interval the set of points whose codrdinates satisfy the relations 
exar<a,dsy<b. 

Let g(e) be a completely additive non-negative function of normal sets 
in J. In the following we shall restrict g to be of this type. 

Divide J successively into 4, 4°, 4°, -.- congruent sub-intervals. Number 
the intervals arising from the first division (J,, Jz, Js, J,), those arising 
from J; in the second division (Ji, Jiz, Jis, Jiu) etc. Each point of J 
belongs to one and only one interval for a given division. On the linear 
interval K (0 < t<g(J)) lay off end to end the intervals K,, K,, Ks, Ky, 
where m(Ki) = g(Ji) if g(Ji) = 0, there is no K;. On K; lay off end 
to end the intervals Kn, Ki, Kis, Kis, where m(Ky) = g(Jy) if g(Jy)>0. 
If g(Jy) = 0, there is no Ky. The method of continuing the process is 
evident. 

Kach point P of J is a limit set of a definite set of intervals (Je, Ja,«,,---). 
The limit set of the corresponding K intervals will correspond to P. 
Conversely, each point Q of K is a limit set of a definite set of K intervals 
or is contained in an interval (open or closed on the right) A; which is 
a limit set of K intervals. The limit set of the corresponding J intervals 
is said to correspond to Q. 

The properties of this transformation may be derived, mutatis mutandis, 
as in the one-dimensional case. We, therefore, merely state the results. 

THEOREM. With the exception of a set of points Ey for which g(Ey) = 0 
each point of J has as a correspondent a point or an interval A; of K. 
Conversely, with the exception of a set Ey for which m(Ey) = 0 each point 
of K has as a correspondent one and only one point P of K. If g(a)=0 
Sor every interval « in J then E, is at most countable. 

THEOREM. A set E of J for which g exists has a measurable set E’ in K 
corresponding to E—E-E,. Furthermore, g(E) = m(E’). 

THEOREM. A measurable set E’ in K such that E’-> A; = 0 has corres- 
sponding to E'—E'E, a set E in J and such that m(E’) = g(E). 

Definition of the derivatives. Let f(e) be a completely additive function 
of normal sets inJ. We define the upper and lower derivatives of f with 
respect to g at a point P as 


iN ciate 
n—>o g(Ta,..-«,) Ph 
SF (Fa,...«,) 
noo 9Wa,..-«,) 


lim 
lim Df, 


where (Je,, Je,«,,-+-) is the set of intervals having P as a limit set. If 
Df = Df = Df then f is said to have a derivative with respect to g 
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at P. If g(Ja,...c,) = 0 for any Je...c, we assume that f(Jz,...¢,) = 0 
and define the meaningless ratio 0/0 = 0. 

Absolute continuity. A completely additive function f(e) of normal 
sets is said to be absolutely continuous with respect to g(e) if whenever 
E is a set for which f(£) exists and g(Z) = 0, then f(Z) = 0. 

If f is not absolutely continuous with respect to g it will be assumed 
that f has no point values, where g has none and g(@)>0O for any 
interval « in J. 

By means of arguments similar to those used in the one dimensional 
case we can prove the following theorems. 

THEOREM. If f is absolutely continuous with respect to g, then Df exists 
nearly everywhere (g) in J. For any set E such that g(E) exists 


f(b) = J Df ag 


THEOREM. If f is not absolutely continuous with respect to g, then Df 
exisis nearly everywhere (g) in J. For any set E for which f and g are 
defined 


f(B) = f(B-B) +f, Df ag. 


The set E is such that g(E) = 0. Df(E-E) = 0 nearly everywhere (9) in J. 





*This theorem includes the result of Daniell, Bull. Amer. Math. Soc., loc. cit., p. 444. 
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I. Introduction. 


In 1896 E. H. Moore? introduced the now familiar “cross ratio group”, 
a Gn; in an S,-s. Soon after this H. E. Slanghtt developed the geometric 
representation and the complete form system of invariants for the special 
case n= 5. Later E. Kasner§ displayed a relation between the Gs, and 
a double-six on the general cubic surface. In 1915 A. B. Coble)! generalized 
the problem by considering the absolute linear invariants of a set P, of 





* Received December 27, 1926. 

+E. H. Moore, The cross-ratio group of m! Cremona transformations of order » — 3 in 
flat space of n—3 dimensions. Amer. Journ. of Math., vol. 22, pp. 279-291. 

{H. E. Slaught, Amer. Journ. of Math., vol. 22, pp. 343-388, vol. 23, pp. 99. 

§ E. Kasner, The double-six configuration connected with the cubic surface, and a related 
group of Cremona transformations. Amer. Journ. of Math., vol. 25 (1903), pp. 107-122. 

|| A. B. Coble, Point sets and Cremona groups. Trans. Amer. Math. Soc., vol. 16, 
pp. 155-198, vol. 17, pp. 345-385, vol. 18, pp. 331-372. These will be referred to as C I, 
CII, and C III, respectively. 
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m points in Sy. With such a set there is associated a Cremona group 
G,, of more general type than the Moore group (cf. § Il). By adding to 
a canonical form of the generators of the Ge, in S, associated with a P% 
the involutory transformation which inverts the variables there is obtained 
a group Ge,2 isomorphic with that of the lines on a cubic surface. 

The first object of the present paper is to develop (§ II]) a simple 
method of finding the order of the transformations of such 2 Gn, those 
for the special cases n = 6, n = 7 being found in the process. 

Section IV is given over to the discussion of certain particular cases 
of a mapping problem (cf. § II, 3) which arise when special conditions are 
imposed upon the six points; these are equivalent to requiring the associated 
cubic surface to have a node. Among the loci connected with these nodal 
conditions are the fundamental spaces of the transformations of the Cremona 
Groups Ge, and G62. 

In section V it is shown that there is but one linear system of order 5 
which is invariant under the Geo. The geometric properties of this system, 
which is determined by the complex invariants (cf. § IT), are there displayed. 
The following section deals with the relations between these invariants 
and the discriminant loci already developed; and finally (§ VII) the codr- 
dinates of the canonical map (cf. § Il, 3) are obtained in terms of the 
forty complex invariants of the cubic surface. 


II. Preliminary survey.* 


In a space 2 any k+2 points are linearly independent; » points are 
therefore connected by »—k—1 linear relations. If, then, we take as 
codrdinates the coefficients of corresponding terms in a set of such equations, 
we have defined a second set of n points, these lying in a 2,-»~-». These 
two sets of points are denoted by PK and etn and are called Asso- 
ciated Sets. 

Two sets P; and Q; in a plane are said to be congruent under a Cremona 
transformation C,, with e(< n) F-points if e of the pairs p;, gi(¢ = 1, 2, ---, n) 
are corresponding F-points of Cy, (i. e., of the same multiplicity) and if the 
remaining »—e pairs are corresponding ordinary points. 

A set Px is said to be in the canonical form when the first k+ 2 points 
fall upon the reference points and the unit point, and the codrdinates of 
the remaining points are affected by such a factor of proportionality that 
the last codrdinate of each is wu. Then the other k(n—k—2) codrdinates, 
taken with w, define the canonical map P in 3, n—x—2) of the set Px. 





* The definitions and results here given were developed by Professor Coble in the articles 
previously mentioned. They are repeated here for convenience in following the discussion. 
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We define an integral invariant of the point set as a rational integral 


function of the kt 1] determinants P(i,, 73, ---, i41) which is homo- 
geneous and of the same degree in the codrdinates of each of the n points. 
If in the functions of Joubert for the Ps 


A = (25) (13) (46) + (51) (42) (36) +- (14) (85) (26) + (43) (21) (66) 
+ (32) (64) (16) 
B = (58) (12) (46) + (14) (23) (66) + (25) (34) (16) + (31) (45) (26) 
+ (42) (51) (36) 
C = (63) (41) (26) + (84) (25) (16) + (42) (13) (56) + (21) (54) (36) 
+ (15) (82) (46) 
D = (45) (31) (26) + (63) (24) (16) + (41) (25) (36) + (32) (15) (46) 
+ (21) (43) (66) 
E = (81) (24) (66) + (12) (63) (46) + (25) (41) (86) + (64) (32) (16) 
+ (43) (15) (26) 
F = (42) (35) (16) + (23) (14) (66) + (31) (52) (46) + (15) (43) (26) 
+ (64) (21) (6) 


each binary determinant (ck) be replaced by the ternary determinant (¢k) 
there arise six cubic curves a = 0,---, f= 0 on a Pg —py, pr, «++; Po— 
of the plane; these are connected by the identities Sa—0, a+b 
= 4(51 x) (422) (36x), etc. Since six cubics on six points are connected 
by two linear relations, of which we have one, we may take as the second 
DdSaa=0. The coefficients a, b,---,f, fixed to within a factor of pro- 
portionality by requiring also that >a = 0, are given by replacing in A 
the product (cj) (kZ) (mn) by the ternary determinant (ij, kl, mn); and 
similarly for b,c, ---, /. 

Now the cubic curves on P3 map the plane on a general cubic surface C® 
given by > a* = 0, where Sa = 0 and Saa=0. The tritangent planes 
of C® comprise 15 of the type a-++d = 0 and thirty of the type 


(1) (be — dz) (b+ e) — (cf+ a) (c+ f) = 0, 
where Ae: ay ra 
cf = @t+2(c*+f"+cf), 
(2) a = (ad), 
Pane (341) (561) (531) (461) 
* “~ | (842) (562) (532) (462) |* 


We shall further make use of the quantities defined by a, = Sabe and 
the set 
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a = dg— aa— 2a’, 
(3) Paice Se PR 
c= a4—af—2f*. 

Among the double sixes of the C® those having four lines in common 
are said to be azygetic. Two such doubie sixes determine a third azygetic 
to both; there are 120 such azygetic triads. The double sixes syzygetic 
(having 6 lines in common) with the members of an azygetic triad form 
a symmetric set of three azygetic triads called a complex. These are of 
two types. Associated with those of the first are ten complex invariants 


of the form 
(4) r. 128,456 == ds ( 123) (456) . 


The thirty of the second kind lead to invariants like 


2T 2,314,565 = a+d—d,(a— ad), 


(5) ae ea ees 
2T2,56,34 = a+46+d,(a—d). 


In the plane there are 6! possible permutations of the six points. These 
form a group which may be generated by the five interchanges (12), (23), 
(34), (45), (566). We associate with this group the Gs, of Cremona trans- 
formations in four dimensions by the following method. The set of points 
is taken in the canonical form and transformed by some permutation of 
the group. For example (12) would result in the following change: 


100 --- 010 
010 --- 100 
O01 --- OO1 
(6) 111 --- 111 
LYU «++ yu 
Zlu +--+ etu 


The reference basis is then restored by a linear transformation—in this 
case, by 
A=, w= VY, Ys= ys 


Now in this process the last two points have undergone a transformaticn. 
We introduce a proportionality factor which again makes the last codrdinates 
equal. The resulting replacement of the x, y, z, t, wu is the Cremona trans- 
formation corresponding to the given permutation—in this case a collineation 
interchanging x and y, z and ¢. The generators of this Cremona Gs, are 
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(23) (45) 
y at |u—x| uy Zz 
(7) y' x ut |u—y| ux t 
2 t yz |u-—z| zy x 
t’ Z uy |u—t)| at y 
u’ u yt u xy u 














The G¢,2 is obtained from the Gs, by adding the transformation which 
inverts the variables—evidently a quartic transformation. It amounts to 
passing from the set Pi, to the set Qi, congruent under the quadratic 
transformation <Aj:3, with base points at the first three points. 

For any set Pi the Ga; contains a collineation subgroup of order 
4(n—4)! which is the direct product of the group corresponding to the 
permutation of the rows of the matrix ||y|| and the group generated by 
the interchange of the columns of the matrix and by the involutory colli- 
neation which interchanges the origin and unit point of = leaving the 
other reference points unchanged. 


III. The determinant representation. 


A. The Gs; A more direct method of obtaining the transformations 
of the Ges, from the corresponding permutations is very desirable. That 
this is possible is indicated a priori by the fact that the properties of the 
Gs, are evidently inherent in the canonical form of the Ps. We proceed 
to develop an expression for the codrdinates x, y, z, t, u as irrational 
invariants of the set of points. 

The values of the three-rowed determinants of the canonical matrix are 
as follows. 


123 = 124 = 143 = 423 = 1, 125 = 126 = u, 
153 = y, 523 = a, 163 = t, 623 = z, 

(83) 524 —a2—u, 154 = y—u, 624 = z—u, 164 = t—u, 
543 = az—y, 643 = 2—t, 156 = u(y — 0), 526 = u(x—z), 


563 = xt—yz, 564. = u(ea—y—z+0)+y2e—xt. 


A few trials will show that in general the transforms of 523, 153, etc., 
under a permutation do not represent the transforms of the corresponding 
variables under the parallel Cremona transformation. We note, however, 
that this is true for the collineation Gs, generated by (12), (34), and (56). 
Under (23) the determinants go into others representing linear functions 
of the variables; to obtain the quadratic functions into which 2, y, z, ¢, 


82° 







































































































































































438 H. L. BLACK. 


and uw actually transform the determinants must be multiplied, before per- 
mutation, by 125 or 126, according as the point 6 or _the point 5 occurs 
in them. Similarly to satisfy (45) one of the factors 143 or 423 must be 
introduced. All four of these last factors occur in the expression for u, 
while to give symmetry and at the same time to correct for changes in 
sign a factor 124 is included in the products representing the first four 


variables. Thus, as the determinant representation of the variables, we 
obtain Pe Pes Fy ee 

zu = 523-126-143. 124, 

yu = 153-126. 423.124, 


(9) zu = 623.125. 148-124, 
tu = 163-125-423. 124, 
uu = 125-126-143. 423. 


If each of these products be multiplied by the factor 356-456, the codr- 
dinates are expressed as irrational integral invariants of the P%. 

B. The G;, A study of the G;, of Cremona transformations in a space 
of six dimensions possesses intrinsic interest and also helps in the following 
study of the G,,. The generating substitutions are 
































(12) | (23) | (84) | (45) | (66) | (67) 
2’ y ats |u—xr| uy Zz x 
y' x uts |u—y| ux t y 
(10) 2’ t | zys |u—z| zy x r 
t’ Zz uys |u—t| at y 8 
y 8 ryt |u—r| ry r Zz 
3’ r uyt |u—s| sx 8 t 
u' u yts u xy u u 
The determinant representation in this case is 
a = 523.126 -127 . 143 - 124, 
y = 153 - 126 . 127 . 423 - 124, 
g = 623 - 125.127 - 143. 124, 
(11) t = 163.125 .127 . 423 . 124, 
r = 723-125-126 . 143 . 124, 
s = 173 125.126 . 423 . 124, 
u = 125.126 . 127 - 143 - 423. 
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Multiplication by any one of many products, e. g., 
123 - 145 - 267 - 356 - 357 - 367 - 456 . 457 . 467, 


expresses the codrdinates as irrational invariants of the P?. 

C. The G,;. The groups Gg; and G7; are special cases of the group Gn, 
in Sem—4 associated with a P?. The generating transformations of this 
general group are developed in CI pp. 183-4. It is sufficient to point out 
here that the interchange (34) leads to a transformation of order n —4 
of the form j 

asi 


m=1 


ys! , 


n—4 
u ys™ 
m=1 


Ya? 





? 


? 


wu — y2™, 


where the subscripts indicate columns and the superscripts rows in the 
canonical form. The transposition (45) results in 


(13) Jr = yr”, yr =ywrm”, GF =6,7,---,n), 
u! sain yy y2. 


The additional transpositions of the kind (7, 7-+-1) give collineations which 
replace the first two codrdinates of the point 7 by those of the point /+ 1, 
and vice versa, leaving the other coérdinates invariant. An examination 
of the following determinant products will show that they satisfy the 
generating transformations 


yo = . ; -126. +++ 12n, 
ys .423 124.126. +> 12H, 
yy - 143-124-125. ++ 120, 
yO = ; ; : ++ 120, 


yw” . . . . eee 12(n—1), 
ys™ “= ° ° ° ° eee 12(n—1), 


“= 
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These may be converted into irrational invariants of the P; by multiplica- 
tion by any of several determinant products; these invariants are of degree 
= n—3, the degree of the codrdinates in 1 and 2. 

D. Order of the transformations. From the above representation 
we may study the order of the transformations of G,,. Under a general 
permutation the points 1, 2,---,m are replaced by others of the set; we 

/ 


indicate these by 1’, 2’,---,’. Now the codrdinates y will be replaced 
by others, 











yi” = 5/23’ 1'4'3’ 1'2'4' 126’... 1'2’n’, 
y3” = }’5'9’ 4' 2/3) 1'2'4’ 1°96 ... 1’ 2’ n’, 
(14a) yw” = 6'2'3' 1'4'3' 1'2'4' 1'2'5’... 1’ dei 





w = 1'43’ cen 1’ 5 1’ Fe . ae i al 


When the common factors have been removed, these products will give 
the corresponding transformation. The order of this will be the number 
of times the points 5, 6, ---, m occur, minus the number of factors « common 
to all; the points 1, 2, 3, 4 contributing only numerical factors. Since trans- 
formations of the points 5,6, ---, m lead simply to collineations, it is 
evident that the order of the transformations depends only on the way in 
which the points 1, 2, 3, 4 are replaced. Of these the first two play the 
same role, as do the last two. The points are therefore designated as 
a, b, or c, depending on the divisions to which they belong. For example, 
bbcc indicates that 1 and 2 have been replaced by 3 and 4, while the 
latter have been replaced by two of the points 5, 6,---,. This may be 
taken as an illustrative case. Assume the transformation 135-246 which 
is of this type. Our coérdinates become 


yi = 145 365 346 342 347 348 ... 34n, 
ys” = 315 645 346 342 347 348 ... 34n, 
yi = 245 365 346 341 347 348 .-. 34n, 
(15) oleae ie ge 
A? = 15 55 BAG BAT BH 34n, 


u’ = 365 645 342 341 347 348 -..- 34n. 


The total order is n—2; and since there are no common factors u, that 
is the order of the transformation. Table (16) below shows the orders of 
the possible types of transformation. 
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n-4\)n—3})n-—-2/\|2n—8 





abab| abbc | abce | beaa 
bbaa| bbac| bbec | beab 
abac| acce | ccaa 
acab | accb 
acac 


acbhb 
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Since in the Pj there are only two points of type c, no transformations 
of the last type appear. We have then the theorem 
(17) The maximum order of a transformation of the Ge; is 5. 

In general we have the theorem 
(18) The maximum order of a transformation of the Gn, is 2n—6; such 

transformations always arise for n => 7. 

If we restrict ourselves to five points (one of type c) many of the cases 
given above drop out, and the maximum order is seen to be two, as Slaught 
has shown. 

The table shows that the Gs, consists of transformations of the following 
orders: 8 collineations, 80 quadratic, 288 cubic, 208 quartic, and 136 quintic. 
Due to the collineaticn G, these occur in sets of eight. The group of 


permutations contains 15 single, 45 double, and 15 triple interchanges; 
40 like 123, and 40 like 123 456; 90 of type 1234, 90 like 1234 56; 
144 like 12345, 120 of the kind 123 45, and 120 of the type 123456, in 
addition to the identity. Hence the transformations comprise the identity, 
75 of period 2, 80 of period 3, 180 of period 4, 144 of period 5, and 240 
of period 6. 


IV. The Discriminant loci. 


A. Method of Determination. Up to this point of the discussion 
we have treated the generic case in which no two of the points of Ps 
coincide, no three are collinear, and the six do not lie on a conic. When 
one of these situations arises, the point P of the canonical map will trace 
out a special locus in 2,. Since the above conditions are those under 
which the cubic surface C® has a node, they are known as discriminant 
conditions, and the corresponding loci are called discriminant loci. We 
indicate the types of conditions by dj = 0, Sim, —O0, and d, = 0, re- 
spectively. Now as pointed out in CIII, the vanishing of some of these 
factors can readily be expressed by explicit conditions on the coérdinates 
of P;—in general a single equation defining a manifold in 3,. This, how- 
ever, is not the case for those of the type 6; — 0, nor when the set is 
taken in the canonical form, for 6323 == 0, dis4 == 0, dogg = 0, or dion = O. 
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This difficulty arises from the fact that the points 1, 2, 3, 4 are taken 
as the reference points and the unit point, and as such two can not be 
made to coincide or 3 to lie on a line, without invalidating the mapping 
process. 

This difficulty is, however, readily surmountable by use of the determinant 
representation. Then the codrdinates of the map are expressed in terms 
of the irrational invariants of the P%, which are independent of the co- 
drdinate system. The common factors 356 456 in no way affect the con- 
ditions, so again we study the forms 


a = 523.126-143.124, y = 153.126.423.124, 
z = 623-125.143.124, ¢ = 163-125-423. 124, 
u = 125-126-143. 423. 


Since collinearity of three points requires the vanishing of their determinant, 
the discriminant loci are readily obtainable. For example, 143 = 0 at 
once leads to x = z—=u=O0. At a glance, then, we obtain the loci for 
9196, D195, D143, Ox98, and D194. The one corresponding to D198 = 0 is obtained 
from that of 0,2, = 0 by the collineation (34). 

Now for the type 6; = 0 we proceed as in the following illustration 
for 6,, == 0. Let 2 approach 1 in any direction; it may thus be replaced 
by 1+ea. Then the codrdinates of P become 


a2 = (513 +6¢5a3) (¢1a6) (143) (e104), 
y= (153) (e1a6) (413+.¢4a3) (e144), 
(19) 2 = (13+¢6a3) (¢ia5) (143) (e144), 
t= (163)  (e1a5) (413+¢4a3) (1404), 
u=  (ela5) (€1a6) (143) (413 +6443). 


Disregarding infinitesimals of the third order, we see that the locus of P 
is the plane 
r=y, e=t. 


On these special loci the correspondence is no longer 1—1; but this may 
be restored, as in Cremona transformations in the plane, by considering 
not only points, but the directions around them. 

Table (20) gives the discriminant loci for the types dj = 0, Sim, = 0. 
Here A, stands for the unit point, Ay for the origin, A, for (1, 0, 0, 0, 0), ete. 


(20) 
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Saa6 
9196 
Ox 

F145 
G146 
O156 
8256 
Gas 
Ix46 
9545 
S x46 





2 


hid nddnnnon 
NHR RRNA OOO 


~S© SSF el est Famer 








Under the Ge, there is clearly no way to pass from the conditions of 
one type to those of another; but under the G6,» they form a conjugate 
This may be seen as follows: Under Ass the condition d, = 0 (all 
six points a conic) transforms into dg. == 0. All others of the type dimn 


set. 


may be obtained from this by permutation. 


Those of type dj may be 


gotten by operating with A1os on dix, giving ds4, and permuting as before. 
In section VI we shall exhibit an algebraic method of obtaining the 
discriminant loci and thereby verify the fact that there are no exceptional 


loci other than the ones given above. 


Table (21) gives the discriminant loci for the Gz, as found by means 
of equations (11). 


(21) 

















Oss; | Spread: xs—yr O1s 
Oss6 vt=yz o1s 
Oser |. zs=tr dos 
Ouse | ula—y—z2z+8) +yz—a2t = 0) 8, 
Ous1 |  U(e—y—r+s)+yr—axs = 0) by 
Our |  u(z—t—r+s) +tr— zs = 0) O55 
Oser |  at-+-yr+zs—rt—sx—yz = 0|| bse 
O12 | So: % Os; 
Gin Ao ous 
815 A; Ou 
O16 A; ber 
847 As os6 
das A; er 
8x6 Ay O51 
8; As Oses 
6195|5:: z= t=r=—s=—u=—O0 | Ais: 
O126 r=y=—r=—s=—u=—0 | bess 
Os91 e=y=2=—t=—u=0 | bres 
643|S3: x=2e=—r=—u=—0 Ore3 
y=—t=e=—u=0 








S::2=—y,2z=—t,r=s 


Sy: 


Ss 


s=s=r=—@ 

y=-t=s=4u 

zs=s2=r=0 
z=y=—0 


Ox, 
F145 
425 
G14 
8426 
G41 
Saar 
F156 
P56 
151 
O51 
161 
8201 
Ssa5 


Os40 
G41 
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B. The geometric configuration. In the Gs, we have then the 
following configuration of discriminant loci: 

The 3, contains an isolated 2;, « — 0 outside of which lie the unit 
point and the origin (0, 0,0, 0,1). In the 3, there is a skew quadrilateral 
consisting of the lines u = z= t=—=0, u>=2—>2=>0,u=>-a2=—-y=0, 
and u = y = t = 0; the vertices are the reference points A,;, As, As, Ay. 
These four lines in « = O are joined to the origin by four planes 











e=t=0, z=2=>0, xe=y=0d0, y=t=0d0, 


and to the unit point by the four 






u=—-z2>=—f, u=—xr=—zZ, u=—=zr=y, u=-y=t. 





Moreover the configuration includes two “Diagonal” planes given by 
x=y,z2=—t and x—2z,y=—t. These pass through both the origin and 
the unit point, and meet w= 0 in the lines of intersection of the planes 
x=y andz=t, x=—z and y= ft lying in the 3. Each of the edges 
of the skew quadrilateral with the two points outside « — 0, determine 
a three-way. The face planes of the quadrilateral, taken with the origin, 
give four more three-ways; the same is true of the face planes and the 
unit point. Finally, 35, and 045, lead to two cones xt— yz = 0 and 
at—yz+u(—x+y+2—?#) = 0, respectively. The first has its vertex 
at the origin and on it lie the diagonal planes and the four determined 


































































| Condition No. of such Loci Space Equations 
| Ox4 1 Jn u=0 
O123 1 So Au 
Bing 1 So Ao 
O15,+++, Oin5 O95,+++, Ban 2n—8 So Aj 
9125, F126, F120 n—4 8; R® +0, RY = 0 
9143, F243 2 Sa—s Coz = 0 | 
Dis, O25 2 Sn—4 C= u 
O14. Fn, 2 Sn—4 G=0 
(22) G12 | 1 | Sn ys) = ya) 
D593, Ones; Fiss, Oins 2n— 8 | Ble ce ya =0 4 
Osan, O14n 2n—8 Son—o yA=u 
Osn n—4 Sen—10 RA =0 
Fan n—4 Sen—10 RA =u 
81, n, n—1; 02, n,n—1 (n— 4) (w — 5) Sen—10 y? = y Gj +1) 
she af () = y, 
D6, O51, +**; On. n—1 = Den) S2n—10 o rv 0 (i +D 
9356, 9457, 82. n—1,0 (n — 4) (n—5) Quadric YF ye = ys’ YO 
8567, 9568, ***; n—2.n—1,n == o 22 Quadric ~|n—2, n—i,n|=0 
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by the origin and the sides of the skew quadrilateral. The vertex of the 
second is at the unit point, and the cone contains the planes joining this 
to the sides of the quadrilateral as well as the diagonal planes. Evidently 
all the reference points lie on each of the cones. 

A study of the loci for the G,! reveals new points of interest. The 
figure in the =;, « =O here consists of two planes cut by three lines in 
the six codrdinate vertices; outside lie the unit point and the origin, as 
before. From 4,, there arises an S3, and ds, yields a quadric. The rest 
of the configuration is similar to that for the Ge:. 

In the general case the n(n*—1)/6 discriminant conditions of the types 
Jimn = 0 and dj = 0 determine loci as given in Table (22). There C stands 
for each element in turn of a column, FR for each of a row; the subscripts and 
superscripts have the same significance as above, and 7 = 1, 2; 7 = 5, 6,---, m. 

C. Invariant linear system under G;,,. These discriminant loci are 
used in determining the simplest invariant linear system for the G.;. Since 
under the collineation G; any spread goes into another of the same type, 
it is necessary to consider only the quadratic transformations (23) and (45). 
Under (23) 

The unit point (123) is fixed. = Riot! 

Directions around (0, 0, 0, 0, 1) (124 = 0) go into the line 134 = 0. 

Line 134 = 0 goes into directions around Ap. 

Line 234 = 0 is invariant. ree 

Line 125 = 0 goes into the 3-way 135 = 0. 

Line 126 == 0 goes into the 3-way 136 = 0. 
These last two then factor from the transform of a quadric on the lines 
125 = 126 = 0, leaving a quadric. Now under (45) 

The unit point is fixed. aif 

Directions around (0, 0, 0, 0, 1) give the line 125 = 0. 

Line 134 = 0 gives the 3-way 135 = 0. 

Line 234 = 0 gives the 3-way 235 = 0. 

Line 125 = 0 gives directions around the point 124 — 0. 

Line 126 = 0 is invariant. Bea Eee 
Hence any linear system of quadrics on the lines 134 = 234 = 0 is 
transformed into quadrics. Now the linear system on the four lines 
125, 126, 134, 234 — 0 is 

au? +bux+cuy+duz+eut+fet+gyz = 0. 

Under (23) this becomes 


ay??+baeyf+cyuf@tdyztt+eyut+freyut+gyztu = 0. 
From this y¢ factors, leaving 
ayt+bet+cut+dyz+euyt+fur+que = 0. 
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Since y = ¢ = 0 is not on 134 = 0, a must be zero. Since a linear 
system on (0, 0, 0,0, 1) goes by (34) into a linear system on the unit 
point we have for the simplest invariant linear system 


(23) ulbatecyt+det+et)t+fat+aye == 0, 
where 
btcetdtetsty = 0. 


V. Simplest invariant system under the G, >». 


In CIiI it has been shown that the complex invariants lie in a linear 
system of dimension 9 of spreads invariant under G.2 and that there is 
no linear system of lower order in the codrdinates of the points of P%. 
However, the question as to whether or not there exist other linear systems 
of the same order invariant under the group is unanswered. We shall 
demonstrate the fact that there are no such systems. 

A spread invariant under A,;,; must be of order 5k with 3k-fold points 
at the reference basis in 2,; in the simplest case, then, we have quintic 
spreads with triple points at the reference points. This requires that there 
be no terms of degree above two in a single variable. Now under Je; 
the plane ¢ = y = O corresponds to the P-spread « = 0, and the lines 
ze=t=>u=0,2 => y = u = O transform into the spreads y = 0 


and ¢ = 0, respectively. In order that a quintic term be invariant under 
two applications of J,;, the extraneous factor introduced by the trans- 
formation must be wy*t®. Then for an invariant linear system of quintics 
Dat ye tue we must have 


yt+to+e>2, 
(24) a+B +é@ 22, 
B +6 i. 


Hence the system contains the plane y = ¢ = @ at least singly and the 
lines z = ¢ = u = O and eg = y = u = 0 at least doubly. 

Similarly under J,; the plane x = y = O and the lines y= t—u=0O, 
x=2z=—u= 0 give P-spreads u = 0, x = 0, and y = 0, respectively. 
Here the extraneous factor is ux*y*, giving the conditions 


a+p 
(25) gp +6d+e 
oe +7 +8 


and the plane x = y = 0 is contained singly while the lines y= ¢ = u = 0 
and x = z= u = 0 are contained at least doubly. 


~y 


IV IV IN 
20 20 
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Moreover it is clear that the transforms of these loci under any element 
of the group must appear with the same multiplicities. These are the 
planes 2 >= t=—=0,7=>=2=>0,u>2>y u=2=—2,u=—-y=t, 
u = z2=t, and the diagonal planes x > y, z= t; r>=2, y= t. 
Hence we have the theorem: 

A linear system of quintics invariant under G2 must have triple points at 
the six reference points and the unit point; it must contain at least 
doubly the linessx = y=u=0,2=—=t=—=u=—-0,7>-2=—-u= Od), 
y = t = u = 0; and it must contain at least singly the planes 


xr=y= 0, y=t=0, eg=t=Q, xr=—2z=Q, o~— a= Pp, 


x=y c= 
= ;?’ y= 


us—e=—27, umyrt u—rzw=—t, c 


These geometric conditions greatly limit the number of quintic terms which 
may appear in a member of the system. Moreover the last six place 
conditions on the coefficients of the quintic. We shall study these latter, 
first, however, listing the available quintic terms in Table (27), placing 
beside each its general coefficient. 





waeyz ia, | waet | u?y?z 
wayt id, | wyet | uxt 
Paryz i ds| yraet | Da oe 
eaoyt | de] x yet | yet 
uxtye ic, | wserat : uxryt : 
uyrat ic, | ut yz | uyaz | 
unrest | wsray | yretu 
uy’zt |e | ubay | at § fy 

















The grouping is in general according to type, transforms under Aj 95 
being placed in the same group. Since the general spread must contain 
u=ax=~y let us replace each of them by v. The spread is then made 
up of terms of the types v‘z, v‘z, v'axz, v'2*, v’2z*x, and v*x*z. The 
identical vanishing of the function thus places seven conditions on the 
coefficients; these are 


A+das+a,+a+d+dat+g 
ag + by + y+ ee 
igath+t+atea = 
bo +bs+a+f2 
bet be t+ ds +S/i 
ag + bs + a+ 4 
Ag + b; + es + es 
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By similar processes, the planes u = 2 = z, u=y=>=t,u=z2=t, 
(c = y, e = #) and (xw@ = z, y = 2) give five sets of seven conditions; 
we have then all forty-two conditions on the thirty-one coefficients. An 
examination of these shows, however, that only 21 are linearly independent, 
or that of the coefficients, ten are independent. This verifies the fact that 
the invariant quintics form a linear system of dimension nine. 

That this is the system determined by the complex invariants is readily 
shown. The differences like 























I'\2, 34,56 — T12,56,34 





are composed of the factor dz and one of the type @—d. dz — 0 satisfies 
the special geometric conditions given above, while the second factor is 
quadratic and contains terms in xt, yz, ux, uy, uz, and ut only. The 
differences of the J’s then are quintics of the required type and belong 
to the general invariant linear system of dimension 9. We shall use this 
fact in the developments of the next section. 















VI. Discriminant loci from complex invariants. 
Having determined the simplest invariant linear system we may determine 

the discriminant loci by algebraic means, as forecast in Section IV. 
After factoring out a common uw, five linearly independent quintics of 

the system are given by 


















Ty, 0, = 0, 


(29) T\4,56,23 —1s5,39,65 = 0, V's5,62,84 — 15, 24,62 = 0, 


56 — 112, 56,84 = T'13, 45,62 — 118, 62, 45 












V6, 23,45 —1s6,45,28 = 0. 








Each of these contains the factor d, and under Aj; is transformed into 
another containing 4,;,. This transformation permutes the complex in- 
variants as shown in CIII (23), and if it is followed by (15) (26) leads to 










V'564,812 — 156, 12,38 = O, s8, 41,26 — 152,641. = 0, 


W¢34,512 — 154,683,122 = 0, —TV54,82,61 +1 52,64,31 = 90, 






T's2, 68,41 — 132,541 = O. 










The common factor which these have in addition to the conditions satis- 

tj fied by all members of the linear system will give the discriminant locus 
; Tae O:24 = 0. A study of the above quintics shows that they have a quadruple 
We point at (0, 0, 0, 0, 1) whereas the general quintic has only a triple point 
there. Hence the directions around this point correspond to the vanishing 
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of d;95. To find the loci corresponding to coincidences of the points, we 
again apply Ass. This gives as quintics containing the locus 6, = 0 


T's64,812 — 24,9568 = 0, — V'¢g, 24,561 — 132,15,64 = 0, 
— T\2, 95,46 — 142, 45,36 = 0, — V326,145 + 151,264 = 0, 


—Vo,16,53 — 1, 16,45 = 0. 


Here we find the common factor « = 0, which is the discriminant locus 
Oss — 0. 

By this method we may obtain all the discriminant loci of types dj — 0 
and dim, and verify that they coincide with those of Table (20). 


VII. Coérdinates of P in terms of the cubic surface. 

The object of this section is to show how the codrdinates of the canonical 
imap may be expressed in terms of the coefficients of the tritangent planes 
of the C® and also in terms of the complex invariants. The Cremona Gs, 
thus furnishes an expression of the algebraic relations existing in either case. 

Expressing 2, y, 2, ¢, « as irrational invariants of the P§ and dividing 
by (124-356) we obtain 
x = 523 143 126 456, 

g == 623 143 125 456, 
143 423 125 126 456 
4 : 
By use of relations of the type developed in CIT (59), e. g., 
ab 


— d,’ 


(30) 





“ui 


345 312 641 652+645 612 341 352 — 

these may be transformed into* 
a = (dy+ab) (dg+be),  y = (—de) (d,+bo), 
(31) z = (ds—adf) (dz+be), t = (d,+a0) (+b), 

“= (dz—df) (dy —de). 
From CIII (21) we see that 
| a—f = d(b—a)+2(%—@) 
= b—a@[a.+2(@*+ab+bd*)] 
b—a(ab). 





*The expressions obtained by Professor Coble (C III, p. 198) are incorrect, due to an 
error in the sign of dy. 
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Substituting in (31) the resulting values for ab, etc., and clearing of 
fractions, we find 


x = [d,(b—a@)+a—A] [a,(¢—b) + 8&—y] @—4) (f—) C—a), 
y = [4,@—d)+6—2] [a (—d) + &—7] 6—a) (f—4) (e—a), 
(32) 2 = [d&(f—d)+6—{] [&(€—b)+4—7] b—a) @ —d) C—O), 
t = [ad (¢—a)+a—7] [4,(€—b) +4—7] b—a) @ —a) (f—4), 
u = [d,(@—d)+6—<] [&(f—d) +49— 0] (b—a) (€ —a@) (€— 9). 


of the complex invariants, these relations become 


= [—Tp,35, 46 + V6, 45,28] [—L 15, 64,28 + Lis. 62,45) [T14,63,62— 14,52, 68] 
[T16, 24,35 —Is6,85,24] (114, 62,58 — 14,58, 62), 
> [—Ty6, 28,45 + V2, 56,84] [—Z 15, 64,28 + Lis, 62,45) (115,68, 24— 115, 24,63] 
[Ts6, 24,85 — It6, 25,24] (114, 62,58 — P14, 58, 62], 
[Tx2, 56,84 — 18, 46,52] [— P15, 64,28 + Lis, 62,45] (215,68, 24 — 215, 24, 68] 
[T14,68,52 — P14,52,63] [T16,24,85 —L16, 5, 24], 
= [Ty2,s4,56—115, 64,28] [— 115,64, 23 + P13, 62,45) [115,638,241 — 215, 24,68] 
[Ti4, 68,52 — I'i4,52,68] [716,24,85 — 116, 35, 24], 
= [—T6,23,45 + Iss, 56,84] [12,5681 — 21s, 46,52] [215,68, 24 — M15, 24,68] 
[T14, 62,68 — Ti4,58,62] [T16, s4,25—Ts6, 25,34] , 


the expressions we seek. 


University oF ILLINoIs. 





TRANSFORMATIONS OF THE KUMMER CRITERIA 
IN CONNECTION WITH FERMAT’S LAST THEOREM. 
(SECOND PAPER.) 


By H. 8. VANDIVER.* 


In the first articlet under the present title I gave some transformations 
of the Kummer criteria which are useful in obtaining criteria for the 


solution of 
(1) uP +v?+w? = 0, 


where w, v and w are rational integers prime to p of the type m?-!= 1 
(mod p*). The present paper contains other transformations of the same 
type. There are also developed here methods for extending the known 
criteria for (1) of the type 


B 


1 B, , = By; = B,_, = 0 (mod p), 


where « = (p—1)/2 and B, = 1/6, B, = 1/30, ete. are the numbers of 
Bernoulli. The Kummer criteria are as follows. If (1) is satisfied in 
rational integers prime to p, then 


(2) Bn fp—2n(t) = @, Soo (t) == '§ (mod p), 


where —?¢ = u/v, v/w, w/u, u/w, v/w, w/v and 


1 
Salt) = > ee, «1, 


7=1 


1. We first establish the following identity: 





where a, = [nk/j], b = [1j/k), [u] is the greatest integer in wu, 7 and k are 
any positive integers, and 2, y are indeterminates. 


* Presented to the American Mathematical Society, December 29, 1926; received De- 
cember 27, 1926. The author was enabled to complete this investigation through a grant 
from the Heckscher Foundation for the Advancement of Research founded by August 
Heckscher at Cornell University. 

7 Annals of Math., (2), vol. 27 (1926), pp. 171-176. 
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We first prove this result for the case where 7 and k are prime to each 
other. Assume k<j. We have 


j-1 


(8a) Day = 1ltates fatty a parF +... +a") 


n=0 
+ y (ast + gist? 5 ie a’) Se o (ght ene x), 
whence 


k—1 k-1 3 
(4) (a —1) yj" 2 ay = p> ye ghtitt As i at y*. 


i=1 


Also, by direct multiplication 


Sa Jj l yt? 9 Jj-b S dnmbp 
(5) (y—1) 2 ay x = Sy y 2x x’. 


=@0 =1 


We have obviously 7 —1 = bs+ dx-s, whence 


k—1 


: k— 
= yt? af * = his | ott am 


Set 7-+1—k—t. As / ranges over the values 0 to k—1, ¢ ranges over 
the values in reverse order, hence 
k-1 


41 »b 1 kt b 1 k-—l b 1 
ae ee me Ley a em Be ee, 


f=} 
and similarly 
>y a - >, i bt 
*=1 i=1 
Using these relations in (4) and (5) the relation (3) easily follows for the 
case k prime to 7. 

If k is not prime to 7, we note that in (3a), if d7/k is an integer, then 
the coefficient of y~* arranged in ascending powers of x begins with the 
term x” in lieu of z”*'. Also in place of 7—1 = bs + dx-s used in trans- 
forming (5) we have, if sj/k is an integer, 


asl 4 4 k&—9j A ama 


Modifying the above argument in accord with these relations we obtain (3) 
for any 7 and k. 

Multiply (3) by (~?—1) (y?—1), set x = xe*, y = ye”, divide by e”*, 
differentiate (» — 2) times with respect to v, and set v = 0; we have, 
if f(a) = (a —1)/(x —1), 
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(@’—y') = bP OH LU OAW 
(6) 


j-— k-1 
= y*(@?—1) ¥ a" y "We. (y)— a! (y?—1) & y' x hay (x) (mody), 


1 
0 
1 


where hy” (xz) = > (mr +9)” ~* a"; cn is the least positive or zero residue 


r=0 


of nk modulo j; d is the least positive or zero residue of /j modulo k. 
Setting « = y = ¢ in (6) we get as criteria for (1) wvw + O0(modp), 
using fn (t) fp-n () = 0(modp), n= 1,2,---,p—l, 


£-3 k-1 
(7) 2 fh 1 () = = t~% ha (t) (modp). 
In another paper* I gave the criteria 


Sp—n (fn (IL — t) = 0 (modp), n = 2, 3, *o+,p—2, 


and the relation is also true for nm = 1 and p—2 from (2). Applying 
these to (6) we have 


j—1 k—1 
(8) (t?—1) >» Pathe I—) = — 0? LE — 8 ha,(O (mod). 


I have verified for a number of special cases, but have not proved, the 


identity 
k—-1 


j-1 

k—a,—1, Ll j—d,— , 

(9) ad — y* "mk EN . = ay a 
(a—1)(y—1) y—1 x—1 ; 








where [nk]; = cen; [lj] = di: and 


ae Bea me: Ba 
oe iF, gg = | 
J k 
where » is a positive integer such that y<k and vy <j. It is possible 
to prove, however the identity _ 
k—1 liv 
Solely 
desc Se le 
(x—1)(y—1) y—1 2—1 








(10) 


where » is an integer subject to the single restriction »<k. To show 
this we note that 





* Proc. Nat. Acad. Sci., vol. 11 (1925), pp. 292-298. 
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kt, [ity 


ae * xe eltyt-- +P) te Atet- +e 


1=0 
* hlent SO Sess 
. y—l1 ty y—1 


from which (10) readily follows. 
Assuming that (9) holds, it gives 


yf (x) fi (y) 
= fily) (a1) 5 y—4a—*n e™” —(y? — 1) f, (x) y'ad-%r-%, 


(11) 


Set in this relation « = ex, y = ey, multiply by e’“/-24), differentiate 
(p—2) times, and put v = 0; we have, if we select 7 and k so that 
vy = (j+k)/2, an integer, 


—l1, 
(ody) S (02) neap-eangngayngn(y) 
j-1 
(12) = (4?—1) 2 yan” WY “0 (y) 
n= 
k—-1 
—(yP—1) 2 2a re-shl? (x) (mod p) 
where 
ey = [y+[nkl]j;, & = +e 


and 
p—l 
> (vit dat = 0(a). 
i=0 


This follows from the fact that the exponent of e’ before differentiating 
in the first term of the right hand member of (11) involving y' is 


k-+j—2jk+ 2nk+ 2) (k—an—r1n) + 2j1. 
Setting 


yHinkl = jneton, nk = 5 |] + Inn, 


the exponent reduces to 277+ 2p. 

Applying the criteria (5) of the first paper for the solution of (1) to 
(12) we find a set of criteria for (1) involving the h-functions. Use (11), 
take any positive integer m, select 7 and k so that v = (67+ (m—8)k)/m 
is an integer for 6 = 1, 2,---,m—1, and proceed in a way analogous 
to that in which (12) was derived. We have a relation to which we may 
apply the criteria (3) of the first paper for the solution of (1) and we 
obtain some more sets of criteria involving the h-functions, under the 
assumption that (9) holds. 


‘ 
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2. If (1) is satisfied in integers none zero and all prime to the odd prime 
p, Kummer* proved that 


(13) Bu-i = By-2 = 0 (mod p). 
By extending the method of Kummer it was shown by Mirimanofft that 
(14) By-s = Bus = 0 (mod p) 


hold under like conditions. His argument involves considerable numerical 
computation. We shall now obtain certain transformations of the Kummer 
criteria which enable. us to simplify the derivation of (13) and (14) and 
to proceed further along this line. 

Consider the obvious identity 


y(x?—Ifity) _ «y?—1)fi() 
z—y z—y 








AWAY) = 


Set x = e’x, y = e’y, differentiate m times with respect to v, and put 
v = 0; we have, after multiplying by (z?—y?)/(«—y), 


m+1 


Si 


= YN 2fm@——E ca + yle?—1)faisy) —" (mod p). 


In this relation put x = xe’, differentiate (»—2—mm) times with respect 
to v, put v = 0, and write 
zP— y? 


Si (x, y) emer 


and for k>1 
p—1 
fi(x, y) = D sk yr-* a8; 
s=1 


we obtain 
m-+1 


(x? — y?) 2 Fe ) Sn+p—2—m 2) fm+2—nly) 


p—l1—m 
(I) fats fr-1-nl@,9)— UPD FP fafa, 2) 
(mod p). 


* Berlin. Abhandlungen, 1857, pp. 41-74. 
ft Journ. fiir Math. (Crelle), vol. 128 (1905), pp. 45-54. 











er renege wens eres) 
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In this relation set y= ¢t, x = —1; then the Kummer criteria give 
for m< p—2 


| eee ae 
(15) ty (PP) fen —Dfal—0) = —2 fmt (0 foam (0 
(mod p) 
as criteria for (1) in Case I, since 
Q— Qk 
(16) ik(—1) = =e i (mod p) 


where b, = —1/2, bes = (—1)*" Bs, besi1 = 0, 8 > 0. 
In (15) set m = p—3; we have 


(17) (?—1I) fon (-DA(-) + hal DA(-) = —2faOhl(—b 


(mod p). 
Relation (16) becomes for k = p—1 
1—271 
fal) = ae (mod p). 


If (1) is satisfied in Case I, it is known that 
27-1 = 1 (mod p’); 


hence fp—1(—1) = 0 (mod p). Also fp,-2(—1) = 0 (mod p) by (16), so 
that (17) reduces to 
Sp-2(t) fa(— 8) = 0 (mod p). 


Take m = p—5D in (15) and multiply the resulting congruence by B,; 
we have by (2), since f,-4(—1) = 0 (mod p), 


Bz fp—s(—1) fa(—t) = 0 (mod p). 
In a similar way we find, using (2) and /,-a(—1) = 0 (mod p), for a even, 
Bz Bs fp-s(—1) fs (— #) = O (mod p). 
We shall now assume for any a< w—l, 
(18) Bz Bs --+ Bats fp—eats(—1) foati(— t) = 0 (mod p) 


and prove therefrom that 
(18a) Bo Bs-++ Bate fp—eat+s)(—1) foats(— t) = 0 (mod p). 


Take (15) for m = p—(2a+5) and multiply by B. Bs --- Base; we 
obtain by (2) and (18) the relation (18a) for any a<w. Hence by 
induction we have 
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THEOREM. If u?-+v?+w? = 0 is satisfied in integers none zero and 
all prime to the odd prime p, then 
a+1 
(2020+) —1) T] By Bp-afrass(—t) = 0 (mod p), a=1,2,---,u—1. 
s=2 
This is equivalent to a result which I gave without proof in a previous 
paper.* 
We shall now employ the theorem in connection with the Bernoulli 
number criteria of Kummer and Mirimanoff already referred to. Since we 
may take p>> 7000, it is easily seen that it yields, for small values of a, 


(19) Bu-afr+s(—t) = 0 (mod p). 


But by (2) we also know that this solution holds for ¢ in lieu of —z. 


Hence 
(19a) Bu-afeati(2) = 0 (mod p) 
holds for 

1 ¢t—1 ¢ 


(20) pe =f j{—?’ t ? Sau 9’ 








and also for 
1 1—t? t 





(20a) = ——, t—1, —¥ Po Tae 


As is known, the six values (20) are incongruent modulo p unless 
@—t+1 = 0 or ¢ = —1, 2, 1/2. The first condition cannot hold, how- 
ever, since Pollaczekt by a very ingenious argument showed that the 
congruence #?—¢-+1 = 0 (mod p) is inconsistent with (2). The same 
method gives immediately 

(21) +1 + 0 (mod p). 


No member of the set (20) is congruent to any member of the set (20a) 


unless the relation 
(22) 2?>—z—1 = 0 (mod p) 


~ reer ae. fea FO TAR iar a aca aie 


BOE Ee RRO 


holds for z one of the set (20), using (21). The congruence (22) is not 
satisfied unless 5 is a quadratic residue of yp. 

It is known{ that there exists a polynomial R;(z) with integral coefficients 
and of degree z—1 such that 


(e—1)?-* Rj(z) = filz) (mod p). 
* Bull. Amer. Math. Soc., vol. 28 (1922), p.404. In error the factor 2?-@*+")— 1 was omitted. 


ft Wiener Ber., Abt. Ila, vol. 126 (1917), pp. 45-59. 
t Cf. Mirimanoff, loc. cit., p. 57. 
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The use of this relation together with (19a) and (22) simplifies consider- 
ably the computation given by Mirimanoff (pp. 51-53) for obtaining (14) 
and renders practicable the examination of R,,(z) and A,s3(z) with a 
possible derivation of Bu-s = Bu-s = 0 (mod p) in view. The writer* 
showed that 


1 , ara 
e+ * Tp] = 0 (mod p) 
5 
and also 
(23) > (6r+a)?-* = 0 mod p) 


where ry ranges so that (5r-++a) assumes all values <p of this form. 
Let p = 1 (mod 5) and assume that k is a primitive root of z° = 1 
(mod p); then (23) gives easily fp-2(k) = 0 (mod p) or 


(k—1)?—kr +1 
p 





= (mod p). 


It is possible to choose k so that kK” = k (mod p*); if this is done, 
we have 
(24) (k—1)?-1 = 1 (mod p’) 


for k any root of the congruence x° = 1 (mod p), p = 1 (mod 5), 
selected so that k?-! = 1 (mod p’). 
Frobeniust proved results equivalent to the following 


> (ir+a)?-? = 0 (mod p), 


r ranging over the integers 1, 2, ---, such that ¢r-+-a<p and previded 
‘has various small integral values. If for a particular 7 we assume p = 
(mod 7) and 7 is a root of 2 = 1 (mod p) with j?-' = 1 (mod p’), then 
we find 

(g—1)?* = 1 (mod p’) 


in the same way that (24) was obtained. 


* Journ. fiir Math. (Crelle), vol. 144 (1914), pp. 314-318. 
+ Berlin. Sitzber., 1914, pp. 653-681. 








THEOREMS ON DEDUCIBILITY. 
(SECOND PAPER.)* 


By C. H. Lanerorp. 


Questions of deducibility arise especially in connection with sets of 
defining properties for types of order. A set of properties p,,---, pn may 
be related to a class of properties Q in such a way that, if q be any 
member of Q, one of the properties g or ~q follows from p,, ---, pn jointly. 
A previous paper has been concerned with the class of all first-order functions 
which can be formulated on the base K, R,; and sets of defining properties 
for three types of dense series have been studied in relation to this class 
of functions.+ It has been shown that each of these sets of properties 
is sufficient to determine the truth-value of every first-order function on 
K, Rg, in the sense that one or the other of every pair of mutually con- 
tradictory functions on this base follows from the set. The present paper 
will be concerned with this same class of functions, namely, the class of 
all first-order functions on K, Rg, in relation to a set of properties for 
discrete series, which have a first but no last element, and which are such 
that every element but one has an immediate predecessor. It will be 
shown that every first-order function on K, R. has -its truth-value deter- 
mined by this set. 

In the first paper, we have had occasion to show that every first-order 
function is equivalent to some function having one of the forms 


(1) (al,-.-, 2!) = (aah, ove, GE) S++ Slat, --+, a, wut. ++, ae, ++) 
or 


(2) (Gal,---, at) *. (all, .--, all): ... f(at,---, at, al, .-+, all, .--), 


in which f is an elementary function. It has also been pointed out that 
any elementary function f, on K,R,, can be expanded with respect to 
K, R, lf in such a way that f is a disjunctive function of conjunctive 
functions of the primary propositional constituents on K, R,1, and such that, 
if p be any primary propositional constituent on K, R, or 1, formed of the 
variables 2,,--- in f, either p or ~p occurs in each conjunctive function. 





* Presented to the American Mathematical Society, December 28, 1926, received January 29, 
1927. 

t Some theorems on deducibility, Annals of Math., vol. 28 (1926), p. 16. 

j Identity. 
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Accordingly, any first-order function on K, R, can be expressed in one or 
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the other of these forms, and in such a way that the elementary function f 
is in expanded form with respect to K, R, I. 

The following properties characterize linear discrete series which have 
a first but no last element and in which every element but one has an 
immediate predecessor. 


jor) 


oO fm wo to 


(x2). ~ Rea. 

(x,y): a,yeK.xat+y .D. RayVRyz. 

(x,y):a2,yeK.at¢+y .D. ~RayV~Ryz. 

(z,y,2):. 2+ y.yt+e2.x42.4,y,2€K .D: Rey. Ryz .d. Rez. 
(vw) 3: (ly) ts. (2) 1 weK t.D:. yeK. Ray :. zeK 3D: Rea. Rzy 
V. Ryz. Raz Vv. c=2Vy =z. 

(qx) :. (yyiveKi yeK.x4¢y .D. Rey. 


These properties are especially relevant to elements belonging to the class K; 
properties 7, 8 take account of elements not in K. 


%. 
8. 


(x,y) 1. ~xeK Vi~yeK 33: ~ Roy. 
(Hx, Xe, +++). a + a+ ~meK.~waeK:--. 


The properties of the set 1-8 will be studied by means of a subsidiary 


set 


¥. 
2’. 
3’ 

4’, 


of properties, 1’-8’, on the base K, K’, Ry. 

(x): veKVaxek’ .D. ~ Rez. 

(z,y):veK.yeK.x24y .D. RayVRyz. 

(x,y): veK.yeK.xt¢y .D. ~RaeyV~Ryz. 

(xz, y,2)1.veK.yeK.zeK. xvty.yte.xnt¢e2:3: Ray. Ryz 
-2- Rez. 


. (av) i (dy) i. @@) 1: weK u.D:. yeK. Ray :. zeK 33: Raz. Ryz 


V. Rex. Rzy Vic =2z2Vy—z. 


. (Ax): (y).rveK. yeK D Rey. 
. (x,y): eK’ VyeR’ 1D. ~ Rey. 
8’. 


(Hx, Le, +++). $ ay -+- EK’. aeK’---. 


Since there are at least two elements in K, it follows from 2’, 7’ 
that ~(qxz).x2eK.axeK’. K and K’ are non-overlapping classes 
((z):aeK.D.~zeK’), and it is, of course, easy to show that K has 
at least m elements. The relation of the set 1’-8’ to the set 1-8 is seen 
when the value ~ K is assigned to K’; that is, when (2): veK .=. ~aeK’. 
In this case, 1’-8’ reduces to 1-8; the hypothesis in 1’ becomes logically 


necessary, and so vanishes; and the property ~(@z).xe«K.zeK’ is 
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certifiable on logical grounds alone. The set 1’-8’ places no restriction 
whatever on elements which are neither in K nor in K’. In the arguments 
which follow, the set on K, K’, R, will be under consideration; and then 
the results established will be applied, in particular, to the set on K, Rg. 

Just as any elementary function on K, R, can be expressed in expanded 
form with respect to K, R, I, so any elementary function on K, K’, R, can 
be expressed in expanded form with respect to K, K’, R, I; so that every 
first-order function on K, K’, R, can be expressed so as to involve a single 
complex quantifier applied to an elementary function in expanded form with 
respect to K, K’, R, 1. In what follows we shall not be concerned with 
functions which place any restriction on elements which are neither in K 
nor in K’. Let F(a, ---, 2, ¥1,°-+, y) be a function on K, K’, R, which 
involves a single complex quantifier, such that the variables x,,---, x are 
quantified universally and the variables y,,---, y» are quantified particularly ; 
and let f be the elementary function in F, expressed in expanded form 
with respect to K, K’, R, I. Denote by /’ an elementary function derived 
from f by omitting from / all those alternatives in which at least one of 
the variables x,,---, 2, y¥:,---, y is such that it is assigned both to ~K 
and to ~ K’. Let K” be the class such that (2): veK” .==. ~xveK.~zeR’; 
then the three classes K, K’, K” are mutually exclusive and severally ex- 
haustive. Consider the elementary function 


(a) FS (G15 +++) Dey Yry sey Yr) Ve eK” .V.- ++ VV. ope KR”; 


either the function f’ holds, or one of the elements 2,,---, zu is neither 
in K nor in K’. In an obvious sense, (a) is about elements in K or K’ 
only; and if F' is to place no restriction on elements in K”, f must be 
equivalent to the function (a). When K” is null, that is, when (x): veK 
=. ~2eK’, the alternatives 7,¢K”,---, 2¢K” are impossible, and so 
vanish; so that f reduces to /’. 

If R(a, az). R(agas) . R(a, as), then we may write simply R(q ds 4s); 
and in general, R(a,a,---) is to mean that any two elements a;, a; which 
occur in the order from left to right are such that R(a; aj) holds. In view 
of 1’, if none of the elements a,,--- belongs to K”, and if R(a a, ---) 
holds, then a,,--- must all be distinct. If a, a,,--- are in K and 
R(a a2 ---) holds, then any ordered dyad of distinct elements, a; a;, which 
can be formed of the elements a,,--- and which is not asserted in 
R(a,a2---), is such that R(a;a) fails. We may denote “R(a, a: ---), 
and R fails for every other ordered dyad of distinct elements” by R’ (a; as - - -). 
If a, dg,--- are in K, they are also such that ~ R(a, a) .~ R(agaz) ---. 
We may denote “R’(a,a,---) holds, and ~R(a a) .~R(dga_)---” by 
R” (ay dz +++), 
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If b,, bg, «++ are distinct and belong to K’, then ~ R(b, bs) . ~ R(b.d,)--- 
~R (bd, b,). ~R(b, bz) ---, from 1’, 7’. S(b, by ---) is to mean “dy, by, «>» €K’, 
and R fails for every dyad of distinct or identical elements among Jy, ---, 
and b,,--+ are all distinct.” 

If a, a,--- are in K and },, b,,--- are in K’, then R fails for every 
ordered dyad which can be formed of one element from the set a,--- 
and one from the set }b,,---, from 7’; and we may express the failure 
of R for these dyads by writing T (a, a, ---; b, db: ---). 

It has been shown in the first paper, what is immediately obvious, that, 
as a consequence of 1’—4’, any m distinct elements, all in K, are such 
that for some permutation of these elements, a,---, @m, R”(a1 «++ @m) 
holds. But for any » distinct elements, bi, ---, bd», all in K’, S(h, +--+ dy) 
holds, Accordingly, any m+n elements, m in K and nm in K’, are such 
that, for some permutation of the m elements in K, 

















R” (a ee fm)» S(by - ++ bn) . T (a1 **+ Am; by see Dp). 









When » vanishes this expression reduces to R” (a, --- am), and when m 
vanishes it reduces to S(b, --- by). 
Since 
(3) (al, ree a) (aol, oe alt) bis - f(a, peas a, = Bit we, us ‘) 
is equivalent to 
(4) ~(qal, vee, a) (a, ses, all) ; wv f(al, ves, a alt, vee, , +e), 














if it is established that every function of the form (3) has its truth-value 
determined by 1’-8’, then every function of the form (4) has its truth- 
value determined, and conversely; for the truth-value of a function deter- 
mines the truth-value of its contradictory. It is sufficient to establish 
deducibility in at least one of these cases. 

If f is of the form (a), ~/ is 










, ! " 
~f (a1, +++, Up, Yay ety Yr) ae R’ vse apeK ’ 
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in which ~/” is equivalent to a disjunctive function which involves all those 

alternatives On 2,---, Zp, Yi,-++, yy Which are not among the alternatives 

in f’. But every alternative which involves at least one of the variables 

4, +++, £, assigned to K” fails; so that these alternatives vanish. If the 

elementary function which results be denoted by f”, then f” involves all 

those alternatives on 2, +--+, Guy Yi» +++ Yr in which every variable is 
Ul 


assigned to K or to K’ and which do not occur in jf’, and also every 
possible alternative in which at least one of the variables y, ---, y, are 
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assigned to K”. Since all possible alternatives of the kind in question are 
involved in this latter set, and since there are at least m elements in K 
and at least m elements in K’, the disjunctive function formed of all these 
latter alternatives, when it occurs in a function of the form (2), is equivalent to 


ye K" V.--VyeR”. 


In a function of the form (2), y,,---, y will, of course, be quantified 
universally. It follows that any function of the form (1), in which the 
elementary function is of the form (a), is such that its contradictory can 
be expressed in the form (2), and such that the elementary function is of 
the form (a); and conversely. In dealing with functions of this kind, it 
is sufficient to establish deducibility for at least one of every pair of 
contradictory functions. 

It will be shown that every singly quantified first-order function on K, 
K’, Ry, in which the elementary function can be expressed in the form (a), 
has its truth-value determined by properties 1’-8’. Any singly quantified 
first-order function has one of the forms 


(x, pee Xn) S(n; Seta Xn) or (An, Pe In) «f(x, vs Xn); 


and we may confine attention to functions of the second kind. Note that 
in functions of the second kind in which the elementary function is of the 
form (a), f = f’. Every set of elements in K is such that, for some 
permutation, R” (a, a, ---); and every set of elements in K’ is such that 
S(b, b, ---). If the function is to hold, f’ must involve at least one 
alternative; and any alternative in f’ which should involve conditions on 
identity which are contradictory (2 = y.x2+y) is impossible; and any 
alternative which should involve a condition on identity, x — y, where 
xeK and yeK’, must fail, since these classes have no members in common. 
All of these alternatives may be discarded without altering the truth-value 
of the function. In the function so reconstituted, let p by any alternative. 
In general, some of the variables which occur in p must take the same 
value, due to a condition on identity. In each set of variables all taking 
the same value, drop all of the variables but one. Call the alternative 
which results p’; so that in p’ all variables take distinct values. If p’ is 
of the form 
R” (a, ae +++). S(d, dy +++). Tay dy ++ +3 dy bg ++), 


then it follows from 1’-8’ that (a2, --+, an) .f(a,---, an) holds; so that, 
if there is at least one alternative » which reduces to this form, the 
function follows from the set. Clearly, the condition is also necessary, 
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since every set of distinct elements must have this form. Derivatively, if 
we assign to K’ the value ~K, it is clear that every singly quantified first- 
order function on K, Ry has its truth-value determined by properties 1-8. 

We wish to establish a similar result in the case of n-tuply quantified 
functions; and this will require a somewhat detailed preliminary analysis 
of some properties of general propositions, which is, however, not without 
interest on its own account. Consider the elementary function 


(5) S (++, 0, «++, 2, +++), 


where f is in expanded form with respect to K, K’, R,1; and let pj, py 
(j +k) be any two alternatives in f. If we discard all of the variables 
from pj, pe except z,.--, 2, the resulting functions of z,-.-,2® on 
K, K’, R, I may be the same or different. Let the alternatives in f be 
collected into sets P;,---, Pj, such that P; = pia V--- V pie, Where pia, «++, Pie 
are all those alternatives in f involving some one and the same function 
of a,---,2® on K, K’,R, 1. Then f= P,V---V Pi; so that we may 
express an n-tuply quantified function in the form 


(6) +++ (Ga, «+, 2)... PV. VB. 

















This function is equivalent to 
(7) ae (qa, eee, af) --- P, .V.---.V. (q xi), oe, x) --> Pr, 






since no set of elements a, ---, dn, substituted for 2, ---,«®, which can 
satisfy 2{?,---, 2 in P,, can also satisfy these variables in P,, if 7 +k. 
In view of the relation of (6) to (7), if F be a function which involves 
a single complex quantifier, and which is such that the elementary function f 
is in expanded form with respect to K, K’, R, 1, then F' can be expressed 
as a function which is such that, (i) if ¢ be any variable to which the 
applicative “every” attaches, and if we consider all those alternatives in 
which ¢ occurs, and let y:,---, y, be the variables in those alternatives 
of wider scope than ¢, then yi,---, y, involve one and the same function 
on K, K’, R, I in all of these alternatives; and (ii), if « be any variable 
to which the applicative “some” attaches, and if we consider all those 
alternatives in which w occurs, and let y1,---,y, be the variables in 
these alternatives which are not of narrower scope than uw, which of course 
includes u and those variables having the same scope as u, then yi, +--+, Yp 
involve one and the same function on K, K’, R, I in all of these alternatives.* 



























* There are, of course, variables which do not occur in any alternative in which wu occurs; 
the scopes of these variables are independent of the scope of u, and they are not in 
question in (i) and (ii). 
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For want of a better term, a function expressed in this way will be said 
to be in analytic form. It will be seen that a function 


(8) (Hari, +++, Xm) +++ f (1, +++, Bm, ++), 


when expressed in analytic form, breaks up into an elementary disjunctive 
function, ; 
(9) (Ha, ---, aD). -+ fa (ae), +0, a2), 00-) Me eee M. (Ta, ---, 200) -0 f(a, 220, 004); 


and since the truth-value of an elementary function is determined if the 
truth-values of the constituent functions are determined, we may confine 
attention to functions having the form of the alternatives in (9). 

Let f(---, 1,+++, Un,-++) be an elementary function on K, K’, Ry in 
expanded form with respect to K, K’, R, I (which is not of the form (a)), 
and let p be any alternative in f For each pair of variables x, y in /, 
p involves zly or it involves ~zly, and not both; so that p contains, as 
a part, a conjunctive function of m,---,%, on I. This function will, in 
general, assert identity for some pairs of variables and non-identity for 
others; and in general, some of the alternatives p:, ---, ps in f will involve 
the same function of uw, ---, wu on identity, and others will involve different 
functions in this respect. The alternatives in f can be collected into sets, 
such that any two alternatives belonging to the same set involve the same 
function of w,---, Un» on identity, and any two alternatives belonging to 
different sets involve different functions of these variables on identity; so 
that f can be expressed in the form f,, ---, 7, in which fj is a disjunctive 
function involving all those and only those alternatives belonging to one 
and the same set. We may denote the function of m4, ---, u, on I which 
oceurs in fi; by I, and that which occurs in /, by I,; so that L,.---, I, 
are all different. 

Consider a function, 


(10) (Aal, +--+, wh): (all, «>, ol), F,V..-.VF, 


in analytic form, in which in general F; is not an elementary function. 
The variables ai, ---, z!, may, of course, be supposed to involve the same 
function on K, K’, R, 1 throughout F,, ---, F;. We may collect F,, ---, F; 
into sets, determined by the function of z!, .--, 21, all, ---, al! on I which 
occurs in them. It is clear that only one function of these variables on 
identity can occur in any function F;. Then F, V.--VF; can be expressed 
in the form Fi V---V F;, in which Fj is a disjunctive function made up 
of functions from among F,, ---, Fj, and such that each alternative which 
occurs in F; involves the same function of zi, ---, af, al!,..-, 2! on I. Let 
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the functions of zi, .--, a, all, ..., a! on I which occur in Fi, ---, F; 
be denoted by I, ---, I, respectively. Then (10) is equivalent to 


(11) (Gal,---, at): (al. al) FLV~ Lt (ol, ol). FLV. 
Similarly, consider any constituent of (11) of the form 

(12) (al, -.., all). FIV~I, 

in which F% will, in general, be of the form 


(alo, ..., allen) : (VO), ..., IV), VWF WW 


(13) (qlee), ..., gill): (qIV, ..., gIVe), FV VE... 


In each of the alternatives 
(14) (qa, ..., xlllon) : (lV), ee alVy) , Fy, We-V F,, 
(h oe Ty. 0s k; | ee Es RE é), 


any one of the functions Fy, (i = 1,---, h) may or may not be an elementary 
function, and is such that the elementary alternatives which occur in it involve 
the same function of zi,---,a!, vll,..-, al, gill, vee, lll”, xlVy), +20, ONY) 
on K, K’, R, I. This follows from the fact that (10) is in analytic form. 
And so, as previously, Piyys tee, Fy, may be collected into sets; and this 
analysis may be continued until all universal variables have been taken 
into account. In a function expressed in this way, if 4, ---, t be any 
apparent variables all having the same scope, and if s,, ---, sz be those 


variables of wider scope than ¢,, ---, 4, such that 4, ---, % are within 
their scope, then any two alternatives within the scope of 4, ---, & in- 
volve the same function of s,, ---, su, t, +--+, t on identity. 


It follows from these considerations that, if we have a function in ana- 
lytic form which is, further, expressed in such a way that any set of 
variables in the function involve the same function on identity in every 
alternative in which they all occur, then there is an equivalent function 
obtained by taking any two variables x, y, such that the function asserts 
xly, and discarding that variable which has the narrower scope, or, in 
case they have the same scope, that which occurs first in the quantifier. 
This is possible for the reason that, if the function involves xly in one 
alternative, it involves xly in every alternative in which both 2 and y 
occur; and that, if 2 is of wider scope than y, or if they have the same 
scope, x occurs in every alternative in which y occurs. y may, accordingly, 
be discarded; which carries with it every elementary constituent z + y, 
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yeK, Rzy, --- in which y occurs. This applies also, of course, to any 
function on identity Ij in which y occurs. In a function expressed in this 
way, distinct variables denote distinct elements. 

The foregoing arguments are concerned with a function in which the 
elementary function is not of the form (a); and we wish to extend these 
results to a function in which the elementary function is of this form. 
Consider a function 


aa (af, ++, a) (Hal, ---, a) (af, «++, a)... PV. WP 

+ Wa eK" VV... Var%e K" Va eK" V-.- Val eK”. ., 
and express (15) so that 
r+ Wa2MeR"V.-- Va eK” 


(15) 


shall be outside the scope of (2, ---, x) (2, ++, 2M)..., 


(16) -+ (2, ++, BP): (Ta¥, s+, af) aM, ++, 2)... A 
Vie VP Vale KV... Va eK” 0. Meee. eK" VV... Va eK”. 


This function is equivalent to 
++ (a, -.+, 2) 2. (a, ---, aD) (2D, ..., oD)... PVD K" V 


(17) «+» WaeK" ... Wi-e. Me (a, «. 2, 20) (a, ..., aft)... P, 
Vict eK" VV... Vale K" VE 1 Ware KV. Wa eR”, 


In view of the relation of (16) to (17), any function can be expressed in 
such a way that, if we exclude alternatives of the form xé¢K”, pro- 
perties i, ii (page 464) characterize the function. We shall say, in this case 
also, that the function is in analytic form. 

Consider any constituent of a function in analytic form, 


(18) (a,,--+, ta)i Fy(---, a, +++, wa ee) V--- VR: +, ay, +, Bi, +++) 
Ve ae K" V..-VajyeR’, 


where F,, ---, F; are such that, in each of them, every alternative involves 
the same function of 2,,---,2,, together with every variable of wider 
scope, on K, K’, R, I. The functions F,,---, 7; may be grouped according 
to the functions of z,,---, 2, on I which their alternatives involve, and in 
such a way that any two alternatives belonging to functions in the same 
group involve the same function of 2,,---,2, on identity, and any two 
alternatives belonging to functions in different groups involve different 
functions of 2,,---,2, on identity. The groups of functions themselves 
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form disjunctive functions; and we may denote these disjunctive functions by 
Fi,---, Fj. Then the function just given may be written 


(19) (ay, +++, DA) 2 Ba++ +, By, +++, Bay ee) Vee WGC, Oy, e+, Wa, ees) 
Ve. ae K” V.--VayeK”, 
which is equivalent to 
(12’) (ay, +++, 02) 2 Fi(-++, 1, +++, Gi, +++) Vay e KR” V.-- Vane R” 
Mi. WW. FSG-+, a ++, aa, ++ ) Wa e KV... VayeR”. 


The constituents of this function, 
Fj(-++, a, +++, ta, ++))Va,eK" V.--VayeR”, j = 1,---,8, 


are such that, any set of elements substituted for 2, ---, 2, satisfies at 
most one of them or at least all of them. If none of the elements which 
are substituted are in K”, and they satisfy one of the F’’s, then at most 
one of the F’’s can be satisfied; if one of the elements substituted is in K”, 
every function is satisfied. It follows that the function is equivalent to 


13’) (a, ++, aD) FL G+, oo, ao, ---) Vode KV... VaPe RK” Vind, 
teres te (2M, «++, 2)? FY e+, 2, «2+, 2, Wa eK" V--- V2 eK” Vw, 


When a function in analytic form has been expanded in this way, it may 
also be expressed in such a way that distinct variables require distinct 
values, as we have shown. 

There are certain conditions under which the scope of a variable to 
which the applicative “some” attaches can be increased, without altering 
the truth-value of the function. To use a simple illustration, consider an 
elementary alternative R” (abx), in which z is of wider scope than a, and b 
of wider scope then x; and let a,b be particular and x universal. The 
variable a is separated from the universal variable, within whose scope 
it falls, by a particular variable of still wider scope. Now a particular 
variable of wider scope has the force of “some one and the same”, and 
a particular variable of narrower scope has the force of “some one or 
other”. Then, in respect of this alternative alone, a can be given a wider 
scope than z; for, in view of 1’-8’, 


(qb) :. (w): (qa). R” (bx) DR’ (aba) :.=:. 
(qb) :. (a): (x). R’ (bx) DR" (aba). 


Note that it is indifferent whether x is universal, or whether it is assigned 
to K, as in this illustration; and that if this relation among a, b,x 
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holds in every alternative in which a occurs, the scope of a can be 
increased. 

Let F' be a function in analytic form whose variables of widest scope 
are particular, and in which the elementary function is of the form. (a). 
Express F' in such a way that the function on identity of any set of 
universal variables having the same scope is constant, and such that distinct 
variables of interdependent scopes require distinct values. Let the variables 
of widest scope in the function be x,,---, x,,, x1,-++, a1, where z,,---, x,, 
are assigned to K, and z!,.--, 21 to K’. Nowift,,---, t,, t are variables 
in the function having interdependent scopes, and if t, ---, tp are of wider 
scope than ¢, then the function of t,---,t» on K, K’, R,I is constant 
throughout every alternative in which ¢ occurs. We are to confine attention 
to those alternatives in F which are such that, if z be any universal 
variable in one of them, then R(aj;z), i =1,---,m, are asserted in the 
alternative—every universal variable follows all of the variables 2, ---, 2m. 
In these alternatives, consider any variable «, which is, (i) particular, 
(ii) other than 21, ---, Zm, (iii) asserted to precede some variable 2, ---, Xm, 
(iv) not within the scope of any particular variable, other than x, ---, xm, 
which is asserted to precede some variable 2,---,%m. Then w may be 
given the same scope aS 2%1,---,2%m. In general, uw, now has within its 
scope variables of which it was independent; but since it does not occur 
in any alternative in which these variables occur, it remains in effect 
independent of them. In like manner, uw, may be given the same scope 
aS X1,-++, 2m, %&, and so on, until no variable of this kind remains in the 
function. Let these particular variables be wm, ---, uw; so that m,---, u%, 
although they have the widest scope in F, do not in general occur in 
every alternative—the function is not expanded with respect to them. 
Among themselves, some have independent scopes, and some are within 
the scopes of others; two of them may be independent and yet be within 
the scope of some one other. 

Consider F' before any of the variables w,---,u have been assigned 
a wider scope; and let u be given the widest scope in F. Now there 
may not be any element u,, as demanded in the alternatives in which wu, 
occurs; but the mere existence-demand can, in any case, be satisfied by 
identifying «, with, say, x,. Let the function obtained by identifying wu, 
with 2, in every alternative be denoted by F,. Then F, implies F. Again, 
in every alternative in which wu, does not occur, assign it to K and assign 
to it the relations to 21,---,Z%m, in terms of R,I, which it has in those 
alternatives in which it does occur; and call this function Fy. Then Fy 
implies F. But F implies F, V F,; so that F has been separated into two 
functions; but in each of these functions there remain only variables 
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U2,+++, Ue, corresponding to m,---,u in F, to be given an increased 
scope. In F,, wu may be discarded, being identical with x,; so that wu, 
may be given the widest scope in F,, and F, expressed in the form 
F,, V Fig, in the manner just indicated. In F,, give wu, the widest scope; 
and identify uw, with x, in every alternative, and call this function F,. 
Then form another function by giving uw, the relation to 7,---, 2m, in 
every alternative, which it has in those alternatives in which it occurs. 
But in this case a new situation arises; «, is among the variables of widest 
scope in Fy. If uw, is within the scope of u, or has the same scope, 
give uw, the relation to «4, in terms of R,I, in every alternative, which 
it Las in those alternatives in which w, occurs. Here we get Fy .=. Fa; V Fras, 
without difficulty. Suppose that «, and w, are of independent scope, but 
that, as they occur among 2,---, 2m, they are separated by at least one 
of these variables. In this case the relations of 1, uw, are determined by 
their relations to 21,---, 2m, and by the properties of serial relations; 
and in this case also, we have Fy .=. Fi, V Fiz. Suppose that wm, wz 
both fall between some pair of neighboring terms among 2,---, 2m, OF . 
both precede all these terms; then Rw, uw, may be true, or Ragu, or m1 ue. 
Call the functions corresponding to these three cases F2, Fis, Fx4. Then 
Fy .=. Fi, V Fas V Fis V Fy. The generalization is obvious. Now every 
alternative into which F' is resolved involves wm, ---, ux with widest scope; 
but there may be some conditions of identity among m,---, uw. In this 
case, discard all but one of any set of variables which are identified. Then 
any function F", into which F is resolved, is such that, (i) any two variables 
having interdepedent scopes require distinct values, and in particular, all 
variables of widest scope require distinct values among themselves, and 
distinct from the values of all other variables; (ii) the variables of widest 
scope are particular; (iii) these variables exhibit a completely determinate 
function on K, K’, R, I, the same in every alternative; (iv) in general, the 
relation of w#,---, u, in terms of R, I, to variables other than x, ---, xm, 
azi,--+, a) is not determinate in certain alternatives; but it is determinate 
in every alternative in which every variable ¢, assigned to K and not 
of widest scope, follows 21,---,2%m. For let xm be such that Rajam 
(i= 1,---,m—1); then Rujam (j = 1,---,k); so that Rut. If we 
should discard from F" all alternatives except those in which every variable ¢ 
follows 21,-+++, 2m, F! would be in analytic form, and, further, expressed 
in such a way that distinct variables require distinct values. 

We wish to show that the truth-value of F'! is determined by properties 
1’-8’. Let the degree of quantification of F, when expressed in expanded 
form, be n; then the degree of quantification of F!, in expanded form, 
cannot be more than m, though it can be less. We wish to show that, 
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if the truth-value of every function of degree m—1 is determined, the 
truth-value of F! is determined; and we may, of course, assume that F'! 
is of degree n. Let x, ---, Xm be such that R” (a, ---, 2m); let a, ---, Gm 
be distinct elements in K, such that R”(a,,---, am), and let b,,---, by be 
distinct elements in K’; substitute a,,---+, @m, 0:,---, bn for 2, +++, am, 
azi,---, al, and call the resulting function F/. Discard from F! all those 
elementary alternatives in which some universal variable is asserted to 
precede am, and call this function Fi; so that FUD FID F'. Let Rex 2 
mean R2,2%.Rdm2,.Ra@m%; w¢Ke mean xveK.Ramx; xeKi mean 
veK’.x2+,---, bp. It is clear that Ke, Ko, Re have all of the properties 
1’-8’; so that the truth-value of every function of degree n—1 on Ka, 
Ki, Re is determined. Form Fj" from F? by discarding a, ---, Gm, 
bi, «++, bn; and form Fic from F?" by substituting Ke, Ki, Re for K, K’, R. 
Then Fix is of degree n—1. Choose a,---, dm so that they are the 
first m elements in K. Then Fic D Fi D F1*; and it is to be noted that, 
if Fiz follows from 1’-8' for one choice of Im, it follows for every choice. 

We wish to show that~ Fit D~F". F’ entails that, for some 2, ---, Xm, 
Fi; and we may show that ~ FR D~Fi for every 2, -°+-, Xm. F} differs 
from Fie only in that certain elementary conjunctive functions, occuring 
in functions f’, do not occur in Fic, and in that alternatives of the form 
teK” are replaced by teK” VRtzm. These elementary conjunctive functions 
are such as involve Rtzm, for some universal variable ¢. But any elementa 
conjunctive function which involves Rt2m can be introduced into Fix, 
since every function of this kind is implicit in the alternative teK” V Rtam. 
For t¢K” VRitzm can be expanded into teK” V.--, in which a disjunctive 
function, consisting of all possible elementary functions which involve 
Rtam, replaces Rtazm. If we expand every alternative of the form 
teK” VRtam, which occurs in Fie, in this way, then Fie is identical 
with Fj in every respect, except that, in general, Fi involves some 
elementary conjunctive functions which do not occur in Fi; so that 
~FiD~F}. It follows that every first-order function on K, K”, R, has 
its truth-value determined by properties 1’-8’; and derivatively, that every 
Jirst-order function on the base K, Rg has its truth-value determined by 
properties 1-8. 





* See property (i), p. 470. 
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ON SOME NEW TYPES 
OF NON-DIFFERENTIABLE FUNCTIONS.* 


By AvADHESH NARAYAN SINGH. 


Introduction. 
It is well known that any number in the interval (0,1) can be uniquely 


represented as 
a as as ae! 
db, db; be BE by bs bs + 





where },, bs, bs, ---, is a sequence of positive integers which may be 
periodic, and the a’s are positive integers such that 


0 < an < ln—1 (n = 1, 2, 3, ---). 


Some new types of continuous non-differentiable functions can be easily 
defined by the help of such a representation of the points in the interval 
(0,1).t The object of the present paper is to give two such types of simple 
non-differentiable functions. 


First type. 


1. Let b,, bs, bs, «++, bm denote the m odd numbers 3, 5, 7, ---, (2m+1) 
respectively. Then any number in the interval (0,1) can be represented as 














oo as . dm 
des ot ee oS eee ome ey 
Am+1 Aom 
+ 37.5.7 ---(2m+1) Fit te (2m+1)® se 


where the a’s are defined as in the above introduction. 





* Received March 31, 1927. 
7 Non differentiable functions have been defined by Peano, Math. Annalen, vol. 36, p. 159, 
by the help of the representation of the numbers of a given interval in radix fractions 
with an odd base. Recently K. Petr has defined such functions by using the represen- 
tation of the numbers of a given interval in radix fractions with an even base, (Casopis 
pro pestovani matematiky fysiky, 1920). I use the representation of the points of an 
interval in the form + - +—% _4.... It is believed that no previous writer 
1 1% bi bs bs 
has used this procedure to define non-differentiable functions. My best thanks are due to 
Prof. Ganesh Prasad for his kind encouragement and interest. 
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Let the quantities 2,, 22, ---, 2m be defined as follows: 











a=—n— SS + St Ht: 
C2, C2, C2, 
noe + ee Ut oe Ff 


ae a Cm,1 ___ (m2 Cm,8 
tm = 9m) = Cmti) * @m+i* @m+iPt 





Here the c’s are defined as below: 


ens rants a,+a,+---+a, 
1 > 4 Gq, = PY” (Qinsa)s 
sae oe aS eee Sere 
C13 ater iy a , (ons > ome 
ar eal ’ —_.  p4,t+a,t+a,+:--+a,, 
6g, =P 9' (dy), a, =F" *(Anso)s 
a, +a, 5 ie ae hae +--+ a +4,, +.+-+a ae 
Cn re " '(a,,)s Cm,2 seas a se si 7 "(A,y)s 


where P% (a) denotes a or (2r—a) according as k is even or odd 
(r = 1, 2, --+, m). 

2. It can be easily shown that all the functions 2, 22, ---, 2m are 
continuous functions of ¢, and that none of them possesses either a finite 
or an infinite differential coefficient for any value of ¢ in the interval (0,1). 
The method of proof is illustrated by the following example. 

Let any point ¢ in the interval (0,1) be represented as 








_~ um, % 1 Sh aio 
t= 3stg5tgptgegt 


where the a’s are positive integers such that a2, < 4 and doy41 < 2 
(r — 0, 1, 2, vee). 
Corresponding to ¢ let a number x be defined as 


c=9O=Statete 


where 
C= ay, = Pi(as), «++, Gy = Pett +4 (aenss), +++. 


I shall first prove that g(t) is a continuous function of ¢ and then 
prove that it is non-differentiable. 
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3. THEOREM 1. x2 = g(t) ts a continuous function of t. 
The numbers ¢ may be divided into two classes: 
(1) Those which are capable of double representation. 
(2) Those which have a single representation only. 
If ¢ be a number of the second class, x is uniquely defined. 
If ¢ be a number of the first class, whose ending representation runs 
up to an odd number of terms, then, since 





a Aan+1 4 2 
- +35 be: -+ “grt. 5 + ( 3rt1, jt + Bnt2 5ntl 


4 2 
+ , 32t2, Hut2 + 3n+8, hn +2 





)+ ..+ to infinity 


ay a ae he Gontit 1 


3 gti. 5m” 


3 





¢ can be represented by the finite series or by the infinite series; and if 
lg + G4 -+--+--+ don is even, we see that the values obtained by applying the 
definition of x to the two modes of representation of ¢ are 


n n 2 2 . . 
gtgete tart get gat ge +: to infinity 





and 

c ¢, C 

Stet: +gtge 
where ¢ni1 = dent, and Chi1 = den41+1, so that, the same value of x 
is obtained for both representations of ¢. Similarly if a+ a,+---+ dan is 
odd, it can be seen that x has the same value for both representations 
of ¢t. The case when the ending representation of ¢ runs up to an even 
number of terms may be similarly treated. 

x = g(t) is thus a single-valued function of ¢. It is continuous, for if 
¢ and ¢ are identical as regards their first 2n terms, the corresponding 
x and x are identical as regards their first terms and, therefore, when 
¢t’ tends to ¢ with incresing n, x’ tends to z. 

4. THEOREM 2. x = g(t) is a non-differentiable function. 

For proving the non-differentiability of » (¢), the numbers ¢ may be divided 
into two classes (A) and (B). 

First consider class (A), i. e., the class of numbers in which a2, < 2 for 
infinitely many values of r. 


If t, be a point of this class, we see that the addition of ee to t 


does not make any change in the value of p(¢,). Since a2, becomes doy + 2 
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and k remains even or odd as before, while the addition of to ¢, 


Brtt. 5 
does so, so that 














2 
o(it+gra) tt) | 
: 3”.5 
lim - i= 0 
ae | 
3°. 5° | 
and | 
1 
ee (1 - grt. br — 9 (t) 
lim | --—-_————— ee 
1 
‘grt. Br 


where the limits are taken as r tends to infinity assuming those values 
for which the inequality a2, < 2 is satisfied. 
Thus at the points of class (A) the differential coefficient is non-existent. 
Now consider class (B), i. e. those numbers ¢ in which a2, > 2 for infinitely 
many values of r. 


If ¢, be a point of this class, we see that the subtraction of Pas from 


t, does not change the value of »(¢,), while the subtraction of 3B 
from ¢, does so, so that 
2 
9 (4— 3a) — 9 (tz) 
Bh: is 
i 3”. 5° 





and 














where the limits are taken as r tends to infinity assuming those values 
for which the inequality a2,>2 is satisfied. 
Thus at the points of class (B) the differential coefficient is non-existent. 
x = g(t) is, therefore, a non-differentiable function in the interval (0,1). 
Every function of this type can, by a similar treatment, be shown to 
be devoid of a differential coefficient at any point in (0,1). 


Second type. 


5. Another type of continuous non-differentiable functions may be defined 
of which the following is a particular case. 
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Let any point ¢ in the interval (0,1) be represented as 





eee. | bet as a ae 
f= 33.57 #6 ert 


Corresponding to ¢ let a number y be defined as 


be bs De 





y=f0=tteeteistgiet 


where b, = Q% (as), by = QU 1% *%7*%(q,), and in general 


» = Qasr eer agt * + Gays (asr). 


Here if r is odd Q*(as-) = dsr or 2—dg-r according as k is even or odd, 
and if r is even Q*(aar) = dsr or 4—ds, according as k is even or odd. 

By a method similar to the one employed in § 1, it can be shown that 
J(é is a continuous non-differentiable function of ¢ in the interval (0,1). 


Tae Untversiry or CaLcuTta, 
March, 1927. 





ON THE PROBLEM 
OF COLORING MAPS IN FOUR COLORS, II.* 


By OC. N. Reynotps, Jr. 


1. Introduction. In this paper we shall continue the investigation of 
the implications of the published reductions of the four color problem which 
we began in the earlier paper of the same title, published in this journal, 
volume 28, pp. 1-15, to be refered to hereafter as (1).t The notation used 
here will include that of (I). The two papers may be considered as a treat- 
ment of the arithmetic geometry of the irreducible map in so far as the 
properties of such maps may be found by summing over such maps the 
numerical attributes of neighborhoods of regions. 

More specifically, we shall strengthen and arithmetize two qualitative 
propositions, proven by Wernicke and Franklin, which read as follows: 

(a) Every irreducible map must contain either two adjacent pentagons, 
or a pentagon adjacent to a hexagon.t 

(b) Every irreducible map must contain either a pentagon adjacent to 
two other pentagons, a pentagon adjacent to a pentagon and to a hexagon, 
or a pentagon adjacent to two hexagons (cf. reduction (6) in section 2). 
We shall also establish arithmetically other existence theorems of the same 
generic type in order to suggest ways of avoiding the dificulty which seems 
inherent in the reduction of pentagons. 

The method characteristic of this paper is that of setting up a set of 
functions defined over a discrete set of points on a simply connected closed 
surface bearing an irreducible map. For our set of points we choose an 
arbitrary point within each of the regions of our map: we may call this 
point the center of our region. Such a region will be bounded by a sequence 
of regions having 11, i2, ---, i, sides respectively. Then we let Aa(i--- in) 
be a function, associated with the circular permutation enclosed by the 





* Presented, in part, to the American Mathematical Society, December 29, 1926; received 
February 11, 1927. 

+ This paper should be corrected by the insertion of a term “—2a” in the right hand 
side of (14); and the imposition of the condition “n= 9” on (20). A part of the material 
in (I) was presented, by title, to the mathematical section of the Association Francaise 
pour lV Avancement des Sciences, July 31, 1926; accordingly a four page illustrated abstract 
of (I) appeared in the Comptes Rendus (1926) of that Association, pp. 88-91. 

} P. Wernicke, Uber den kartographischen Vierfarbensatz, Math. Annalen, vol. 58 (1904), 
p. 419. 
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parentheses, defined at the “center” of each region as 1, or 0, according 
as the region is, or is not, bounded by a set of regions of the type 
described by the given circular permutation. Summing this function over 
the central points of our map we have a(i;--- 7%), the number of regions 
in the map bounded by a sequence of regions described by the given 
circular permutation. Other functions whose arguments are cyclic per- 
mutations, e. g. f(t: --+ tn), may by summed over those particular regions 
of our map which are bounded by the given permutation by first multi- 
plying by Aa(i ---7%,) and then summing over the entire map, the result 
being indicated by the symbol f(a --- tn) a(t: --- in). We shall often have 
to deal with the result of a second summation, indicated by > f(a --- in) 
a(i;-+- 7%»), in which the result of our first summation is summed over all 
the cyclic permutations which describe sequences of polygons which may 
bound a single polygon in an irreducible map. 

Our final results are existence theorems in which certain configurations 
are shown to exist in an irreducible map in such numbers as to satisfy 
certain equations which are necessary but not sufficient conditions for the 
irreducibility of a map of a simply connected closed surface. 

Before presenting our proofs we shall present, in section two, a detailed 
and classified list of the reductions of our problem which have been 
published (February 1927); and, in section three, we shall present a biblio- 
graphy of the four color problem and the related theorems of Euler, 
Petersen and Tait. This bibliography, covering the years 1921 to 1926 
inclusive, will supplement the very complete bibliography published by 
Errera in 1921. 

2. The reductions of our problem. In this section we shall present 
a detailed list, with references to proofs, of all the known properties of 
those maps of simply connected closed surfaces, known as irreducible maps, 
which if they exist, (1) may not be colored in fewer than five colors, and 
which (2) have as few regions as any other map satisfying (1). Hereafter 
we shali refer to any reduction by giving its number in this list. Each 
reduction will be followed by a reference to its proof, the author of the 
article to which reference is made being responsible for the reduction 
unless the contrary is stated. 

(1) Each vertex belongs to three and only three regions. Due to 
A. B. Kempe. Cf. G. D. Birkhoff, The Reducibility of Maps, Amer. Journ. 
Math., 35 (1913), pp. 115-128. In later citations this paper will be refered 
to as “Birkhoif”. 

(2) There are no multiply connected sets of fewer than six regions except 
in the case of five regions surrounding a pentagon. This proposition sum- 
marizes the following propositions: 
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(2a) There are no multiply connected regions. Due to Kempe. Cf. Birk- 
hoff, p. 115. 

(2b) There are no multiply connected sets of two or three regions. Due 
to Kempe. Cf. Birkhoff, p. 115. 

(2c) There are no regions of fewer than five sides. Due to Kempe. 
Cf. Birkhoff, p. 116. 

(2d) There are no multiply connected sets of four regions. Cf. Birkhoff, 
p. 123. 

(2e) There are no multiply connected sets of five regions except about 
a single region. Cf. Birkhoff, p. 123. 

We shall introduce the phrase “Errera ring” to refer to any ring of 
polygons, no three of which meet at a point, provided that it consists 
of either (a) an even number, possibly zero, of hexagons and zero or more 
even sequences of pentagons, (b) an even number of pentagons and two 
consecutive polygons having arbitrary numbers of sides, or (c) an even 
number of pentagons and one polygon of an arbitrary number of sides. 
Rings of this type were first considered by Alfred Errera in the twelfth 
paper of our bibliography. Errera’s treatment of these rings involves the 
erasure of certain boundaries of the polygons forming an Errera ring. He 
shows that unless these erasures lead to a set of boundaries forming a 
linear graph containing an isthmus, these rings are reducible. With the 
exception of a few cases the reducibility of any given Errera ring can 
only be determined by experiment. These exceptional cases, however, 
generalize many of the earlier reductions. 

(3) No Errera ring may be present if its reduction in the manner in- 
dicated by Errera introduces no isthmus. Cf. Errera (12) paragraph (3, 3). 
The hypothesis of this reduction is satisfied in the following cases (among 
many others): 

(3a) When eight hexagons surround a pair of hexagons and a pentagon 
which meet at a point. Cf. (12) paragraph (2, 4, 1). 

(Sb) When six hexagons surround a pair of adjacent pentagons. Cf. (12) 
paragraph (2, 4, 1). 

(3c) When eight hexagons surround the figure formed by a pair of pentagons 
each of which is in contact with opposite sides of a hexagon lying 
between them and inside of the ring. Cf. (12) paragraph (2, 4, 1). 

(4) No Errera ring may surround a single region. This is an immediate 
consequence of (3) and the specific nature of Errera’s process of reduction, 
which he does not mention explicitly, and which generalizes and summarizes 
the following ealier reductions: 

(4a) No hexagon may be surrounded by pentagons. Cf. Birkhoff, p. 126. 

(4b) No polygon may be surrounded by pentagons. Cf. Birkhoff, pp. 127, 128. 
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(4c) No polygon of an even number of sides may be surrounded by hexagons. 
Cf. Birkhoff, p. 128. 

(4d) No polygon of an even number of sides may be surrounded by hexagons 
and some (or no) pairs of adjacent pentagons. Cf. Franklin (14), 
p. 232. 

(4e) No polygon of an even number of sides may be surrounded by a sequence 
of pentagons and two other adjacent regions. Cf. Franklin (14), 
p. 232. 

(4f) No region of an odd number of sides may be surrounded by a sequence 
of pentagons and one other region. Cf. Franklin (14), p. 232. 

(4g) No region of m sides may be in contact with n—1 pentagons. 
Cf. Franklin (14), p. 232. 

(5) No boundary of a region of fewer than seven sides may be enclosed 
by this region and three pentagons. This proposition summarizes the 
following reductions: 

(5a) No boundary may be surrounded by four pentagons. Cf. Birkhoff, p. 126. 

(5b) No side of a hexagon may be surrounded by the hexagon and three 
pentagons. Cf. Franklin (14), p. 229. 

(5c) No pentagon may be in contact with three pentagons and a hexagon. 
Cf. Franklin (14), p. 230. 

(5d) No pentagon may be contact with two pentagons and three hexagons. 
Cf. Franklin (14), p. 231. 

(5e) No hexagon may be surrounded by four pentagons and two hexagons. 
Cf. Franklin (14), p. 232. 

(6) At least one pentagon of an irreducible map must be in contact with 
two or more polygons of fewer than seven sides each. Cf. Franklin (14), 
p. 227. 

(7) Every irreducible map must contain at least one region of more than 
six sides. Cf. Errera (12) paragraph (4, 1). 

These reductions, the analytic relations established by the author in I, 
culminating in the proposition that any irreducible map must contain at 
least twenty-eight regions, and the results of this paper, represent the 
present state of our knowledge concerning irreducible maps, in so far as 
that knowledge has been published. 

With the exception of reduction (3), due to Errera, and (7) which is 
dependent upon (3), these reductions are restraints upon the immediate 
neighborhoods of regions. In this paper we shall use only these reductions 
im Kleinen, viz. the reductions (1), (2), (4), (5) and their respective sub- 
ordinate reductions, as listed above, together with reduction (3b). This 
is the same list which we used in (I). When we speak of an irreducible 
map we shall refer to a map the reducibility of which is not implied by 
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these reductions. Therefore our propositions are necessary conditions for 
the existence of any map which is irreducible with respect to the reductions 
known at present or to be developed in the future. It may be possible to 
find the implications of such future reductions by eliminating the rows of 
our matrices corresponding to types of regions which may be found reducible. 
In this sense this sequence of papers is an attempt-to construct a prolego- 
menon to at least one future study of the four color problem. 

3. Bibliography of papers on the four color problem and the 
associated theorems of Euler, Petersen and Tait for the years 
1921-1926. For the earlier papers on these topics we refer to the very 
complete bibliography by Errera in the sixth paper listed below.* 

(1) Brahana, H. R., Riemann surfaces and the map problem (Abstract of 
an unpublished paper), Bull. Amer. Math. Soc., 29 (1923), p. 198. 

(2) — The four color problem, Amer. Math. Mon., 30 (1923), pp. 234-243. 

(3) Chuard, J., Quelques propriétés des réseaux cubiques tracés sur une 
sphére, Comptes Rendus, 176 (1923), pp. 73-75. 

(4) — Le probléme des quatre couleurs, l’Ens. Math., 22 (1923), 
pp. 373-374. 

(5) — Sur un théoréme relatif & certains réseaux cubiques sur une 
sphére, l’Ens. Math., 23 (1923), p. 209. 

(6) Errera, A., Du coloriage des cartes et de quelques questions d’analysis 
situs. Thesis. Gauthier-Villars, Paris (1921) 66 pp. 

(7) — Une démonstration du théoréme de Petersen, Mathesis, 36 (1922), 
pp. 56-61. 

(8) — Le probléme des quatre couleurs, l’Ens. Math., 23 (1923), pp. 95-96. 

(9) — Un théoréme sur les. liaisons, Comptes Rendus, 177 (1923), 
pp. 489-491. 

(10) — Sur le probléme des quatre couleurs, Comptes Rendus de |’ Assoc. 
Frang. pour l’Avancement des Sciences (1924), pp. 95-96. 

(11) — Quelques remarques sur le probléme des quatre couleurs (Abstract 
of (12)), Abstracts of the Int. Math. Congress at Toronto (1924), 
p. 57. 

(12) — Une contribution au probléme des quatre couleurs, Bul. Soc. Math. 
de France, 53 (1925), pp. 42-55. 

(13) Fitting, F., Uber das Problem der Rundreise und einen damit im 
Zusammenhang stehenden Satz von Tait, Nieuw Archief (2), 13 
(1921), pp. 348-360. 


* There is also available an unpublished dissertation by Dr. J. P. Ballantine (Ph. D., 
Chicago, 1923) entitled “A Postulational Introduction to the Four Color Problem”, 
48 pp.+5p. abstract. This manuscript is deposited in the University of Chicago Library, 
Book number: QA 999, B 22. 































































C. N. REYNOLDS, Jr. 





482 


(14) Franklin, P., The four color problem. Am. J. Math., 44(1922),pp. 225-236. 

(15) Frink, O., A proof of Petersen’s theorem, Annals of Math. (2), 27 
(1926), pp. 491-493. 

(16) Hunziker, G., Uber das Kartenfairbungsproblem. Thesis. Ziirich (1924), 
62 pp. 

(17) Kubota, T., Partitioning of the plane by polygons, Tohoku Math. J., 
24 (1925), pp. 273-276. 

(18) Lebesgue, H., Remarques sur les deux premiéres démonstrations dv 
théoréme d’Euler relativ aux polyédres, Bul. Soc. Math. de France, 
42 (1924), pp. 315-336. 

(19) Maroni, A., Il teorema Descartes-Eulero relativo ai poliedri, Periodico 
di Mat. (4), 1 (1921), pp. 337-346. 

(20) Reynolds, C. N., Note on the map coloring problem, Bull. Amer. 
Math. Soc., 30 (1924), p. 220. 

(21) — On the map coloring problem, with particular reference to con- 
nected sets of pentagons (Abstract of a part of (22)), Bull. Amer. 
Math. Soc., 31 (1925), pp. 297-298. 

(22) — On the problem of coloring maps in four colors, I. Annals of 
Math. (2), 28 (1926), pp. 1-15. 

(23) Ste. Lagué, A., Les réseaux, Comptes Rendus, 176 (1923), pp. 1202-1204. 

(24) — Les réseaux unicursaux et bicursaux, Comptes Rendus, 182 (1926), 
pp. 747-750. 

(25) — Les réseaux (ou graphes), Mémorial des Sciences Math., fasc. 18, 
Paris (1926), 64 pp. 

4, The classification of polygons. We shall have occasion to classify 
polygons according as they are bounded by various circular permutations 
of pentagons, hexagons, and n-gons(m>6). For our immediate purposes 
two permutations will be regarded as equivalent if one may be obtained 
from the other by replacing an n-gon(n>6) by an n’-gon(n’>6) even 
though » and mn’ may be unequal. We shall indicate the number of 
polygons, in an irreducible map, which are bounded by the circular per- 
mutation (7, 7’, 7”, ---) by the symbol a(i, 7’, 7”, ---). Reductions (4) and (5) 
eliminate all but twenty-seven homeomorphically distinct types of pentagons, 
and all but seventy-four homeomorphically distinct types of hexagons. 

We shall divide the vertices of an irreducible map, v in number, into 
ten classes according to the number of pentagons, hexagons and n-gons 
meeting at any vertex. If we have vs,, vertices in which three pentagons 
meet, ---, and vUnnn vertices in which three n-gons meet (the n’s being 
greater than six, and possibly unequal), then we shall have: 






(1) v = V6555 + U556 + UB55n + U566 + V56n + Vinn + 666 + V66n + Venn + Unnn> 
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Multiplying this relation by three, we shall have the number of “corners 
of polygons” in our map, five of which are contributed by each pentagon, 
six by each hexagon, etc. These “corners of polygons” will be apportioned 
among our ten classes of vertices in the following manner: 








(2.1) 5a5 = 3555 + 2 vs50 + 2 vs5n + vse + Vsen + Vann 
(2.2) 6 de = 3660 + 2 vse6 + 2 Veen + v556 + Vsen+ Venn 
(2.3) 72 An = 3Unnn+ 2 Venn + 2V6nn + Von + Vs6n + Veen - 
















Here as in I, a» is the number of n-gons in our map. Any particular 
type of polygon will make a certain contribution to each term on the 
right hand side of these relations. For example, a pentagon of the type 
(5, 5, 6, n, 6) contributes 1 to 3555, 2 to 2v556, 2 to vsen, and 0 to each of 
the other v’s. These contributions may be derived from figures, or from 
the symbols for circular permutations, two consecutive 5’s in a symbol for 
a pentagon indicating a unit contribution toward 3v55;, a 5 and an adjacent 
6 indicating a unit contribution toward 2v;;,, etc., it being remembered 
that, since our permutations are cyclic, the first and last numbers in each 
symbol are to be considered consecutive. Summing these contributions 
over an entire irreducible map we can expand the quantities v;,;,, linearly 
in terms of the quantities a(i, 7’, 7”,---). The coefficients of these linear 
expansions are given in matrices M,, M,, M,, and M,. 

In M,, and M,, the pentagons, and hexagons, are classified at the left 
in terms of their associated circular permutations. These permutations are 
alphabetized with respect to the sequence 5,6,m, as an alphabet, each 
circular permutation being so cut, in writing its symbol, as to place it as 
early in the list as possible. The headings of the columns are the various 
quantities v;;,x, together with certain linear combinations of them to be 
defined later. Any element of the matrix is the coefficient of the quantity 
a(i, 7’, 7”,---) associated with the permutation at the left hand end of its 
row in the expansion of the quantity at the top of its column. To classify the 
heptagons in the same way would involve 193 circular permutations, the 
number of permutations increasing rapidly with the number of sides of our 
polygons. For brevity we have, in M,, combined the pentagons and the 
hexagons of the permutations surrounding m-gons in a single group to be 
referred to as k-gons. Strictly speaking the matrix M, has an infinite 
number of rows. We have presented the upper end of this matrix, the 
portion in which the keptagons and the octagons of our map are classified 
by means of the circular permutations of the letters k and n, repetitions 
being allowed. 
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An alternative method of avoiding a large number of types of heptagons 
and octagons is presented in matrix M, where hexagons, heptagons and 
octagons are classified according as they are bounded by various circular 
permutations of pentagons and r-gons (r>5). This classification differs 
from that used in the matrix M,, since the hexagons bounding a given 
polygon have been grouped with the n-gons (n >6) to form the group of 
r-gons (r > 5). Matrix M, is constructed just as /, was constructed except 
that (1) we provide columns for vertices of types Vos,, Vir, and Vir; and 
(2) we provide columns for the computation of the numbers, y» (cf. I), of 
instances in which a polygon of more than five sides comes in contact 
with m consecutive pentagons of a connected configuration of pentagons. 
The last columns of M, are linear combinations of earlier columns, to be 
defined later. The results to be obtained from M, are closely related to 
the propositions given in (I) and may be combined with them to advantage. 
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5. Identities derived from matrices M;, Mz, Mn, and M,. Some 
numerical characteristics of irreducible maps may be expanded by means of 
one of our matrices and only one. The symbol representing such a quantity 
will contain a subscript indicating the matrix which is to be used in its 
expansion. The expansion of such a quantity f; by means of the matrix 
Mz, in terms of the y-gons of our map will be indicated by the symbol 


Sal; ++ 


When a quantity, such as vss, may be expanded by means of two or more 
matrices, the particular matrix, Mz, being used will be indicated thus 


iy) a(t +++ ty). 


> 0586,2 (iy +++ ty) @ (is «+ iy). 
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Since two expansions of one quantity derived from each of two matrices 
are equal, we have the following relations from M, and M,: 


(3.1) Dd vsse5(i: +++ is) a(é, «++ ts) = D> ves06(4; «++ te) a(4, -- + is), 
(3.2) > ¥566,5 (is e+ ds) A(i +++ 5) = > 0566,6 (is +++ ig) (a +++ ig), 
(3.8) > vsen,5(i; «++ is) a(ay «++ is) = >, vsene(d; «++ ig) a(d, +++ a). 


These may be combined linearly with (1) to obtain a variety of ex- 
pressions for 3v. For example, if we let 


Ps = 2v55n + 2v56n + 4v5nn 
and 


Po = 2ve6en + 4v6nn , 
then (1), (2.1), (2.2), (3.1), (3.2), (3.3) imply that 


(4.1) 6v = 10d5 + D gsi; +++ 5) a (is «+ ts) + 1209 + D Go (is +++ tg) ai, +++ dg) 
+ 6 > vnna(is “os in) a (4 +++ In); 


where the g’s are expanded from the seventh columns of matrices M, and 
Mz. Since 3v = Dna» and as = 12+), (n—6)an, cf. (10a) of (1), 
we have, eliminating a;, 

3u = 12ds + 6a, —84—6 >) (n—17) an. 


This relation, with (4.1), implies that 


(4.2) D (14 — 95 (is «++ ts) a(ds +++ ds) 
= 168+12>)(n— Tan t+ Dd Go lis +++ te) a (is +++ beACD, Vnnnléy +++ indalé, +++ in). 


It will be found from matrix M, that 95(7, --- é) it less than 14 in all 
cases except these three: g;(5unnn) = 14, 95(6nnnn) = 16, and 
ys(nnnnn) = 20. Transposing the corresponding zero or negative terms 
on the left hand side of (4.2) they become zero or positive. The remaining 
terms correspond to those types of pentagons which are in contact with 
at least two polygons of fewer than seven sides each. Franklin has 
proven, reduction (6), that an irreducible map contains at least one such 
pentagon. After the above transposition the right hand side of (4.2) is 
at least 168 and the highest coefficients on the left are 14— , (56666) 
= 14—g,; (66666) = 14. Therefore, incidentally, there are at least 
twelve of the pentagons considered by Franklin, and there are more than 
twelve unless each pentagon is entirely surrounded by pentagons and 
hexagons and every hexagon is of a type for which g¢(%, ---%) = 0. 
The relation (4.2) is, however, a more powerful restraint upon the numbers 
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of various types of pentagons in an irreducible map than any simple 
corrolary would be. It implies 

THEOREM I. Jn any irreducible map there exists a set of at least twelve 
pentagons, each of which is in contact with at least two polygons of fewer 
than seven sides, of such types and, with respect to each type, in such 
numbers as to satisfy equation (4.2). 
If we let 








Ws = 2556 + 2U55n + 40566 + 4056n + 40520 





and 





Ye = 6 Ve6e -+ 6 Veen + 6 Venn 








then by a sequence of steps similar to that used in deriving (4.1) and (4.2) 
we find that 


1) 8° = 10. a5 + > Ws (a; +++ is) a (iy «++ is) HD We (ay +++ tg) (ay «++ tg) 
1) ee eee 
+ 6 > vnnn (as +++ dn) (ty +++ tn). 











Upon introducing the notation p, (nm = 1, 2, 3, 4, 5), the numbers of 
various types of pentagons defined in (I), and equation (10a) as given in (1) 
we have 








Poe + Sps + 6p, + 8ps + 6 ag 
(6.2) = 120+ D,(Qn—60) an -+ 5D Wolds + ig) (is +++ ie) 
+3 D vann (is - ++ in) a(is > ++ in). 
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Here the first four terms on the left, if positive, imply by reductions (3d), 
i (5), and (5a) that there exist polygons of more than six sides in our 
th irreducible map. If, therefore, an irreducible map had no polygons of 
a more than six sides it would have to have a least twenty hexagons. Such 
i a map of thirty two regions, irreducible with respect to the reductions 
4 which we are considering but reducible with respect to the reduction (7), 
vt may be formed by cutting off the twenty vertices of a regular dodeca- 
bd hedron by hexagonal sections. In any case we have 
4 THEOREM II, The polygons of an irreducible map must be of such types 
and, with respect to each type, must occur in such numbers as to satisfy 
equation (5.2). 

Turning now to the matrix M, we find that if we define 7, by the 
identity 

















3 my = Brrr +2y,+3y2+ D,(n—2)yn+2(n—9) an, 








every term in this expression is positive or zero except the last which 
is negative for polygons of fewer than nine sides. From our matrix, 
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however, we find that no type of polygon making a negative contribution 
toward the last term of a, does in fact make a negative contribution 
toward 7, itself. >’m,(i,---%)a(é,---t-) is therefore positive or zero 
for every irreducible map. 

Upon counting the corners of polygons of more than five sides we find 
three at each vertex V;,,, n—1 at the vertices Vs5,, dividing each Y, 
contact among » pentagons, and two at each vertex V;,, dividing two Y,, 
contacts from each other. Since each n-gon has » corners we have 


(6) en Gn = Br, + D> (n+1) yn. 


Eliminating v,,, between this relation and the formula for 7, we find that 
(7.1) D1 (n—6) an = Ligyn + Liar (iy +++ ir) ais ++ i). 

The first nine identities of (I) enable us to write this in many ways, e. g. 
(7.2) Ptpstye = 12+ Da, (i, --- i) ali, +++ ty) 


Eliminating y, from our definition of 7, and (7.2) and simplifying the 
result by means of equations (1) to (9) from (I) we find that 


(7.3) 2p5+6a,+3a, = 48+3>),(n—8)an+6p,+3p.+ps 
43D vrer (iy «++ ipaliy +++ ty). 


Every term on the right hand side of this relation being positive or zero 
we have 

THEOREM II]. Jn any irreducible map there must exist a set of at least 
eight polygons each one of which is either a pentagon in contact with three 
other pentagons, a hexagon or a heptagon, of such types, and, with respect 
to each type, in such numbers as to satisfy relation (7.3). 

If we let 


Cr = (n—3)an—Y: —y%— >, (n— 1) Yn 


then frdm (6) and M, we find that the only negative contribution to the sum 
of the values of this function taken over our irreducible map is made by 
hexagons of the type (55r55r), each of which contributes a minus one. 
This type of hexagon contributes plus two toward y,. Therefore from 


3g + 2a, + as 
(8) | 
= 2443p, + ps +Qig (n—9) an + (Orlin «++ tr) + ys (ir +++ tr) ais +++ %y) 
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we conclude that 

THEOREM IV. In any irreducible map there exists a set of at least eight 
polygons of either six, seven or eight sides, of such types, and, with respect 
to each type, in such numbers as to satisfy the relation (8). 

An examination of matrix M, shows that the only type of octagon 
which does not contribute at least one to the last term of (8) is the type 
(55555r5r). Therefore our theorem implies the existence of either hexagons, 
heptagons, or octagons of this particular type. Similarly it would be 
possible to state more or less involved corollaries of our earlier theorems. 

6. Conclusion. It is apparent, I believe, that the four theorems 
enunciated in this paper are merely specimen implications of the matrices 
which have been introduced. Whether we shall use one or another of 
the functions ¢5, 9, ---, @r, or other similarly constructed functions depends 
upon the immediate object which we have in view. Here our immediate 
purpose has been the developement of existence proofs; with the more 
remote goal of devising approaches to the four color problem by which 
one might evade the often attempted reduction of at least one pentagon 
of any irreducible map. Theorem IV, for example, implies that if it were 
possible to reduce at least one region of either six, seven or eight sides, 
then the four color problem would be solved. 


West VirGriniA UNIVERSITY, 
MoreGantown, W. Va. 





DIVISION ALGEBRAS OF ORDER SIXTEEN. 


By RaymMonp GARVER. 


Section 1 of this paper is a summary of certain results obtained in 
Dickson’s New Division Algebras, Transactions of the American Mathe- 
matical Society, vol. 28, 207-234. The methods used in section 8, which 
are described only briefly in this paper, are extensions of those used by 
Cecioni in his Sopra un tipo di algebre prive di divisori dello zero in the 
Rendiconti del Circolo Matematico di Palermo, vol. 47, 209-254. 

1. Introduction. Consider a quartic equation irreducible in the field 
of rational numbers and having the Galois group G, = 1, (12) (34), 
(13) (24), (14) (23). Since the group is Abelian, the equation is Abelian, 
three of its roots, 6,, 9, 93, are expressible rationally in terms of the 
fourth, i, and the following relations hold between the roots: 


4; [0:(2)] = 42[6,(4)] = 45[45()] = ¢, 
6: [65 (z)] = 6, [6,(a)] = 45 (2), 
6, [65 (2)] = 65[4,(4)] = 62 (2), 
4, [5 (¢)] = 45 [6.(2)] = 4, (7%). 


(1) 


Then if we define multiplication by 
(2) (a+ bj) (c+4ji:) = act bd(O)9g+[ad+bc(@)Jj, 


where a, 6, c, d and g are in the field R(i), the elements a+), form 
an algebra = of order 8 over R, the field of rational numbers. We may 
take as its 8 basal units 1, 7, 7*, 7°, j:, aj:, @°y1, and 7*y,, where 7? = g. 
(In (2) tke a >= c>—0,b=>=d=1,) 

This algebra = is an associative division algebra if and only if the 
following two ccnditions are satisfied: 


A g = g(r), 
N, g + 2(6,)z2, for any z in R(2). 


If we now consider elements Ay + A; js, Bo + Byje, where Ao, Ai, Bo, 
and B, are in 2, and if we define multiplication of these elements by 


(3) (Ay + A, je) (Bo + Bij) = 4A) By + A, B,' y+(A, Bi + A By’ )js: 
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(y in R(i), A’ defined to be a(6,)+ )(6,)aj,, with « in R(2), assuming 
A = a+b),) then the elements A)-+ A,je form an algebra I of order 2 
over 2, or of order 16 over R. Considered as an algebra of order 16, 
its basal units may be taken to be i”js(r, s = 0, 1, 2, 3), where jo is 
1, and jg = Ji je. AS special cases of (3) we obtain 72 = y, joj: = as. 

This algebra I is an associative division algebra, provided that = is 
one, if and only if 


As oo y (42), 

As awa()g = g(O2), 

Ag w@a(O,)y(0,) = 7, 

N; y + X’X, for any X in &. 


We thus have six conditions, four of which we shall refer to as associa- 
tivity conditions (since they determine the associativity of = and I), and 
the other two as norm conditions, though N, obviously involves a gene- 
ralized norm. We wish to show that by proper choice of a quartic equation 
and the polynomials in i which we have called g, y, @ we can actually 
satisfy these six conditions and thus define an extensive class of division 
algebras of order 16, 

2. The quartic equation. It has been shown that every quartic with 
rational coefficients, irreducible in the field of rational numbers and having 
the Galois group G,, can be transformed by a rational Tschirnhaus trans- 
formation into one of the form 2*-+ px?-+n*? = 0, where p and n are 
rational.* We therefore choose our quartic in this form. The roots may 
be written 
=. fe La mae iia 


)66=—i 4 = —* 4=—= 
4) 4, % ee i n . i n 





where we may take n as the positive square root of n*. These roots 
obviously satisfy the relations (1), We also note the following arithmetic 
relations, which are useful in the later work: 


105 — —F, 

(5) 6; = —i#*—>p (this is not 6,[6,(2)], which is 4), 
“eens (n?—p*) . 
65 as + ee ee 


The quartic z*+ pa*+n® = 0 is irreducible in the field of rational 
numbers provided none of p*—4n*®, 2n—p, —2n—~p, is a perfect square. 


*T have obtained this result directly with a quadratic transformation. See also Wiman, 
Arkiv Mat. Fis., vol. 3, no. 28. 
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Hence we consider p and nm chosen so as to satisfy this condition. We 
now proceed to the consideration of the other six conditions. 

3. The first two associativity conditions. It is easily seen that 
A, and A, can be satisfied by taking g and ;y in the form 


(6) g = (7 +1) ( rational), 
(7) Y = (2(02.+ i)+¢, (@ and cy rational). 


In fact as we have chosen 7, it is the most general polynomial in ¢ (with 
rational coefficients) which satisfies A,, while in the case of g we have 
made an additional restriction in taking the coefficients of 7? and 1 equal. 
Some step of this kind seems to be necessary to the carrying through of 
the later work. 

4, The third associativity condition. If we attempt to work directly 
from As and A, the work becomes involved. This suggests that, if possible, 
we choose « so that at least one simpler condition can be derived from 
3 ah)” where «x is in 
R(i) but otherwise as yet undetermined. Making this substitution, A, and 
A, become 
(8) xe(O,) = gg(O)ry(A), 


(9) xx(O,) = gg(Os)v7x(,). 


As and A,. A convenient choice is to set a = 


We then obviously have the condition 


A$ ax(@,) = a(@.), 


and may replace Ag and A, by the equivalent pair of conditions Aj and 
(9) or A4, where « is then determined as above. We satisfy Aj by choosing 


x in the form 
(10) x = d(@,—i). 


The most general x satisfying As; would differ from this by an additive 
constant, but we make this additional restriction for the same reason as 


in section 3. 

5. Two types of diophantine equations. We need to know, for 
our later work, conditions under which certain equations are solvable or 
not solvable in rational numbers. The equations we shall meet are of 
two types: 

(11) az*+by?+cz24+du = 0, 


(12) ax* + by*+ cz* ==, 
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Concerning the first, we quote from Dickson, History of the Theory of 
Numbers, vol. [T, 432-433. 
“A. Meyer gave criteria for the solvability in integers of his 


(7) ax*®+by?+cz*+du? = 0, 


where a, b, c, d are integers not zero, without square factors, and such 
that no three have a common factor. 
“Write (a, b) for the positive g.c.d. of a, b, and set 


= (a, b) (a, c) (a, d) a, b= (b, a) (b, ¢) (b, d) B, 
c=(ca)(,b) (dr, d= Ga) dd) Go 4. 


Then necessary conditions for the solvability of (7) in integers not all 
zero are I, a, b, c,d are not all of the same sign, II. —(a, c) (a, d) (0, ¢) 
(b, d) yd is a quadratic residue of (a, b) with five similar conditions derived 
by permuting the letters.” 

If the equation is of the particular form 


(13) ax®*+ay?+22+u? = 0, 


where a is different from zero and without square factors, the necessary 
conditions become I. a<0, I]. —1 a quadratic residue of a. Hence, if 
—1 is not a quadratic residue of a, (13) is not solvable in integers not 
all zero, and hence not in rational numbers. If a contains a square factor, 
we may incorporate it in the x* and y* terms, and proceed similarly. 

In discussing equations of type (12) we use conditions proved by Gauss. 
(See Dickson, ibid., 422-423.) 

“Tf no two of a, b, c have a common factor and if each is neither 
zero nor divisible by a square then aa*+by*?+cz* = 0 has integral 
solutions not all zero if and only if —bc, —ac, and —ab are quadratic 
residues of a, b, c respectively, and a, b, c are not of the same sign. 

“Tf a, b, ¢ are arbitrary integers, let a*, 8°, y* be the largest squares 
dividing bc, ac, ab respectively, and set 


aa = ByA, 8b = ayB, re = eZ. 


Then the former equation is solvable if and only if AX*+ BY*+CZ* = 0 
is solvable, and the latter falls under the above theorem, since A, B, C 
are relatively prime in pairs and have no square factors. For bc/a? = BC 
is an integer without square factors, so that B and C are relatively prime 
and without square factors.” 
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If the equation (12) is of the particular form 
(14) z?+by'+cz? = 0, 


and if b and ¢ are relatively prime, and if neither is zero nor divisible 
by a square, the necessary and sufficient conditions become 


(15) I. b and ¢ not both positive, 
Il. —b a quadratic residue of c, _—c a quadratic residue of b. 
If b and ¢ are arbitrary, proceed again as above. Now «@’, §*, y* are 
the largest squares dividing bc, c, b respectively. Then b = b, fy’, 
c = ¢,f£8*, where b, and ¢, are relatively prime, and «* = £*;y*f*. We 
then have A = aa/Sy = f, B = Bb/ay = bh, C= ye/as = u. 
We may then apply the conditions to 


(16) f¥°+4,Y? +477 = 0. 


6. The fourth associativity condition. If we substitute in Aj or 
(9) from (6), (7), and (10), and reduce by means of (5), we arrive at 


(17) —d(2n—p) = A(n?+1—p) [2+ 4(2n+>p)]. 


If we put d = ke,, and multiply through by (n*+1—p) we have an 
equation of form (14): 


(18) X* + (2n + p) Y* + (2n—p) (n? + 1—p) Z* = 0. 


For the case » = 1, which we discuss in section 9, (2—p) is a factor 
in (17). Hence for p + 2 the equation becomes 


(19) a+ = —(pt2a. 


Since we wish conditions that insure the satisfaction of Aj and hence 
(18) or (19), we apply section 5. This covers the case when p and n 
are integral. Restricting our discussion to this case involves no loss in 
generality, since if our original quartic does not have p and m integral, 
we can readily transform it into one which does. The application of 
section 5 to the present case is immediate; we have merely to read the 
last two paragraphs with the proper changes in notation. 

For the special case » = 1, conditions for the solvability of (19) in 
integers, and hence in rational numbers, are known to be 


(20) I p< —2, 
II. (py +2), apart from square factors and the possible factor 2, is 
a product of odd primes of the form 4n+1. 
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In this connection, see Dickson, History of the Theory of numbers, 
vol. II, viii. 

7. The first norm condition. We now seek to restrict p and n so 
that g of form (6) shall not be equal to z(@,)z, for any z in RZ). The 
most general z is then of the form z = a+bi+ci*?+ di*, where a, b, c,d 
are rational. We then have z(6,) = a—bi-+ ci? —di®, and their product 
reduces to 


(21) (a®@—c*?n® + 2bdn?*—d? pn*) + 72 (2ac—cep—b? + d?n® + bdp—d’ p*). 


If (21) is to equal c,(7?-++1), we must obviously have the coefficient of 
® in (21) equal to term free of 7. If we set up this equation, and make 
certain transformations, we find that it can have a rational, non-zero 
solution in a, b, c, d only in case the equation 


(22) (p—1—n’*)2* + (p—1—n’)¥?+22+0? = 0 


has a rational solution in zx, y, z, uw not all zero. 

But (22) is of type (13), and has no integral, and hence no rational, 
solution other than the zero solution provided —1 is not a quadratic 
residue of (py —1—vn*), provided this has no square factors, or provided —1 
is not a quadratic residue of (»—1—vn*) with square factors divided out, 
in case it contain such factors. Hence the first norm condition will cer- 
tainly be satisfied if we take (p»—1—n?”) to be a prime of the form 4n +3. 

For the special case » = 1 this amounts to taking (y—2) a prime of 
the form 4n-+ 3. Indeed it is sufficient if (»—2) has a single prime factor 
of this form, to an odd power.. 

8. The second norm condition. I shall give only a brief outline 
of the methods used in seeking further restrictions on p and » which are 
sufficient to insure that y+ X’X, for any X in =. If X¥ = at+bdj, 
where a and b are polynomials in 7, X’ is, by definition, a(6,)-+ b(@s) aj, 
and X’X is equal to 


(23) aa (02) + b(0,)b (42) ag + [a (42)b + a(0,)b(:) a] j,. 


We first consider the case 6 = 0, that is where X itself is a polynomial 
in zi with rational coefficients. If X is of this form, X’ is the same 
polynomial with 7 replaced by 6:. We can thus form YX’ X, and reduce 
it to a linear combination of (6,-+7) and 1. If this were to equal a + of 
form (7), we then have 2 equations to satisfy. 

If we make a number of transformations, and use the fact that cy and cs 
are supposed to be subject to the additional conditions necessary to the 
satisfying of the fourth associativity condition, (that is, they must. satisfy 
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the equation (i7), which is possible under the restrictions on p and n 
given in section 6) we find that the two equations cannot be satisfied 
rationally provided the equation 


(24) a+ (p—2n)y*?+ (p—1—n*)2* = 0 


has no rational solution other than the zero solution. This equation is 
of form (14), and the discussion following that equation in section 5 applies 
with the necessary changes in notation. 

For the case n = 1, the two coefficients in (24) become equal, and we 
may write it 
(25) (p—2)X*+ Y?4+Z7? = 0. 


This .equation will obviously not be satisfied if p is subject to the restriction 
stated at the end of section 7. 

It might be well to add that there are three special cases which do 
not lead to (24), but they can be handled without introducing additional 
conditions. 

The next case to be treated is when a = 0, that is, X is of the 
form bj,, with b in R(). This leads to another equation of form (14) 
(except again for special cases, which must be treated separately): 


(26) x*+(p+2n)y?—(p—2n)z* = 0. 


Again we wish conditions which insure that (26) has no integral, and 
hence no rational, non-zero solution in 2, y, z, and section 5 applies 
as before. 
For the case n = 1, section 5 says that (26) will have no solution 
provided 
(27) —(p+2) is not a quadratic residue of (2—p). In fact it is clearly 
sufficient for (2—yp) to have one odd, prime factor, to an odd power, 
of which this is true, Or 
(p—2) is not a quadratic residue of —(p+2), with a similar 
additional statement. 
These statements imply that the coefficients in (26) are relatively prime 
and lack square factors. Otherwise we should state them somewhat 
differently. 
Finally, the general case, where neither a nor b is zero, can be shown 
to involve no further restrictions. 
9. The Case n = 1. We shall show in conclusion that the various 
conditions can be satisfied easily by taking » = 1. We can satisfy the 
following conditions; which form a sufficient set: 
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1) p*—4, 2—p, —2—p, are none of them perfect squares, (section 1), 

2) 4g, y, @ must satisfy the four associativity conditions. Thus p must 
satisfy the conditions of section 6, (20). We may take p< —2, and 
(p+ 2) a product of odd primes of the form 4n+1, 

3) p—2 contains a prime factor, to an odd power, of the form 4n +3, 
(section 7, also section 8, first part), 

4) p—2 contains a prime factor, to an odd power, with respect to which 
—(p+2) is not a quadratic residue. (This is one of the alternate 
restrictions of (27), section 8.) | 

Values of p which satisfy these conditions are —19, —31, — 55, — 67, 

—75. Conditions 1 and 2 are satisfied. The factor of condition 3 is, in 

the respective cases, 3 or 7, 3 or 11, 3 or 19, 3 or 23, and 7 or 11. 

The factor of condition 4 may be taken as 3 in every case but the last, 

in which we take 7. For these values of p, and for values of the constants 

of multiplication satisfying the associativity conditions, we have thus set 

up division algebras of order 16. 


UNIVERSITY OF ROCHESTER. 




























NOTE ON A THEOREM 
CONCERNING CONTINUOUS CURVES.* 


By W. L. AYREs. 


A point set which is closed, connected and connected im kleinen is said 
to be a continuous curve. This is sometimes called a generalized continuous 
curve. In a recent papert, we proved this result: 

THEOREM A. Jf M and N are bounded plane continuous curves and N 
is a subset of M, then, for any positive number «, M—WN contains only a 
Jinite number of maximal connected subsets of diameter greater than e«. 

It is the purpose of this note to indicate how the proof of Theorem A 
may be modified so as to prove the following generalization. We have 
found this generalization useful in a number of recent applications. 

THEOREM B. Theorem A remains true if the condition that M be bounded 
is removed. 

Suppose the collection [d] of maximal connected subsets of M—WN of 
diameter greater than « is infinite. If d is any set of [d], d contains a 
point Ag, such that Ag is within a distance «¢ of some point of N, and d 
contains a point Bz, such that the distance from Ag to Bg is greater 
than }4¢ and less than «. Since N is bounded and each point of the sets 
[Ag] [Ba] lies within a distance 2¢ of some point of N, there exist two 
points A and B and two sequences A,, As, Ag,--- and B,, Bs, Bs, --- such 
that (i) the points A,, Ag, As,--- are distinct points of the set [Ag] and A 
is the sequential limit point of this sequence, (2) the points B,, B,, Bs, --- 
are distinct points of the set [Bg] and B is the sequential limit point of 
this sequence, (3) for every 7, the points A; and B; belong to the same 
set of the collection [d]. 

Evidently d(4, B)>4}«. There exists an arc A; B; which lies entirely 
in the set of [d] containing A; and B;. Let C,, C,, C* be circles with center 
at A and radii }«, 8¢ and }e respectively. There exists an integer k 
such that if ¢>k, A; lies within C, and B; lies without C,. The points 
Xi, Yi, Xi, Yi are selected as in Theorem A except that the statement 
“and every other point of X; Y; lies outside both circles” is replaced by 





* Presented to the American Mathematical Society, February 26, 1927; received 
March 21, 1927. 
+ Concerning continuous curves and correspondences, Annals of Math., vol. 28 (1927), 
pp. 396-418. 
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“and every other point of X;Y; lies between the two circles”. Each 
are X; Y; contains a point Z; on the circle C+. From this point on, the 
proof follows exactly that of Theorem A except that every number of the 
form re is replaced by $4re, 

The theorem no longer holds true if the condition that N is bounded 
is removed, as may be seen by the following example. Let JN be the line 
y=0. Let M consist of the line y = 0 and the lines e = 7 (i = 0, +1, 
+2,.--). Then M and N are continuous curves but M—WN contains an 
infinite number of maximal connected subsets of diameter greater than «, 
if e« is any positive number whatever. 


Tue UNIVERSITY OF PENNSYLVANIA. 














DEVELOPMENT OF FUNCTIONS IN A SYSTEM OF 
APPROXIMATELY ORTHOGONAL FUNCTIONS.* 


By W. D. Carens. 


Numerous writerst have proved that the terms of the expansion (1+ 1)", 
used as equally spaced ordinates of a “polygon’’, approximate to the normal 
curve y = ke for large values of n. In the author’s treatment (except 
for a change in the constant factor for the sake of present convenience) 
the kth term of (m/2)"?(1+1)"/2™ was assigned to the position whose 
abscissa x is kAx; Ax, the interval between successive ordinates, was so 
chosen that the term for which the ordinates of the polygon decrease most 
rapidly takes the position whose abscissa o is (n/2)""Az. (o is here 
chosen as unity in order to simplify the presentation). Under these 
conditions the polygon was shown to approach uniformly the curve 
y = e 7? /(2n)'”, 

The system of functions. 

We choose as our first function the positive square root of this kth 

term and denote it by F'(k,), so that 
(n/2)¥2 


(1) [Fa wt = SS ( 


The first k-difference of this kth term is 
__ (n/2)*?(2k +1) 2n ); 
2%(n+k+1) \n+k/’ 


the gradient of the polygon is this difference divided by the length of the 
interval, Ax. Since k is ordinarily a large number but small compared 
with », we base the second function upon 


(n/2)"2.2k 
2°%n Ax 





ge i) 








an \ Re: > 
p wi ~~ (n/2y¥2 FG, mV, 

and we choose as our second function p,(k) = k/(n/2)"?- F(k,n). Similar 
functions obtained from the second, third, --- differences, by disregarding 
the preceding signs, are successively 





* Read before the American Mathematical Society, April 2, 1927; received April 9, 1927. 
t See, in effect, Czuber, Wahrscheinlichkeitsrechnung, 2. Aufl., 1908, vol. 1, p. 116; 
Poincaré, Calcul des prob., 1912, p. 88; see also A. A. Bennett, Bull. Amer, Math. Soc., 
vol. 26 (1920), p. 477; W. D. Cairns, ibidem, vol. 26 (1919), pp. 105-108. 
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¢@—n/2 _ P—8k-n/2 
Ps (k) = 79 F% n), Ps (k) — (n/2)*2 Fk, n), Stes | 





and for completeness we add po(k) = Fk, n). 

The coefficients of F'(k,n) in these functions are the well-known Hermitian* 
polynomials H,,(x), being here functions of x, where x represents k-(n/2)—? 
except when it is necessary to express these in terms of k and m in making 
certain summations; thus, 


(2) Pm(x) = Hm (x) F(k, n). 
THEOREM: The set of functions pm(x) is orthogonal to within an error 
involving terms in n—, that is, 


2 [rm Ax = m!— in — Det + ein) ne 





(3) 





=, Pm (ke) pik) Aw = o—% hm) etm) —...(m +0) 


where 9 (m), 9: (l,m), ps (l,m), --+ are polynomials in m or 1 and m except 
Sor a single factorial multiplier. 


We have 
Hm (x) = gy” — ts in). gm-2 + m (m — 1) ee 2) (m— 3) gm-4 





Whether m is odd (27+ 1) or even (22), this will be a polynomial of 7+ 1 
terms, as is seen by writing the general term. 

1. To prove the first orthogonal property, we square this polynomial, 
multiply the result by [F'(k, n)]? Az, and sum for k. If this be done in 
extenso as an array with 7-++ 1 rows and colums, the (j-+ 1)th column will be 





, mi/(m—2))! oy OD 
2 (—1y 2.4... 27-9™ la? neat phi are 


4 m(m— 1) o— 2) (m— 3) 2m—2j—4 __ 4 bea ; 


The author has previouslyt investigated summations of the sort here in- 
volved, and (using the present notation) has proved that the leading term 


. 2n ‘ o- : , r 
in D2 Mara Ea is 1-3-5--- (2p—1)-2™. The leading term in this 
(7+ 1)th column is therefore, after slight modification, 


(4) 








* Hermite, (Euvres, vol. 2, p. 301. 
+ Bull. Amer. Math. Soc., vol. 26 (1920), pp. 160-164. 
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— 27)! ree < m(m — 1) . 

i (—1)) 1-8-5 ++. (@m—2) 1) [1 ae) 
rs m(m — 1) (m — 2) (m — 3) git 
2-4(2m—2j—1)(2m—2j—3) J° 


It can be proved that the expression in brackets vanishes for all values 
of 7 from 1 to the given value 7 and equals 


m!2™ 


2m(2m— 1) --- (m+1) 





for 7 = 0. This results from the fact that the ‘th derivative of the 
expression (2? — 1)", which after development of the binomial may be 
found to be 
(2m~—k)(2n—k—1) 
ou oes se * n—k __ 
2n(2n—1) (2n—k+1) [22 32n—1) 


(2m—k) (2n—k —1) (2n—k—2) (2n—k—3B) oy pg | 
2.4(2n —1) (2n—3) soa 


gon-k—-2 





(6) 





+e 


has (x*—-1)"-* as a factor and hence vanishes for 2 = 1 if k = 0,1, 2,--- 

-,m—1: while the mth derivative for z = 1 is n! 2”, being m! times the 
coefficient of (a — 1)" in the development of (a* — 1)” = (a—1)"[(a— 1) +2]” 
in terms of x—1. The substitution of 2n—k = m, i—k =j, n =i, 
and « = 1 gives our desired result, for while k assumes the values 
0,1,---,, 7 assumes successively the values 7, i1—1,---, 1,0, whether m 
is even or odd. Insertion of these values in (5) gives at once the result 
that the leading term in the first column is m! and in all the others 
is zero. 

An extension of the article last mentioned shows us — the second 
term in Oe 4 - xP is —1-3-5.---(2p—1) pip—}) 2 and that the 
further terms are of higher powers of 1/n. The second term in the (j + 1)th 
column of (4) is therefore 














mifnnil Ss in — — :-8.-. On—8j)—1) —Jime—j—) 

, fethiay: m—j—2 m(m—1)(m— 2) (m— 2) 
(@) {1 [. wae pe 2.4 
(m —j —2) (m—j—38) a 
**(@m—2j—1) @m—2j—8) (m—j) (m—j—1) I" 
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The evaluation of the expression in brackets follows the same line as before, 
except that we use x‘ (x? —1)”"-? instead of (z?—1)". The algebraic work 
is complicated but entirely straightforward. The kth derivative 


(2% — k)(2n —k —1) 
2 


n—2 a 
a |r alan a 





2n(2n —1)--- Qn—k+1)[a"-*— 
(8) 


has (2?—1)"-*~ as a factor and hence vanishes when x = 1 so long as 
k<n--2, as is seen by the fact that the terms of degree 0, 1, ---,n—3 
are lacking in the development of 2*(a?—1)" in terms of «—1; for 
k = n—2, n—1, and n, this derivative has in turn the value (n — 2)! 2”-, 
(n —1)!(n + 6)2"-* and n!(n?+11n-+22)2"—, Using the substitutions 
2n—k=—=m, n—k=jJ, and m in succession equal to m — 2, m—1 and 
m, it is found that the third, second and first columns (j = 2, 1, 0) have 
as values for the expression in brackets in (7) 


m!(m—4)!2™-4 m!(m— 2)!(m+ 5)2™~4 (m!)? (m?-+ 11m + 22) 2™-3 
(2m—4)! ’ (2m — 2)! ; (2m)! 








all the other columns vanishing. Insertion of these values in (7) gives as 
the value of our desired second term 


__ m(m—1)m! 
4n . 





The further terms of the original summation are polynomials in m divided 
by n® or higher powers of n. 

The simplicity of the result obtained would tend to indicate the possibility 
of a simpler proof, but no such procedure is as yet evident. 

2. To prove the second orthogonal property, we multiply H» (x) by 
Hi (x), multiply by [F'(k, n)]?Ax and sum for values of k ranging from 
—n ton. This gives, when fully written, an array with +1 columns 
and i7’+1 rows, where m is 2i+1 or 27, and 7 is 22’+1 or 27’. If 
m-+1 is odd, the whole sum vanishes, being an odd function of k; hence 
we consider only the case where m-+-/ is even and, for the sake of a slight 
advantage, we let m be the smaller integer. The (j-+1)th column will be 





pin 80! | mee oe: 
—1)J +h—2j _ —S ppm tl—2j—2 
> ( 1) 2-4.-.27.2% a“™ 2 a“ 


4 Ld — ye—®) C— 8) mtti4— .. | Bog? 


(9) 
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The leading term in this expression is 











m'/(m — 23)! ae? 1(l—1) 
RO ge 1-8---(m41—3)—D|1— seta 
. u(1—1) (—2) (1— 3) A 
9-40n +1 —2j—1) (m+ —3j;—8) ' 


Now in (6) of the first part of the proof we use the substitution 2n—k = 1, 
m—k = 2j, whence 2n = m-+/1— 2), and obtain for the kth derivative 


(m+1—2j)! i(i—1) 
i! setae tl 








By the argument there used, this vanishes when « = 1 for k = 0,1,--- 
-»+,(m~—1), and equals m!2” for k = mn. With the changed letters this 
means that it vanishes for 7 —0,1,---,2 so long as k runs through the 
values n—1,n—2,---,1,0; that is, so long as m runs through the 
values 1+ 2j;—2,1+2j—4,---,2j. This is just what is needed in order 
to make the leading term in the first, second, ---, (j-+1)th columns vanish, 
for the coefficient of the (j+-1)th bracket in (9) vanishes for m = 2j7—1, 
2j7—2,---,1,0; hence the leading term in the (j +1)th column vanishes 
for m=0,1,---,/-+2j—2. Hence when z = 1 it vanishes for m = 0, 
1,---,2+27 except that the first column (j = 0) does not. do so for 
m = 1; in that event, the expression in brackets becomes m! when x = 1, 
as proved in the first part. 
The second term in (9) is similarly 











! rae ’ a bey eel 
(11) me a m+1—2j—4 ee 
2 (m+1—2j—1)(m+1—2)) 


In the expression (8) for the kth derivative of z*(a?—1)"-*, use the sub- 
stitution 2n —k = 1, m—k = 2), whence 2n = m+1—2j, and we 
obtain 


(12) (m-41—2vat {ae — 4 





1—1) m+1—2j—4 " 
,. @ti—-4— etl to], 


Since by the previous argument (8) vanishes when x — 1 for k = n— 3, 
n—4,---,1,0, it follows from our substitution that (12) vanishes when 
x = 1 for m<1+2j—4, that is, for m= 1+ 27—6,1+2j—8,---, 2). 
Hence, recalling that m is less than /, the second term involved in the first 





+ nee = es ee 
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column (7 = 0) in (9) vanishes when x = 1 for m = 0, 2,---,1—6; 
that involved in the second column for m = 2, 4,---,/— 4; that involved 
in the third column for m = 4, 6,---,7— 2; that involved in the (j-+1)th 
column for all further values of 7 for m = 2j,2j)+2,--- up to J. 
Special investigation of the non-vanishing cases shows that for 7 = 0, 
m = 1—4,x2 = 1, the first column of (9) gives — /!/(24n); for 7 = 0, 
m=I1—2,x2=—1, it gives —/!(1—2)(1+ 5)(48n); forj =1, m= /1—2, 
x == 1, the second column of (9) gives 7!(J — 2) (1 — 3)/(48n). If there- 
fore the subscript / exceeds m by 4, the second term involved in (9) is 
— 1!/(24n); and if 7 exceeds m by 2, it is —J!(7— 2)/(6n). With these 
exceptions, the cross-summation of H,» (x) with Hi (x) gives no term in 
n—, but begins with terms not earlier than n~?, 

















Development of a given function. 


It is desired to develop a given function f(k), where >[/(‘)]? Ax is 
finite as n>, in the form 


(13) S(k) = ao polk) + --- + am pm(k) + ---, 


or briefly 
(14) S = apot-+++ampmt+:::, 



















the coefficients (independent of k) being so chosen that 














(15) a [f— ao po— +++ — Am Pm — ---}PAx 


shall be a minimum. The expansion of this summation and differentiation 
with regard to d,---, @m,---+ gives the necessary conditions 












to po" Ax ae ++ tm 2 Pom het -- = 2h pode, 












(16) 





ao p07 ot. ttn Ze! a + = Zio Ae 






the summation being carried for k from —n to n, as in (15). 

If values for the a’s can be found which satisfy these equations (16), 
a linear combination of these equalities, using multipliers 2 a, ---, 2am, +--+; 
added to (15), shows that if (15) assumes a (non-negative) minimum, this 
will be 










DS? Ax— D> (do p+ --- tam pmt +)? Ax 


and that the second summation cannot exceed > f*Ax and is therefore 
finite. 
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Since by the orthogonal properties of the p’s the summations in the left 
members approximate to m! or to zero as n—>oo, this suggests that we 
try as approximating values for the a’s the expressions 


se DSPm Ax 
Am pag ° 


With the introduction of these values for the a’s in (15), it becomes, on 
expansion, 


> f2Ax—2a*—-:-- — 2am? m!—.--- 
+ do® > po® Ax + pits + dm® 2 Pm* Ax + oF 
- 2 do A > pop dat hey +2am a> Pmmdat+ aes (m + l), 


and utilizing the leading and second terms in these summations, as evaluated 
in the first part of the paper, this becomes 
oo 


- oes Am Am—4m! 
(17) DFAS — a" — ++» — an? m! —--- | 12 
— 2 —— 
4 Am m2 - 2) m! | am se et) 4... 





Because (17) is the equivalent of (15), it follows that 
ao” + A Sie + am? m! + pete 


made up from the development coefficients of f(k) must have a finite value, 
that the expression in brackets in (17) must be finite, and that expression (15) 
must converge, as n—>oo, to the same non-negative limit as > f*Ax 
— a"? — ++» — dm® m! —---. We may also remark that, because 
D>(f— pm)? Ax > 0, we have 


2>'fpmAx < Df Axct+D pm' Ax, 


and that therefore each >\fpm Ax or dmm! is finite. 

If it is true, as seems probable from analogous theorems in Hilbert’s 
theory of integral equations, in the theory of approximations, etc., that 
we can approximate to f(k) by the functions po, p,, --- by selecting a finite 


m so that 
2 (f= Po— +++ — Cm Pm)* Ae <e, 


it will follow that the limit mentioned in the preceding paragraph must 
be zero. For suppose it were not, that is, suppose that for m sufficiently 


large 
Df? Ax — a? — +++ — am? m! — ++. = «> 0. 
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We see, however, that the left member of the second preceding inequality 
may be developed into 
a S* Ax — 2b a — ++» —2em dm m! 
+ co? D0? At ++» +¢m* > pm? Ax 
+2690 2) Po pr A+ +++ +2em—1Cm > Pm—1 Pm Ax 
= et ag? +++ tam? m! + ams? (m+ 1)! + 


—2 9 yg — +++ — 2m Am m! 


‘ m(m—1)m! 
+? + +++ + em [m1 — ye ps2] 


+20 %-O+4-::. +2em-1 em (= +--+) 


€ + (a9 — &)* + ++» + (am— em)? m! + amis? (m+ 1)!+--. 
+ gi (m)/n + g3(m)/n? + ++, 





where a and g,(m), gs(m), --- are finite functions of m. Hence, we may 
take nm large enough so as to make 


> (f—CoPe—+++—Cmpm)*Ax > &. 


This establishes the desired contradiction and we conclude that the limit, 
for n>, of 


> (f—aPo—- ++ —Ampm— +--+)? Ax 
and of 


DF jg Yee See — Am? m!—.--. 


is zero. The only caution to be observed in this last proof, aside from 
the initial assumption, is that it is vitiated if a, = ct, ---, dm = Cm 
Am+1 = Am+2 = -+- = 0; but in the event that ami: = dmg42 = --- = 0, 
the truth of the statement is evident without proof. 

The question now arises as to how closely f(k) is represented by its 
development. Set f— ay p)—-+-:—Gmpm—-+-- = A+ B/n+C/n?+..., 
where A, B, C,--- depend on k and not on n. If we multiply this equality 
by pm and sum as to k, we have 


(18) mm! — Gm > PoPmAZ— +--+ —Om > Pm? Ax—->- 
= DL ApmAr+ > BpmAz/n+---. 
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Equating the coefficients of like powers of m, and using the orthogonal 
formulas already proved, including those for the terms in n~, we have 
for each value of m 


(19) > ApmAx 0, 


> Bpm Axim! == Sy lam—a-+ 4 (mm —2) dm 2+ 6 mm —1) dm 
20 
+ 4(m + 2) (m+ 1) am42+ (m+ 4) (m + 38) (m + 2) (m+ 1) am+s). 


From (19) it follows that A = 0 since (19) gives the development coefficients 
for A. The summation in (20) is precisely the development coefficient for B; 
hence this “error coefficient” B may be expressed as a development in 
the p’s for which the coefficient of each pm is the right member of (20), 
giving a cumbersome but entirely definite expression for the error term, 
which shows also that the error is of order n~', The present paragraph 
outlines the analysis to be employed here, without going fully into the 
rigorous proof. 

Example 1. Since for f(k) = 2” F(k,n), >f*? Az is finite as n>, 
we can develop it in a form which we shall assume as 


x” F(k, 2) = AmPm+ Gm—-1Pm-1 +++ +> 


Am—2k+1, involving the summation from —n to n of an odd function of k, 
is zero. By our theory, 


Am—2 = 1/(m—2k)! > x™ Fk, n)pm—x Ax. 


By the author’s earlier paper already referred to, 
g-2n >| os ) ner 
n+k 
—1 


- 1-3---(@p—1) (4) 1.3... (@p—1) PR?) i 


hence 


> = 1.3..-(2p—1)—1.3...(2p— 


and hence further 


a x™ F(k, n) pm—x Ax = 2- Pe a2” & 
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becomes by fuller development 
(m — 2k) (m — 2k —1) 
1-8---(2m—2k—1)[1— ey ey +-..] 
(m — k) (m — k —1) 
6n 
(m — 2k)(m —2k —1) m—k—2 
«[1— 2 (2m — 2k —1) m—k +++. 








—1.3...(2m—2k—1) 





An analysis like that connected with equation (6) in this paper, replacing 
2n—k by m—2k and 2n by 2m—2k, gives the result that the first 
term of this expression vanishes for negative k, that is, for the coefficient 


! 
of every power higher than x”, and that it equals iT for every other 
value of k. Hence it follows that 


m!/(m — 2k)! 
eae oY Ree 





whence 


m(m—1)(m— 2)(m—3) 


—1 
m(m— 1) ra ae ae 


a™ F(k, n) = Ppmt+ a Pa + 





to within terms in »~'. In corroboration of this, it is seen by actual 
evaluation that 2” F(k, n) equals this development exactly. 

Example 2. Since for f(k) = cosxF(k, n), > f* Az is finite as n>, 
as is seen from the fact that it approaches uniformly the convergent integral 


a4 f. cos?xe-* 2 da, 


we can develop it in terms of the p’s. It is found that dom4i1 = 0, and 
that dom differs from (—1)”e—*/(2m)! by a term in mn for which the 
coefficient is finite; hence within this error at most 


cosxF(k, n) = e—? [py— po/2! + py/4! — -- >]. 


As an evaluation will show, the function actually equals this series for 
every finite nm. A similar result holds for sinz F(k, ). In further corrob- 
oration we may prove for this example that >\f?Az— a,? — --- —am?m!—--: 
approaches zero when n—>©, for a,?+ --- +am?m!-+ --- will approxi- 
mate to 


eA(141/2!4+1/4I4-..) = 5 (e+), 


which is the value of the above definite integral. 
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Example 3. Since for f(k) = sina/x, > f* Az is finite as n—>o, as 
is seen by the convergent integral 


1 sin? x 
QnJ—-wo z* 


dz, 


this fanction can be developed in terms of the p’s, and for the general 
coefficient 


1 sin x e—2 Pom 
P = = ous ! +: a 
d2m (2m)! Za r Pom Ax (2m)! > (pr ps/3! ) r Az. 





Now by formula (2) and by the repeated use of the recurrence formula 
for the Hermite polynomials, which may be written 


Aoss/x = Hy — 21- Hy-1/z, 
we have 


Ps wens pom Ax = D [pu — 2lpa—2+ 2U(21 — 2)pa-4— +++] pom Ax. 


If 21<2m, the leading term of this summation is zero by the orthogonal 
property. If 21 = 2m+2n, the last equation and the orthogonal 
property give 


> Pei it pom Ax = (—1)" (2m+2n)(2m+2n—2)--.(2m+2) (2m)! 


(n _— 0, 1, 2, +++) 
whence 





e— 12 (2m)! 4 (2m-+ 2) (2m)! 
2m = Qm+1)!L@m+)D! (Qm-+3)! 
ei | 1 1 
~ m+)! hag 2m-+-3 ? (2m+ 3) (2m+5) + of. 


Ws 








This last involves an absolutely convergent series, and for large values 
of m, dom approximates to 
e—2 


(2m)! 2m° 


Change of scale. 


If from the beginning we introduce the scale-parameter o = (n/2)"? Az, 
instead of setting it equal to one as was done, there will be the following 
obvious changes: 


A I lt ee 
A 
Z 


cee CT Ceincn Sick alge aes ate lsinn cated 58 


a eat te saa gnc pean ain ok dad 


NES VS > 


iit ei casas 2s, ls ano at ita tat ait Rid at sina gare DEAE aia lS 
ee OE, <RIET OO COI ONION GT TT" SEONG 7Ye & roarie apsqntincratie 


Pm 
EAE he fan Cale a SA, 
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[F'(k, n)]* approaches uniformly e-*/@%/(2 2), 


k k*? — n/2 
pi lk) = ainjayn Ps m), pak) = ~ag Fl, n), - 


pm(k) = Hm (=) F(k, nom. 


The two results of the initial theorem on orthogonal properties are to be 
multiplied by o” and o™+/?, respectively. | 
The development formula is now, as an approximation, 


S = % Pot +++ +m Pmt -:- 


where 
am = om > f Pm Az/m! 


approximately; and ao*-++ --- + am? m!/o™-+ .-.. approximates to the same 
limit as > f? Az, when n>. 
In example 1 the two expressions for the general coefficients will read 


(m — 2k)! 


m!/(m— 2k)! 


—2k 
i445. 


Da” Fk, 2) pm—» Ax = 





Aam—2k = 


and the development will be 


m(m— 1) 


Fed Fik, n) = o™ pm + 2 


g2m—2 Pm—2 aa eee, 





CONCERNING THE SUMMABILITY OF DOUBLE SERIES 
OF A CERTAIN TYPE.* 


By Gaytorp M. Mrerrman.t 


The ultimate purpose of the present paper is to discuss the Cesaro 
summation indices of the series >) > am,nm~"n-*, h and k>0, provided 
those of the series >} > am,, are known, with particular attention to the 
case when either h ork is zero, In the case of single series, the corre- 
sponding problem has been solved by Hardy and M. Rieszt; therefore the 
obvious method of attacking the above problem is an extension of their 
methods and results to the two-dimensional case. 

As their discussion is carried on by the use of “Rieszian summation 
means’’,§ the equivalence of certain ones of which to Cesaro means had 
been demonstrated,|| it is first necessary to define double means analogous 
to them, and to show the equivalence of particular cases of these double 
means, as a method of summation, to the double Cesaro means; this is 
done in §§ 1 and 4. The answer to the leading question of the paper, 
contained in Theorem IV of § 6, follows from auxiliary results obtained 
in §§ 2, 3 and 5. One of these results, embodied in Theorems I and I’, 
is worthy of mention, being a consistency theorem for the summation of 
double series; it shows that the summability, Rieszian or Cesaro], of a 
double series, indices (r,s), implies summability for every pair of indices 
(r,s), r’ >r,  >s. 

1. Definitions. What have been termed “auxiliary results” (Lemmas 1-4 
and Theorems I and II) are derived for a more general series than the 
one indicated in the statement of the leading problem of the paper, i. e. for 
the series 


cS A, +d, ke 
(1) 2s es Amn en n 4 
1 





* Presented to the American Mathematical Society, May 7, 1927; received May 13, 1927. 

t National Research Fellow. 

t Hardy-Riesz, ‘The general theory of Dirichlet’s series”, Cambridge (1915), Theorem 48. 
This tract will be referred to in the rest of the present paper by the initials H. R. 

§H.R., pp. 21-22. 

|| M. Riesz, “Une méthode de sommation équivalente 4 la méthode des moyennes arith- 
métiques”, Comptes Rendus, vol. 152 (1911), pp. 1651-1654. 

q] The result relating to Cesaro summability has been proved for integral values of 
r and s, r’ and s’, by C.N. Moore, “On convergence factors in double series and the 
double Fourier’s series”, Trans. Amer. Mati. Soc., vol. 14, pp. 73-104. 
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where (4m) and (4,) are sequences of real numbers, increasing without 
bound; and where h = y+ 0i andk = «+ 06,7,i=V—1. If dm=logm, 
An = log n, then (1) becomes 


oO © 


@ ES anamtn. 
1 


Finally, if h = 0, or k = 0, we arrive at the two series in which we are 
primarily interested; in obtaining our final results, § 6, we shall consider 
only the former, 


(3) 3 z Annn, 


the results for the other being wholly analogous to those herein obtained 
for (3). 
We shall write* 





m n 
> Pd ann = Am,n, 
1 1 


Am, p >= Am, p (8 fixed), ah Qe,n = Aa,n (@ fixed), 
1 


“Ms 


(4) z 
pa Sama = A(z,y), 
e 1 1 
Samp = A@)(B fixed), — San = Aly) (ce fixed). 
1 1 
en = | en => ln, 
m,n anh th, = An,n Sg S = Cm,ny; 
(5) Ci (x, 0) = be yo Cm,n> 
An*X A,<@ 
Ci(v, w) = PA + gy om 
L,<v l,.<w 


We are now ready to define, for the double series (1), the analogues 
of the single Rieszian means: we write 


Ch (x, @) = 2 & (x — Am) (co — An)? m,n 
m< 7 < 


ZX fw 
= raf, f Ci (6, t) (xy — of (o — 1)" dr do, 
Cr? (v, w) = x fo (v — lm)” (w — In)® Cm,n 


L,<v l,<w 


= 78 I f C; (t, uw) (v — #1 (w — uw du at, 


(6) 





*For the notation in the last two of these equations, cf. H. R., p. 2. 
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where r and s, (y, ») and (v, w) are any positive numbers.* We shall 
call the functions 


(7) Ci’* (x, @)/y” w8 
(8) ; Cr’? (v, w/v" wt 


the “typical Rieszian means” of order (7, s) of the first and second kinds 
respectively, associated with the series (1). 
If 


x wo Ch" (yx, o)—>C 

as x and » become infinite, we say that (1) is summable (A, r, s) fo sum C. 
A similar criterion obtains when we use (8). For the single series formed 
by a row or a column of (1), we at all times use the definitions and 
formulas as given in the Hardy-Riesz monograph.t 

The results in §§ 2-3 will be couched in terms of the first mean; but 
it should be understood that precisely similar reasoning and results hold 
for the second mean. The procedure in §§ 4, 5 and 6 requires further 
explanation: When Am = m, 4, =n, the first mean is what is called an 
“arithmetic” mean, while the second is of little importance; when 4, = logm, 
An = log n, the second mean is “arithmetic” and the first is called 
“logarithmic”’.t 

The results in § 4, concerning the equivalence of double Cesaro and 
certain double Rieszian means, will obtain of course only for the arith- 
metic Rieszian means, and will, for convenience, be given in terms of the 
first one. Finally, our treatment of (3) in § 6 will be undertaken, naturally, 
through the second mean, as it is the “arithmetic” one in regard to (3). 

2. Four lemmas. Lemmal: Jf r>0,s>0,4>0,v»>0, then§ 


ripnet _— Pert+etiroetyti) (* (ore (6. )(y¥—or 
il et eit Fete A ie iting 


rr+u+i1) (7 
r(ir+1)l(@) Jo 
T(stv+i1) (° 
r(s+1)T() Jo 





<(w —rt)”— drdeo, 


Cs (6, @) (x — a) do, 





Crt 8 (x, o) = 





Gear (x, @) = cn (x, t) (w — ibe dt. 





* For the limits of integration in (6), cf. H. R., p. 21, footnotes § and ||. 

+H. R., pp. 21-23. We shall indicate the sum of a row of (1) by Ca, of a column 
by Ce. 

tH. R., pp. 22-23. 

§ u and » are the “order functions” of the function developed in series (1). Cf. H. R., 
p. 14, for detailed explanations. 


37* 
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Ifr>0, s>0, usr, »< 8, w,v<1, then 


I(r —wt+1) F(s —v +1) 
r(r+1) F(s+1) Fa—p) Fa—y?) 


x J J ae ® (4 — 0-H (w — 2)" dds. 


The proofs of the first three formulas are entirely analogous to that of 
the first one in Lemma 6 of H. R.; their details will be omitted. For the 
fourth, we first observe that 








2 aati (x; o) = 


1 3? 
(r—w+1)(s—vr+1) 0x28 
rr — +1) F(s—v+1) 
ahaa P(s+1) Fd—p) F—-vr) 


of { C"8 (a, t) (y — 6)-# (w — tr)” drde 


Crp" (y, 0) = 





“ Cr-#41,8-—F71 (x, w) 





(9) = 





srr 


by the first formula. But we have also, integrating by parts, 
x 
[ofp er(o, 0) — 0) (@— 0) doar 


8®C%8 (a, t) % thes 
= Tanta, J, eee eae 0 ara, 


Substituting (10) in (9), and carrying out the required differentiation, we 
obtain the fourth formula of Lemma 1. 

LEMMA 2: If cm,» is real, O< F< y,0< 4 So, and 0<r<1,0<s<1, 
then 


(10) 





! 


3 

5 °7 
ref i C(a, t) (y — o)"— (@ — rt)" drde 
Max |C"5(o, r)|. 


Osos 
OsTsY 





9 &, 9; % w) | 


I 


We have that 


9 &, > X> o) = oer et ee en i (y — 0)" (@ —r)s—1 dtda 


a fv . os “ wo (o— ty" (c—u)-° dudt 


by using the fourth formula of Lemma 1, with »=yr, »—s. Thus 
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2(7r,s 
(11) 98,1, x, 0) = { if PONE (tu) dudt, 


where 


h(t,u) = Sr Shee sen sa (x0 1(o— 240 — "(eu Pde ds, 
But 





h(t, uv) = [1 _- . (y— 0)" (0 — tr)” do| 


< [1 — |" —t)*1 (¢ — u)* dr}. 


Now the two integrals in (12) are, forO < ¢ < §&£,0 <u < yg, always 
positive and less than unity; for o fixed in the interval §< o< y, and t 
fixed in the interval 7 < +t < , they are both steadily increasing func- 
tions of ¢ and uw. Hence, each factor of (12), and consequently A(t, wu) 
itself, is a steadily decreasing bounded function of ¢ and uw in the given 
region. Applying the second mean value theorem for integrals* to (11), 
we have 


(12) 


9g, |, Xs w) — h(O, 0) Cs (G, Tt), 


(0<¢< §,0< & < 9), which proves the lemma. 
LemMMA 3: If cmn is real, OS FN yx, ODS ys, wood, v>O, 
0<r<l1, O0<s<l, then 


rortut)re+yt) ff as pa eter de! 
PeEDTOTITOTO dy Jo O00 9-9 — 9 ara 
< Max |C’+s+*’ (a, r)|. 


= ose 
02TS% 





The proof of Lemma 3 is carried out along the lines of that of Lemma 2. 
LemMA 4, Let g(x, y) and W(x, y) be functions of x and y satisfying 
the following properties: 
(a) y(x, y) and wW(z, y) are continuous functions of x and y, and also 
of either variable alone; 
(b) considered as functions of both variables, 
g(a;y) Paty, w(x,y)VQey (a, 8,7,6 = 0) 


as x and y become infinite;t 





*H. Geiringer, “Trigonometrische Doppelreihen”, Monatshefte fir Math. und Phys., 
vol. 29, § 39. 
+ This notation means that lim /x*y° > P, etc. 
zy> 2 


oo a= We 


ot Re. Wing St pitino = = 


ae 3 z Ss ae ta 
Ww ee ee ee Saat ob et eie eercde ate ener 


for 
a. 


— 


rn A, is it nial STM SP titi nde ic Bt na te cms 


bine ened 





oe a 


Kasthal Wi. 


ee ee 
eahen 
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(c) considered as functions of single variables, x,, y; being specific values, 


p(y, ye Py, g(x, y:) & Pax", 


W(x, y) & Qy?, W(z, 41) ) Q: x”; 
then 


we, y) =" ["9(t, wwe—t,y—wdudt 


~ PQ re+i)ry+)ret+iroe+y gett pitt 
"a Pa+y+2)r(p+6+2) 
Let us put 


g(t,u) = P&wt+g, wt,u) = Qt urtg@ne, 


g. = o(t*w), Wy = o(t’ xu’). 





where 


If we put these forms in (x,y), we obtain a sum of four integrals, 
The first one is 


| POL [' @— vw y— wu)? duat 


sae Fe+iry+)reé+i1roé+i) aty+i. g+d+H 
~ PO" Tetr+)retsty 





Hence we must show, in order to prove our Jemma, that each of the other 
three integrals is o(x*t7+1 yf+?+), 
For example, consider the integral 


PP ew W, (a — t, y—u) dudt 
= PL" [’@—o y—u? Wit w duat. 


Now, given «, ¢, and ¢,, we can choose § and so that 


IW(t,wW|<e%u?, (€<t<a,y<uK<y), 
| W, (t, UM) | < & t’, (§<t<2), 
W(t, w)| < 4 u’, (nSud<y). 
Also, for O<¢<&, OSucy |W(4w| << ME,n), |\W(bE um)! << MO, 


and | w, (¢,, u)|< Mz(y), the M’s being numbers depending only on & and ». 
We have then that 


P["["(e— t)* (y—u) wy (t, u) dudt 


i PALL ELL LL SL 08 ow? ys (6,09 deat 


(13) 
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The first integral of (13) is, in absolute value, less than | P| ¥_M(&, 9) x“ y’; 
the fourth is in absolute value less than | P| aN fe (a— t)* (y—ul t” u’ dudt; 


the second, regarded as an iterated integral, is in absolute value less than 


| P| M, (&) & &.2* i (y— wu)? u? du; the third is less in absolute value than 


| P| Mz () ne, f° (a — t)* # dt. Hence, by choice, first of § and y, then 


of x and y, the integral (13) is o(a®+7+1 yf+4+1), 

Similar considerations of the remaining two integrals serve to complete 
the proof of Lemma 4. 

3. Two subsidiary theorems. We prove in this section, two theorems 
relating to (1), which, though subsidiary to our main results, are yet very 
important in the theory of summability. 

THEOREM I: If the series (1) is summable (4, r, s), then the series is summable 
(4, 7’, s'), x >r, s'>8, to the same sum as formerly. 

We put r’ =r-+uy, s' =s-+», and apply Lemma 1: 





rr+et+i)r(s+r4+1) @ 2 ; i 
rtinsty sii r,s — 0)“ 
Be WO FE FN TOFUTOTO ke Je OS® 
<(@ — rt)” drda, 
But 7 
C™8(0, t) & Co" tr, C™8(a, t,) & CLo’, C8 (o,, T) & Cyr’, 


sc that the theorem follows at once from an application of Lemma 4. 
THEOREM II: Jf (1) is summable (4, r, s), and each row and column is 
summable (A, s) and (A, r) respectively, all to zero,* then, if 0O<r <7, 
O0<s' <8, dmx Samp, dn So Sdn, 
(i) if r’ and 8’ are both integral,t 


r 8 
Am-+1 dn+1 


rap { 
Crs (4, 0) = } ae 
(, @) = 0) Gy Uap a 








* That we can take all these sums as zero without loss of generality, follows thus: 
in the given series, we can first make the sum of each row zero by altering the elements 
of the first column to ¢Gm,:; then the sum of each column can be made zero by changing 
the elements of the first row to Ci,n, and ¢i.1 to ¢i,1; although this last change might 
seem to affect the summability to zero of the first row, we infer that such is not the 
case because the sum of the double series and those of all the other rows are zero. 

+ Moreover, this result is true for r’ or s’, or both, equal to zero, provided 4n<y or 
dn << w or both. 
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(ii) if r’ and s' are both non-integral, 


o* (An— An—1 . (Am— | oe (An4ti— An 





Or olga 


| ae Mata Ar 
+ wth n . 4 m+1 : n+1 : 4 
Am+ii— ha * (An— An—? tie (Am+1— hay * An+i— Any geal iy 





(iii) if r’ is integral and s’ is non-integral, 





OF tin ene Mints Anta z pee “4 
asia (Am+1— Amy eg! (Anti— A,-* (Am+i— i * (An— An—1* J’ 


(iiii) if r’ is non-integral, and s' is integral, the result is analogous to 
that in (iii). 

(i) To prove (i), we suppose that cm,» is real; and we put R = [r), 
S = [s]. Let us also write 


Xr = 
Q; 
Qsi4 Ss 


h, <= Amtii—4Am 
ie a R+1 ’ 


let (X, 2) denote any pair of these numbers. 
Now, by Lemma 1], 


X pP& 
ae Wwt+)e+)  _ : iene 
. 5,9) = re et et De J, wie ccna tall 
x (Q—1)-SAdrdo. 





If we use Lemma 3 and the fact that 


078 (X, 2) = o(X* QB) = o(Mn4i Ans), 
we obtain 


X 
(14) , fo c®s,2) (X—o)"-2—1 (Q—1)-S. dado = o(Anns1 M41): 


Regarding (14) as an iterated integral, we integrate it R times by parts 
with respect to o, and then S times by parts with respect to +. Observing 
that C(o,r) is constant in the region of integration, we find that (14) can 
be expressed as the sum of constant multiples of the (R-+-1) (S+ 1) functions 
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(Amti—Am)"—* (Anti—4n)? 5 CBS (Am, dn), 
(Aen-1—Am)"—2+4 (Angi— An CB-LS (Am dn), 
(15) ht i “ae — ott C%,S-1 (7, dn), 


ms — dn)? ee —1,) Cm + 0, a = 0). 


Now, if we give (X, 2) the (R+1)(S+1) different pairs of values 
exhibited above, we obtain (R-+1)(S-+1) linear relations involving the 
quantities (15), each relation being 0(Am+14n4:). Since the determinant of 
this system is different from zero,* we conclude that each function of (15) 
is of that form. 

The last function is 


Am+i— Am)” (Anti— An) C(x, o) = o(Am+1 An+t), 
whence 





eb J Mn+1 ant 
CG, ”) . | (Am+1 hg Any’ (Antz oe, An) | : 
The next-to-last function ist 
(Am41 = Am) (Anti —_ Te ad «, 153 (x, 4,) = — o(Ain +1 dn+1)3 


therefore C®1(y, 4,) is of the prescribed form. Hence 
C1 (y, o) = C1 (y, An) +f"eu, t)dt 
a) x 2° 
= O%l(y, Ay I. mt Anti 
St ta am)? nti — nh 


0} din-+1 An 
(Am+1 = Am)” (Anta — 4,1 f’ 


which is as desired. Similarly, we find that 











019, 0) — of ——Aassdan 
: (Am+1 — Am)’ (Am+1 = Am)? Ss” 


Next, we have that 
x 
Ch (y, ©) = CMO, dy) +f" 0% (0, dy) do 


+). C19 (An, 2) dt +f" J. ec, t) dt do, 


*It is, in fact, he Vandermondian; cf. H. R., p. 37, for the same argument. 
+ Although Cj'* (y, w) is not defined by the integral form in (6), it is clear that we 
mean by it 


(16) 





Of (x, 0) = TD (o— dn)" oun = [Po (7,2) (o—2 de. 
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Upon evaluation of the integrals in (16), the result follows. Proceeding 
in this way, we finally prove (i) for any pair of values of r’ = 0, 1,---, R, 
s' = 0,1,---, 8. 
(ii) We turn now to the proof of (ii). Put R’ = [r’], S’ = [s’], and 
then, by Lemma 1, 
Ter’ +1)F@’'+) 


cr’. (x, @) one r(R’+ 1)r(s’+ Nr’ — R’) T(s'—S " 
(17a) X po 
x< a S' (6, )(g — of -® 1 (0 — 2'-"-1. de de. 


We rewrite (17a) as 


am nak vif c co ae ce ae +f 4 


= I, +1, +Is +h, 
each integral of (17b) having the integrand of (17a); K is a constant. 





First consider J;. We break it put into four integrals: 


i ee ee ee 


If, from this point on, we argue analogously to the discussion in Theorem 22 
of the Hardy-Riesz monograph,* we find easily that 


£ ine din An 4 din Ants 
aa OE Oe EI FET? Ons 
= Moti an a Mint And 
(Am-+1 —— | a (An — dn—1)* (Am4 1 —Am) moth (Ants mee 1,-* a 
To obtain an upper limit for J,, we follow a procedure so analogous to 


that in the corresponding place of H. R., that it is unnecessary to record 
it; we find that 

















ai hi 
said —— Dee eens (ln — Apna ; 


For J;, we proceed as follows: We integrate (R— R’) times by parts 
with respect to o, obtaining a double integral and a set of (R— R’) terms 
made up of single integrals each multiplied be a factor consisting of powers 
of (x—4m-1). We treat the single integrals in a manner analogous to 
the discussion of J, in H. R., using result (i) for the functions C?’+“* (o, r) 
in the integrands; the factors before the integrals may be discussed as in 





* That is, the argument leading to equation (5), p. 98 of their tract. 
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the treatment of the terms of J; which do not involve an integral. In the 
double integral, we apply the law of the mean, and use Lemma 3, and 
proceed analogously to the discussion of the integral term in J, of the H. R. 
tract. In this way, we find that 

ihe: Xn i din Ants 
(20) Is a hme (An—Anay* + (Am—Am—)"” (Anti — An-* ‘ 
Similarly, 


(21) Is = of 








2” Fd r pd 
= n ihe at n , , 
(Am Sgn dn)” (An mang An—1)* Qm+1 re dny* (An = oed9 an—* 


Combining (18)-(21), we complete (ii). 

In treating the oblique case (iii), we supplant the use of the first formula 
in Lemma 1 by the second. Hence, using result (i) for the function C”>* (¢, w), 
and dealing with the single integrals involved as in the relevant part of 
Theorem 22 of H. R., we prove (iii); (iiii) follows analogously. 

Theorem II is thus complete. 

4, Equivalence of the “double Cesaro” and the “arithmetic 
double Rieszian” means. We have next to establish the equivalence 
of (7) with A» = m, 4, = n, and the Cesaro means for double series. This 
results from a generalization to double series of the corresponding result 
for single series, obtained by M. Riesz.* 

Let us consider a double series S073” cm,n, and form 


>> shes ee Po 4 faa 


srs | 
(22) ~~ Rama : 


where 

(23) 

Let us put 
(24) 


Then we say that >) >’cm,» is summable (C, r, s) to the limit 
(25) lim Basal Aan a 
m,n —> co 
if this limit exists. 
Let us also put, in accordance with the definition of the Rieszian 


mean (6), 


(26) 078 (x, 0) = D D epg (x— py’ (w— gy. 


Pp<xyq<o 





* M. Riesz, loc. cit., pp. 1652-1655. The proof has been expanded by E. W. Hobson, 
“Theory of Functions of a real Variable”, vol. 2, ed. 2, p. 90ff. 
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We wish to prove the following result: 
THEOREM III: The limit (25) and the limit 


(27) lim (C%*(y, @)/y" w*® 


Lore 
exist at the same time, and are equal, provided that the rows and columns 
of >> cm,n are summable as single series in either the Cesaro or the Rieszian 
manners, indices s and r. 
The proof of Theorem III is contained in the combination of the following 


three lemmas. 
Lema 5: If > DS cmn is summable (C, r,s), then 


lim Snin/m' n® = 0 
m,n —> 


where r'’<r, s'<s, and r and s are greater than —1. 
To prove this lemma, we employ the following relation, which is readily 
established from the relations (22)-(24): 


(28) £= 5 Sew ( 5") 5") stetens. 


Since >} >'cm,n is summable (C, 7, s), we can write 


+4 


re 


j= 


= L+emn 


where 
lim @m-—i,n—j = O for every 2, ). 
m,n—> 0 


Hence 


BS - FRR MSW ET 


m™ né — i=vj= m—t y) “JZ 


4 (—1) 4; 0,0 f) ) 


m’ n® 





m—1 n—1 


treaties me (7 ") (1-4) 


0 
po (’ > | (1 _ i) Qm—i,n—j (1 + Om—i, n—j) 





m—1 


T T+ Da ret 1)n*? =o ig oT) (1-4) eno + bm-i,o) 


+ I'(s+ ow a w( J 7) (1-2) eon s+ don 
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where, in the sums involving the em», we have used the formula* 


(0) (’ a) (’ : " oe +r Fp 1 + om.n); 





where lim dnn—->0. 


mn—>o 
The first term of (29) is seen easily to converge to zero; and the second 
term also need not be considered hereafter, for if r—r’ and s—s’ are 
integers less than m and n, the series stops before the last term appears, 
and if they are not both integers, it converges to zero. We consider, 
then, only the last three terms of (29). 
If r—r’ and s—s’ are integers less than m and n respectively, it 
follows readily that, since lim @m—i,n—; = 0 for each pair of values (i, 7), 


mn—-> : 
and since the series is finite, the three terms under consideration converge 


to zero. 

If r— vr’ and s—s’ are both non-integral, we have four cases: r>0, 
s>0; r>0, 0O>8s>—1; 0>r>-—1, s>0, O>r>—1, 0>s>—1. 
It is readily established by standard convergence methods that in each of 
these cases the expression for Sm'n/m’ n° converges to zero for proper 
choices of m and nm. The case when r—~?’ is integral and s—s’ is not 
(and vice versa) is just as easily handled, and will be omitted. 

Hence the lemma is established. 

Lemma 6: If the series > >'cm.n is summable as a double series, and its 
rows and columns as single series, in the Rieszian manner, indices (r, 8), 
then for every pair of integers E<r and G<s, 


(31) lim Smin/m’ n® = 0. 
m,n—> 

Case 1: r and s both integral. In this case, the (r, s)th difference? of 
the quantities C’:*(m,n), C%*(m-+1/r, n), C%*%(m, n+ 1/s), C8 (m+ 1/r, 
n+1/s), «++, C%%(m+1, n+1), leads to Sx°,, modified by a constant 
factor, so that (31) is verified for EH G —O0. Similar treatment of the 
(r, s—1)th, (r—1, s)th, (r—1, s—1)th, ---, (1, 1)st differences, proves (31) 
for all permutations of F = 0,1,---,r—1, G=0,1,---,s—1. 

Case 2: r and s non-integral. (a) O<r<1, O0<s<1. In this case, 
we have only to prove that 

0,0 0,0 
lim Smin __ lim Brin 0 


rT,’ fT a8 
m,n» Am,n m,n —> © mn 








* Hobson, loc. cit., p. 71. 
t C. N. Moore, loc. cit., p. 77. 
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We suppose that 
lim = C*(y, @)/x" w® 
1,°-@ 


(32) lim C*(y)/x" (for every column), 


17 @ 


lim C¥%(@)/@*? = (for every row). 


a> eo 
Let us also put 


S(o, 2) = Sp'g, 
(33) Si(0) = Spe, _—(B fixed), 


ipa it 9 
S,(t) = Se, (@ fixed), 


q<tSsqtl 
Hence we obtain 


Q? 
S(a, t) = off iia eee eer eee 


(34) | 8, (¢) = af a O"@ (o— x)" dx, 


S,(c) = nf <_0¥(w) (c — w)* da, 


where g, g; and ge are constants. 
On the other hand, we have 


m—1n—1 


Crs (m,n) = p> 2 Cp,q (m — p)” (n — g)® 


m—2 


= Sait Este slin—2F 90) 


n—2 


+2 Smn—1,q [(n — g)’ —(n — gq —1))} 
m—2 n—2 


+2 2 Spallm—py (n—g! —(m—p—1(n—9)" 
— (m—p) (n—q—1¥+ (m—p—l) (n—gq—1)}], 
whence, by (33) and (34), 


Cr (m,n) = S2anatr [8 m—of do 
nt 
(35a) oo s S3(r) (n — rp dr 
~1 Pn—1 
ote rs {” s S(o, t)(m — of (n — tr" drde 
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m1 
sad a traf £0") M; (x) dy 
0 x 


=" 


-1 (-n-1 
iiaf? ier dy 0 ~ ON x w) M(y, w)dwdy, 
where 


M(x, ) =| E “(n— of (n — 01 (0 — 7 ( — w)-* de de, 





—1 
M(x) = — oa)! (o — x)" da, 
(x , (m rr? x 
. —1 
M,(o) = q (n — rf! (c§ — w)-8 dr. 
But we have that 


Men, 0) < J” [om — a(n — 2 — 9" (— o)-* dr do = M, 


M< fr (m — of (o — x)" do —s 
My (w)< fn — 29 — oy ae a= Me; 


where M, M, and M, are constants independent of o, 7, y and w. More- 
over, M(x, ), M,(y) and M,() are increasing monotonic functions, 
M(x, ) in the region 0 < xy < m—1, 0 < ma < n—1, the others for 
0< x < m—1 and 0 < » < n—1 respectively. Hence, applying the 
second mean value theorem for double and single integrals, we obtain 
from (35) 
C”* (m, n) 2 Soros nt! 
= |rsg M(O, 0)C"* (, t)+ 1g, M,(O)C" (@) + sgz Mz (0)C* (z)|, 

whence 


[C"#(m,n) — 8%, n-1|<|reg MC", #)|-+\rg: Mh C'@)|+| sg Ma C*C)|, 


where 0<6<m—1, O0<t¢<mn—1. An application of hypothesis (32) 
gives the desired result. 

Case 2 (b):r>1, s>1. The discussion for this case is carried out on 
the same lines as that of Theorem II (i). . 

The oblique cases (e. g. r integral, s not), can be handled by suitable 
combinations of the methods at hand. Lemma 6 is therefore completely 
outlined. 
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Lemma 7: If equation (31) holds, then 
r, r,3 
jn [Gio _ Seay 


T gy8 7,8 
m,n—> x @ An,n 


forms xSimt+li,nloa<n+l, 

The proof of this lemma offers no inherent difficulties, and its. details 
will be omitted for considerations of space.* 

5. Corollaries of Theorems I, II and III. Theorem ITI allows us to 
translate Theorems I and II into terms of Cesaro summability in the special 
cases when the Rieszian mean becomes “arithmetic”. Thus we obtain 

THEOREM I’: If the series (1) is swmmable (C, r, s) to sum C, and its 
rows and columns are summable (C,s) and (C, r) respectively to sums Cr 
and C,, then the series is summable (C, 7’, s’), r'>r, s' >s, and its rows 
and columns are summable (C, s’) and (C, 1’), all to the same sums as before. 

THEOREM II’: If the series (1) is summable (C, r,s), and its rows and 
columns are summable (C, s) and (C, r) respectively, ali to zero, then if 
0<r/ sHO0S¢ Ss 

Cr (x, @) = oy"). 





6. Leading results. We now consider series (3), and deduce our 


main theorem: 
THEOREM IV: If, for k = ky, (3) is summable (C, r, s) as a double series, 


and if each row and each column of (3) is summable (C, s) and (C, r) 
respectively, as a single series, then, in the domain x => x,+e, |6'| < O, 
(3) is uniformly summable (C, r,s’) as a double series, and its rows and 
columns are uniformly summable (C, s') and (C, r) respectively, s' being the 
greater of the numbers s—eo and 0; moreover, the sums of corresponding 
series are the same. 

We shall suppose k, = 0, and that the sums of (3) and each of its 
rows and colums are zero. We shall prove Theorem IV only (i) when r 
and s—ge are integral, and (ii), when » and s are both between 0 and 1; 
the other cases are treated by combinatory methods.t 

(i) r and s—e integral: We choose a value of @ such that s—e = 0, 
and we consider the arithmetic mean (8) of order (r,s—ge). The numerator 
of this mean is verified to bet 

w 2 
(36) Cr*-e(v, w) = ie A(t, u) a) 5 {(v — t)” u~* (w—u)>-8} du dt. 





* Cf. Hobson, loc. cit., p. 96 for the one-dimensional analogue. 

TH. R., V § 7, p. 33. 

TIn the case of the series (2), we have that (p and gq being the indices of the last /’s 
less than v and w respectively) 
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If we integrate (36) s—e times by parts with respect to wu, all the 
integrated terms vanish but one, which is w—* A®%*-¢ (¢, w) < (v— ty. 
Besides this term, we have 

ee f f A% 8-8 (t, w) 4s (2) (@ — ty u~* (w — u)s-9} du, 
Now integrate this result + times by parts with respect to ¢; we obtain, 
after division by v” w~, ; 
u- w-8te C80 (vy, w) = vm w-8t? [w-* A” 5-2 (v, w) 


(—1y? _ 8 re d \"+1 
Sear ik k : A" (t, w) (+7) (v — #) dt 


(— iy teste i & . d \seH & 
- rl(s—e)! ot An s—¢ (v, w) (<.) {u Kw —uy® °} du 


(—1)rt+s-e+? ad cash <2 r+l 8 s—e+1 
 o—e SJ °, (57) oy, 
x {(v — ty” u~* (w — uf} du dt]. 


The first of (37) is o(1) by an application of Theorem II’. The second 
and fourth terms vanish because of the presence of the (7 + 1)st derivative of 
an 7th power. The third term, being a single integral, can be shown to 
approach a limit uniformly as w becomes infinite, by the methods used in 
proving Theorem 23 (a) of the Hardy-Riesz monograph. 

(ii) » and s both between 0 and 1. We can rewrite (36) as 


0? 
1 gp Ste aay | Re ne FP ee 
wt l A(t,u) at du {(v—t)" u™ (w—u)-8} du dt 


; w . 0? 
© pars — —_ +o s —k —k ron — 
(38) = yw ste J A(t, “ba {(v—t)’ (u*—w~*) (w—u)-8} du dt 


+r(s—o)v wate {” f’ A(t, uw) (v— ty! (w—u)-? du dt. 


(37) 








a, D> Cm,n (0 — Ln)” (© — Ln)* 


im <e yt 


p—iq—i 


= >) Dd Amn i { In” (v — In)” Te* (wo — In)’} 


+ D Ame Ai {Ia* (0 — bn)" * Wo — 1} 
+ D Ayn A {Ip (0 — 1) le* Qo —bn)"} + Ane By (0 — bY ie (Wo — 1)" 
= {Ft A(t, u) —— {v—* (v— bu (w — up| dudt 


as m and m become infinite. In the case of the series (3), this last expression becomes (36). 
The A must not be confused with that in § 4. 
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The second term of (38) is 
ut wste—k Ar. 8-2 (v, w), 


which is, using Theorem II’, 0(1) uniformly, when k > g. 
The first term of (38) we integrate by parts, obtaining 


(39) vu" w-ste f° L All (tu) (3) (2) {w~— t)" (u-*§ — w*) (w — u)®-8 du dt 


plus single integrals which, by the methods used in the corresponding circum- 

stances in H.R.* approach uniformly a limit as v and w become infinite. 
We divide (39) into three integrals, J,, J:, and J3, their integrands 

being A’(¢,u) multiplied respectively by 

(a) 2(s—o)r(r—1)k(v— tu (w— 81, 

(b) r(r—1)(e—e)(e—e—1)(v— tf 3 (u*§ —w *) (w—u)e, 

(c) r(r—1)k(k+ 1) (e— ty? u-*?- (w— a). 


To consider J,, we write 


ee Re Es OPEN 


soi Jj aL Jy + Ji’ + heal 





Now, since > > am,» is summable (C,1), by Theorem I’, A!'(¢,u) = o(t, u). 
Therefore, we can choose § and q so that | A'!(¢,u)|< etu for ¢> &, 
eat ie “u >; and we also suppose that v—&>1, w—y>1. Again, there isa 
iii L constant M such that | A(t, u)| < Mtw for all values of ¢ and u greater 
TG than zero. Finally, we put |—k|/* < M throughout the region considered, 
and we write K = 2(s—e)r(r—1). 
] We now have 
: 








§ 
lij< MM, Kv-rwe[ [eto t)" 2 u* (w— use dudt 


(40) MM, Kot we —1) #4 —1) 
2(1—h) 





since ,—2 and s—o@—1 are negative. Next, 








a Jy <M, Kevrw-re ff xt(v—t)—u*(w—u)e du dt 
Bice: (41) shia 

iN ae | 14. | 

ate <G—DG—o LF” ta): 


*Theorem 23 (b), pp. 42-43. 
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Similarly. 
poe rT 
ai < MMC 
(2) M,MK : 1 
J < opi = qu ste E v + yes" 


From (40), (41) and (42), it follows that, by choosing first § and 7, then 
v and w, large enough, we can make J, in absolute value as small as 
we please. 

A similar discussion enables us to infer the same with regard to J,, 
if we first mark the observation recorded in the corresponding treatment 
in H. R.* 

As for Js, we find that the w-integration tends uniformly to a limit by 
the process carried out in the discussion of J, in the corresponding place 
in H. R. (p. 42). Thence, by a process similar to that outlined above, 
we conclude that J;,—>0 as v and w become infinite. 

Theorem IV is then complete. 

It should, perhaps, be mentioned that the proof of the corresponding 
result for the series (2) does not differ materially from that outlined in 
Theorem IV; and all the material needed for such a discussion is included 
in the present paper. 





* Cf. the last paragraph in H.R., VI, § 3, (b). 
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DOUBLE ELLIPTIC GEOMETRY IN TERMS OF POINT, 
ORDER AND CONGRUENCE.* 


By Donatp A. FLANDERS. 


1, Introduction. The set of axioms presented in this paper possesses 
two properties of particular interest, in addition to the usual ones of 
consistency, independence and categoricity. The first of these may be 
termed “dimensional categoricity”, by which is meant that all propositions 
whose hypotheses require the existence of at least, but not more than, 
n dimensions are demonstrable in terms of axioms which require the existence 
of at most dimensions. The second property may be described roughly 
by saying that the space is characterized by its one dimensional axioms: 
that is to say that a set of axioms sufficient to establish fully a space 
of n(>1) dimensions may be obtained from the one dimensional set by 
removing the one dimensional closure axiom and adding successive existence 
axioms and a new closure axiom. 

The axioms of this set are stated in terms of subclasses of a single 
class of undefined elements, called points. The notation for a point is a 
single capital letter, as A, B, ete. Certain triads of points are assumed 
to be in an undefined relation, called order, the notation ABC (to be 
interpreted, “the points A, B, C are in the order ABC”) being used to 
indicate this relation. Certain segments (subclasses of points to be defined 
later) are assumed to be in the undefined relation of congruence, one seg- 
ment being said to be congruent to another segment. The symbol = 
placed between the symbols for the two segments indicates the presence 
of this relation. 

These are the only essentially geometrical notions postulated. The 
writer believes that the whole of the geometry may be constructed from 
these elements, using in addition the concepts and laws of pure logic. No 
satisfactory test of consistency and categoricity have yet been devised, 
however, which do not involve the assumption of the existence, consistency 
and categoricity of the number system of algebra. The question whether 
these latter ideas are themselves consequences of pure logic, without addi- 
tional assumptions, is not raised in this paper, and free use will be made 
of algebraic concepts. 

For the purposes of this article double elliptic geometry of n dimensions 
will be taken to be isomorphic with the set of all sets of n+ 1 real numbers 





* Received April 13, 1927. 
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(a4, %,*+*, %_,4), Subject to the condition that 2[-+-a}+---+22,, = 1, 
together with ail propositions derivable from them by the operations of 
logic and algebra. In one and two dimensions this definition gives the 
geometry of the circle and of the sphere, respectively. 

The axioms of the set are separated into four groups: (1) the order 
axioms, O, stated in terms of point and order only, and primarily concerned 
with the properties of the order relation; (2) the congruence axioms, C, 
stated in terms of point, order and congruence, and primarily concerned 
with the properties of the congruence relation; (3) the existence axioms, 
E, a succession of axioms postulating in turn the existence of the first, 
second and third dimensions; (4) the closure axioms, 8, one for each 
dimension, each limiting the space to a particular dimensionality. 

The segregation of the group HE may seem rather artificial at first glance, 
since points are introduced into the geometry by others of the axioms, 
e.g. O2 and O6. It will be observed, however, that the axioms E are 
the only ones which, in the absence of all but those axioms which are 
necessary to satisfy the hypothesis, demand the existence of additional points. 

References to supporting theorems, axioms etc. are enclosed in square 
brackets [] and are given by letter and number. The letter T is used 
for theoroms, D for definitions, O, C, E and S, respectively, for order, 
congruence, existence and closure axioms. Frequent references to the 
axioms and theorems of J. R. Kline’s article, “Double Elliptic Geometry 
in terms of Point and Order alone”*, have made it desirable to assign 
the symbols K-I, K-II ete. to his axioms, and K1, K2 etc. to his theorems. 

The distinctness of points, or other entities, is not to be assumed unless 
explicitly stated, or unless implicit in the definition of a class to which 
the entities belong. Symbolic statements are to be read in the grammatical 
construction to which the context assigns them. Thus the statement 
“if ABC” may be interpreted “if A is a point, and B is a point, and C 
is a point, and if A, B, C are in the order ABC”. The symbol {P} is 
used to denote a set of points P, particular members of the set being 
differentiated by subscripts. Except in algebraic equations, the symbol = 
is used to indicate identity. A vertical line through a symbol of relation 
is to mean the negation of the relation. 

2. Axioms and definitions. O01. If A is any point, and if there 
exists a point B, distinct from A, then at least one such point Bis such 
that A BX is false for every X.7 

Di. If A and B are such that A + B, and if ABYX is false for every 
X, then B is said to be an opposite of A (B = A’). Wherever A’ has 


* Annals of Math., (2) vol. 18, pp. 31-44. 
+ With reference to axioms 0, E and §, ef. Kline, loc. cit. 
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not been specified to be a particular opposite of A, the symbols, B + A’, are 
to mean that B is distinct from every opposite of A. The points of a set {P} 
will be said to be non-opposite if no one of them is an opposite of another. 

O2. If there exist two distinct points, A and B, then at least two 
such points are such that B is not an opposite of A. 

03. If ABC, then CBA. 

04. If ABC, and if A’ is an opposite of A, then A’CB. 

D2. If A and B, and if B+ A’, then the set of all points X such 
that X = A, or X = B, or AXB, is called the segment AB, having A 
and B as endpoints, and the set of points X such that AXB as interior. 
The symbol AB will mean the segment AB whenever it occurs without 
immediate qualification. In the presence of 03 and 04 (as will be seen 
later [T2]}) AB = BA, If B = A, then AB is called a null segment; 
otherwise, a proper segment. 

O5. It A, B, C, D, E are points such that ABD, AEC, C+ B’, E+ D, 
then either a point F' on DE is such that BFC or a point G on BC is 
such that DG E.* 

D3. Let AB be any segment. Let {S} and {7} be any two subsets 
of AB such that {S}+ 0, {7} +0, {S}-{7} = 0, {s}+{7} = AB, and 
such that S, 7,S, and 7,87; are false for every So, S,, S2, To, 71, Tse. 
If, for every two such sets, {S} and {7}, there exists a point H such 
that SHT for every S(+ H) and for every 7(+ HA), then the segment 
AB is said to be continuous. 

O06. If AB is any segment, then AB is continuous. 

D4. IfA and B are such that A+ B+ 4’, then the set of all points X 
such that X = A, or X = B, or AXB, or ABX, is called the ray AB, 
starting from A. The ray AB plus the point A’ is called the halfline AB A’. 

Cl. If AB is any segment and CD is any ray, then on ray CD 
there exists {not nece"than} one point EF such that AB = CEt 

C2. If A, B, C, D, E are points such that A+ C+ A’, D4+ E+D’, 
B lies on AC, B+C, AC = DE, and if there exists a point F on ray 
DE such that AB = DF, then at least one such point Fis on DE and 
distinct from £. 





* Of. G. H. Hallet, Jr., Linear order in three dimensional Euclidean and double elliptic 
spaces, Annals of Math. (2) vol. 21 (1921) p. 200. 

7 See R.L. Moore, Sets of metrical hypotheses for geometry, Trans. Amer. Math. Soc. 
vol. 9 (1908), pp. 487—512. Making due allowance for the different types of order in the 
two geometries, the following relations between his congruence axioms and ours may be 
observed: our C1 is analogous to his Theorem1, which is a consequence of his ©,; our 
C2 contains another implication of his C,; our C3 is necessitated by our different definition 
of segment and has no analogue in his set; our C4 is his C2; our C5 combines his Cs 
and C, (Cf. his note on (C,). 
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C3. If A+ B+A’, then AB = AA is false. 

C4. If AB = CD and CD = EF, then AB = EF. 

C5. If A, B, C, D, E, F, G, H are points such that ACD, D + A’, EGH, 
H+E, B+A', B+C’, Dt Bt+D, FFE, FFG, H+ FH’, 
AB = EF, AC = EG, AD = EH, CB = GF, then DB = HF. 

E1. There exist at least two distinct points. 

D5. If A and B are points such that A + B+ A’, then the set of all 
points X such that Y — A, or X = B, or X = A’, or X = B, or 
XAB, or AXB, or ABX, or AX’B, is called the line AB. In the pre- 
sence of 03 and 04 (as in D2), line AB = line BA. The points of a 
set {P} will be said to be collinear if there exists a line containing all 
of them. 

E2. Ié there exist three distinct, non-opposite points, then there exist 
at least three such points A, B, C, such that C does not lie on line AB. 

D6. If A, B, C are distinct and non-collinear, and if P and Q are 
distinct and non-opposite points of distinct segments AB, BC, CA, then 
the set of all points X such that X lies on some segment PQ is called 
the triangle ABC (or ACB etc.), having A, B, C as vertices, the interiors 
of the segments AB, BC, CA as sides, and the sum of the interiors of 
the segments PQ as interior. The set of all points X such that X lies 
on some line PQ, but not on the triangle ABC, is called the exterior of 
the triangle. 

D7. If ABC is any triangle, then the triangle ABC plus its exterior 
is called the plane ABC. The points of a set {P} will be said to be 
complanar if there exists a plane containing all of them. 

E3. If there exist three distinct, non-collinear points, then there exist 
at least one plane ABC and one point D such that D does not lie on 
the plane ABC. 

D8. If A, B,C, D are distinct and non-complanar, and if P and Q are 
distinct and non-opposite points of distinct triangles ABC, ABD, ACD, 
BCD, then the set of all points X such that X lies on some segment PQ 
is called the tetrahedron ABCD (or ABDC etc.), having A, B, C, D 
as vertices, the interiors of the segments AB, AC, AD, BC, BD, CD as 
edges, the interiors of the triangles ABC, ABD, ACD, BCD as faces, and 
the sum of the interiors of the segments PQ as interior. The set of all 
points X such that X is on some line PQ, but not on the tetrahedron 
ABCD, is called the exterior of the tetrahedron. 

D9. If ABCD is any tetrahedron, then the tetrahedron, ABCD plus 
its exterior is called the three-space ABCD. 

Si. If there exist points A and B such that A + B + A’, then at least 
two such points are such that every point lies on the line AB. 
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$2. If there exist three distinct, non-collinear points, then there exist 
three such points, A, B, C, such that every point lies on the plane ABC. 

$3. If there exist four distinct, non-complanar points, then there exist 
four such points, A, B, C, D, such that every point lies on the three- 
space ABCD. 

3. One dimension. T1. If A and B are points such that 4 + B+ A’, 
then there exists a point C such that ABC [K1]. 

T2. If B is an opposite of A, then A is an opposite of B [K2]. 

T3. If ABC, then C+ A and C+ B [Part of K3). 

T4. If ABC, ACD, D+ B’, then BCD [Weak form of K 12]. 

Proof. C+C"' [D1]. ABC, ACD, D + B’, C+ C’ imply that some point 
F on CC is such that DFB [05] since G on DB and such that CGC is 
impossible [7'3]. F on CC implies CFC or F = C|D2)]. CFC is impossible 
[T3]. Hence F = C, i.e. BCD. 

T5. If ABC, then €+ B and C4 A’ [Remainder of K3). 

Proof. (1) Suppose ABB. Then B + B [D1]; and ABB, ABB, B+B, 
imply BBB[T 4], which is impossible [T3]. (2) Suppose ABA’. Then 
A’ A'B[(04], and BA’A’ [03], which is impossible by case 1. 

T6. If ABC, then not ACB. 

Proof. B+ B (D1). ABC, ACB, B+ B’ imply BCB [T 4], which is 
impossible [T 3}. 

T7. If ABC and ACD, then BCD [K12 in full]. 

Proof. The theorem is immediate if it can be shown that D = B’ is 
impossible [T 4]. Now D = B’ implies ACB’ [hyp.], which implies B’CA 
[03], which implies B AC[T 2, 04], which implies CA B(03]. CAB implies 
not CBA[T6], which implies not ABC [03], contradicting the hypothesis. 

T8.. If ABC and ACD, then ABD[K-V]. 

Proof. ABC implies CBA [03], and ACD implies DCA [03], D'AC 
[04], CAD’ [03]. Then CBA, CAD’ imply BAD’ [T7], which implies 
ABD [03, T2, 04, 03). 

It is easily seen that Kline’s first two axioms are equivalent to 01, 02 
and El. His third and fourth axioms are identical with 03 and 04, 
respectively. His fifth axiom has been shown by T 8 to be a consequence 
of certain axioms of our set. Since his first sixteen theorems are 
consequences of his first five axioms, we shall assume without further 
proof such of these theorems as have not already been proved explicitly. 

The implications of ABC with respect to the points A, B,C, A’, B,C’ 
and the possible orders connecting these points are of frequent occurrence. 
For the sake of brevity we collect these statements in the next theorem 
and we shall use the theorem without explicit reference to it. The proof 
of the theorem will be omitted, since some parts of it have already been 
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demonstrated and the remainder are, in each case, almost immediate 
consequences of axioms and theorems already stated, or of simple com- 
binations of them. 

T9. ABC implies the distinctness of every two of the points A, 4’, 
B, B’, C, C’; ABC implies the truth of the orders ABC, CBA, A’ CB, 
BCA’, BAC’, C'AB, B’A'C, CA’ B’, AC'B’, BC'A, A'B'C’, C'B'A'; ABC 
implies the falsity of every other order connecting points selected from 
A, A’, B, B', C,C’. 

T10. If AB is any ray and C(+ 4) is any point on ray AB, then B 
is on ray AC. 

Proof. This is evidently an immediate consequence of D4. 

T11. If C is on ray AB, then C’ is not on ray AB. 

Proof. C on ray AB implies C = A, or C = B, or ACB, or ABC; 
C’ on ray AB implies C’ = A, or C’ = B, or AC’B, or ABC’ [D4]. 
Comparison with D4 and T9 shows that no one of the first four statements 
is compatible with any one of the second four. 

T12. If AB is any segment, then AB = AB.* 

Proof. (1) Suppose AB is a null segment, AA. Let K be any point 
such that A + K+ A’ [K6]. Then on ray AK there exists C such that 
AA = AC [Cla]. Suppose C+ A. Then ACK, or C= K, or AKC, any 
one of which implies C+ A’. Hence there exists ray AC, and on it a 
point D such that AC = AD/[Cla] and such that D + A[C3]. Hence 
AA = AD[C4] and C = D[Cib], ie. AC = AC. If we now identify 
the points A, B, C, D, E of C2 with the points A, A, C, A, C, respectively 
of this theorem, we see that the hypothesis of this axiom is satisfied in 
such a way that only the point C on ray AC is such that AA = AC, and 
therefore C + C, which is impossible. Hence C = A, i.e. AA = AA. 

(2) Suppose AB is a proper segment. Then there exists ((+ A) on 
ray AB such that AB = AC [Cla,C3]. As in case 1, it can be shown 
that AC = AC. Then C(+ 4) on ray AB implies ACB, or ABC, or 
C=.B. Either ACB or ABC implies C+ B. If ACB, then by identifying 
the points A, B, C, D, E of C2 with the points A, C, B, A,C of this 
theorem, it results (as in case 1) that C+C. The order ABC gives rise 
in a similar manner to the same contradiction. Hence C = B, i.e AB = AB. 

T13. If AB = CD, then CD = AB. 

Proof. Let K be a point such that A + K + A’ and such that B lies 
onray AK. (If AB is a proper segment, let K = B). Then there exists 
E on ray AK such that CD = AE [Cla]. AB = AE [C4] and AB = AB 
[T12}. Hence B = B [Clb], i.e. CD = AB. 


* Several of ‘the next few theorems, which deal with the properties of the congruence 
relation, are the counterparts of theorems of Moore, loc. cit. 
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T14. If AB = CD and AB = EF, then CD = EF. 

Proof. This follows at once from T13 and C4. 

T15. If AB is any proper segment and CC is any null segment, then 
AB + CC and CC $ AB. 

Proof. Suppose AB = CC. Let K be any point such that C+ K+ C’, 
and let D be any point on the interior of AB. Then there exists exactly 
one point E on ray CK such that AD = CE. Now E+C, since E= C 
implies AD = AB[T13, C4] and (since AD = AD)D = B, contrary 
to the assumption that D was interior to AB. Then CH = AD and 
CC = AB; hence B lies on the segment AD and is distinct from D [C2]. 
This implies either B — A, contrary to hypothesis, or ABD, which con- 
tradicts the assumption that D was on AB. Hence AB + CC. 

CC + AB is an immediate consequence of this and T13. 

T16. If AA and BB are null segments, then AA = BB. 

Proof. Let K be any point such that B + K + B’, and let C be the 
point on ray BK such that AA = BC. C+B is impossible [T15}. 
Hence AA = BB. 

D10. If AB and CD are segments, and if there exists L(+ D) on CD 
such that AB = CE, then AB is said to be less than CD (AB<CD), 
and CD is said to be greater than AB (CD< AB). 

T17. If AB and CD are any segments, then exactly one of the 
statements, AB< CD, AB =CD, AB>CD, is true. 

Proof. (1) Suppose that both AB and CD are null segments. Then 
AB = CD[T16)]. Neither AB<CD nor AB>CD is possible [D10]. © 
Hence only the statement 4B = CD is true. 

(2) Suppose AB is a null segment and CD is a proper segment. Then 
C is the only point # on ray CD such that AB = CE [T16,C1]. Since 
C is on CD and C+ D, AB<CD[D10]. AB = CD is impossible [T 15}. 
AB>CD is impossible [D10, T3, T15]. Hence only the statement 
AB<CD is true. 

(3) Suppose AB is a proper segment and CD is a null segment. By 
reasoning similar to that in case 2, only the statement AB> CD is true. 

(4) Suppose both AB and CD are proper segments. Let H(+(C) be 
the point on ray CD such that AB = CE. Then exactly one of the 
statements CED, FE = D, CDE is true [D4]. (a) If CED, then AB< CD. 
AB = CD is impossible, since it would imply D = £, which contradicts 
CED. If AB>CD, then there exists an interior point F of AB such 
that CD = AF [D10,T15]; AFB, AF = CD, AB = CE, D onray CE 
would imply CDE [C2], contrary to the assumption CED. Hence CED 
implies only AB<CD. (b) If E = B, then AB = CD. AB<CD and 
AB>CD are evidently impossible [C1]. (c) If CDE, then there exists 
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exactly one point F on ray AB such that CD = AF, and F is interior 
to AB. As in case (a), only the statement CD<AB,i.e. AB>CD, is 
true. 

T18. If APB and AQB, then APQ, or P = Q, or AQP [K25}. 

Proof. A+ P+B and A+Q+B. Exactly one of the statements, 
AP<AQ, AP = AQ, AP> AQ, is true [T17]. If AP< AQ, then there 
exists just one point R such that ARQ and AP = AR. ARQ and AQB 
imply ARB [T7], i.e. R on ray AB. Hence P = R [Cl], i.e. APQ. 

If AP = AQ, then P = Q. 

If AP>AQ, then AQ< AP and, by reasoning similar to above, AQP. 

T19. If ABC and ABD, then ACD, or C = D, or ADC [K 24]. 

Proof. ABC implies A’CD, ABD implies A’DB. Hence A’DC, or 
C = D, or A’CD [T18]. A’DC implies ACD, and A’CD implies ADC. 

T20. If ABC and ABD, then BCD, or C = D, or BDC [K23}. 

Proof. This follows easily from T19 and T7. 

T21. If ABC and BCD, then ABD, or D = A’, or ABD [K22]. 

Proof. Since ABC implies BCA’, this theorem is a ready consequence 
of T19. 

T22. If ABC and BCD, then D is on line AB [K17]. 

Proof. BCD implies CDB’, ABC implies CBA, CBD’ and CBA 
imply BAD’, or BD’A, or D’ = A[T29]. Hence ABD, or BDA’, or 
D =A’; i.e. D lies on line AB [D5]. 

The proofs of K18 and K19 are based on Kline’s first five axioms and 
on his Theorem 17; they do not involve his Axiom VII explicitly. Since 
we have now demonstrated K 17 [T 22], we shall assume the truth of K18 
and K 19. 

Kline’s axiom X (a form of the Dedekind cut postulate) is a consequence 
of D3 and 06, since every segment in his sense is a segment in our sense. 

We have now assumed or proved each of Kline’s specifically one 
dimensional axioms and theorems which are stated in terms of point and 
order. However, since the existence of congruence relations in his geometry 
depends upon three dimensional concepts, we shall not now attempt to 
show separately that every theorem in one dimension in terms of point 
and order which is a consequence of his set of axioms is a consequence 
of this set. That will follow immediately when this set has been established 
as categorical. 

T23. If ABC, DEF, AB = DE, AC= DF, then BC = EF. 

Proof. ABC implies C + A’, B+C, B+ A’, B+C’. Similarly DEF 
implies F+ D+ EKand F+ E+F’. BB= EE [T 14). If now the points 
A, B, C, D, E, F,G, H of C5 are identified with the points A, B, B, C. 
D, E, E, F of this theorem, the conditions of the hypothesis of C5 are 





as 





















































542 D. A. FLANDERS. 


fulfilled and we have CB = FE. Since CB = BC and FE = EF [D2], 
BC = EF. aS 

The theorem just proved constitutes a specialization of C5 which is more 
readily applicable to one dimensional theorems. 

T24. If ABC, DEF, AB = DE, BC = EF, then AC = DF. 

Proof. The point Gon ray DF such that AC = DG [C1] is such that 
DEG [C2]. Also, BC = EG [T 23) and EF = LG [T14]. DEF and DEG 
imply G on ray EF [T20]. Hence F=G, i.e. AC = DF. 

T25. If AB =CD, then A’B =C'D. 

Proof. Tf A’'B<C'D, there exists E such that A’B = DE and DEC’, 
i.e. such that CDE. Then there exists F' such that CH = AF and ABF. 
Then BF = DE[T24] and BF = BA’, i. e. F = A’, which con- 
tradicts ABF. Similarly, A’B>C’D is impossible. 

It is now possible to develop a theory of addition and subtraction of 
segments, either preserving the restrictions imposed by our type of order, 
or by extending order and congruence by definition. It is also possible 
to prove the various theorems of the type, “If AB<CD and CD< EF, 
then AB< EF”, and “If AB< CD and CD = EF, then AB< EF” ete. 

D11. If AB is any segment and C is a point of AB such that AC = BC, 
then C is called a midpoint of AB. If ABA’ is a half-line and C is a 
point of ABA’ such that AC = A’C, then C is said to be a midpoint of 
ABA’, and AC and A’C are called quadrants. 

T26. If AB (or ABA’) is any segment (or half-line), then there exists 
exactly one midpoint of AB (or of ABA’). 

Proof. Tf AB is a null segment, the point A is evidently a midpoint, 
and the only midpoint, of AB. In the case of a proper segment AB or 
a half-line ABA’, the proof of the existence of a midpoint involves a 
familiar type of argument based on O06, and differs only in detail from 
R. L. Moore’s proof of his Theorem 1, section 5*. The uniqueness of 
the midpoint is evidently assured by C2. 

T27. If AB=CD, and if Z and F are the midpoints of AB and CD 
respectively, then AH =CF. 

T28. All quadrants are congruent. 

The truth of these theorems follows from C 2. 

The space under consideration has now been developed to a point where 
it seems unnecessary to carry detailed investigation further. With the 
help of the continuity axiom [O 6], it is possible to assign to each point P 
of our space a distinct real number a (0 < «< 27) in such a way that (1) 
to each real number a (0 < a < 27) there corresponds exactly one point P; 


*R. L. Moore, loc. cit., p. 499. 

















DOUBLE ELLIPTIC GEOMETRY. 543 


(2) points P,, P,, Ps are in the order P, P; P; if, and only if, there exist 
numbers A;, £3, 8; (A: = 0,1) such that either (a) a, +28,01<a,+28,n 
<as3+285m and ao, +28,n—(a,+28,2)<_ or (b) a, +28, 0>a, 
+28, >a,+2 3m and a, +28, 1—(a; +28; 2) <7; (3) P, Ps = Ps P, if, 
and only if, one of the quantities, «, — ag, @,— @,, 2m + (a, — ag), 20+ (@_—a), 
is equal to one of the quantities a, — a,, a,— a3, 21+ (a@;— a4), 2a + (a,—as). 
This procedure is equivalent to establishing one dimensional double elliptic 
geometry, as defined in the first section. This constitutes a demonstration of 
the consistency and categoricity of the set of axioms composed of 0,C,E1,81. 

The independence of the set will be established in the usual manner 
by exhibiting, for each axiom Xn, a geometry GXn in which axiom Xn 
is false and the remaining axioms are true. Detailed proof of the validity 
of the examples is omitted. 

GO1. The set of all points in space is the set of all points on a Eu- 
clidean straight line; order and congruence have their usual significance.* 

GO2. There exist only the points Q and R; every order is false; every 
segment is congruent to every segment. 

GO3. There exist exactly three points, Q, R, S; only the orders QQS, 
QSS, RSQ, RSS, SSS are true; every null segment is congruent to every 
null segment, every proper segment is congruent to every proper segment, 
but no other congruence relations are true. 

GO4. There exist exactly three points, Q, R, 8S; only the orders QRS 
and SRQ are true; congruence is defined as in GO 3. 

GO5. There exist exactly four points, P, P’, Q, Q’; only the orders 
PPQ, QPP, P’P'Q, QP'P’, PPY, UPP, PPO, UP’ P’, PQP, 
P'QP, PUP’, PQ P are true; congruence is defined as in GO 3. 

GO6. The set of all points is the set of all points on the unit circle 
each of which can be obtained from the point (1,0) by a rotation about 
the center of the circle through an angle which is a rational multiple or 
sub-multiple of 2 7. 

In the examples for C 1-C5 the set of all points is the set of all points 
lying on a circle; order has its usual significance for points lying on an 
are subtending a central angle less than z. 

GCla. AB=CD if, and only if, the following conditions are satisfied 
simultaneously: (1) the segments are congruent in the ordinary sense; 
(2) a particular point O is not an endpoint of either segment. 

GCib. Every null segment is congruent to every null segment, every 
proper segment is congruent to every proper segment, but no other 
congruence relations are true. 





* Many of these examples will be found to be identical with, or slight modifications 
of, examples to be found in the papers of R. L. Moore and Kline already referred to. 
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GC2. AB=CD if, and only if, CD is congruent in the ordinary 
sense to a particular segment PQ. 

GC3. Every segment is congruent to every null segment. 

GC4,. AB=CD if, and only if, the central angle subtended by CD 
is equal to $a plus one-third of the central angle subtended by AB. 

GC5. In order to define congruence three points, Y;, Y;, Ys, are 
selected at intervals of 120° along the circle. Let /(AB) be the length 
of the shorter arc AB, measured in terms of 120° of arc as a unit. Let 
m(AB), called the measure of AB, be defined as follows: (1) If AB lies 
wholly on one of the shorter ares Y, Ys, Y:Y3, Y3;¥i, then m is given 
as a function of 7 by the relations 

oo fio. m=5l and > <tS1, m= = (31-1) 

and 7 is given as a function of m by the relations 


0Sm<i, 1=2m and a Sms, l= @m+1); 


(2) if AB lies so that any of the points Y; separate it into distinct 
subsegments so that each of these subsegments lies wholly on one of the 
shorter arcs Y; Y;, then the measure of AB is taken as the sum of the 
measures of the subsegments. 

Then AB =CD if, and only if, m(AB) = m(CD). 

GE1. There exists only one point; every order is false; there is no 
congruence. 

GS1. Double elliptic geometry of two dimensions. 

4. Two dimensions. T29. Two distinct lines can have at most a 
point and its opposite in common [K 20]. 

Proof. As in the case of K 18 and K19 (v. section 3), this theorem 
is a consequence of Kline’s Axioms I-V and his Theorem 17, so that his 
proof may be accepted. 

T30. If AB is any line and C is any point not on line AB, then 
there exist an unique line AB and an unique line BC, and lines AC and 
BC are distinct from each other and from line AB. 

Proof. The existence and uniqueness of lines AC and BC are assured 
by A+ C4A’' and B4+C+B’' [D5]. The distinctness of lines AC, BC 
and AB is assured by the fact that C is not on line AB[K 19). 

T31. If Dis not on line AB, and if C and EZ are such that ABC 
and BED, and if there exists F' such that DFA, then there exists G 
such that CEG and DGA[K-VII. 

Proof. There exist distinct lines A B, AD, BD[T30]. ABCimplies BAC’. 
D not on line AB implies D + A’ [D 5, T 29]. BED implies £ on line BD 
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and B + E + D’ and these, together, imply C + E + C’ [T 29, T 30]. BAC’, 
BED, D+ A’, E+ C imply the existence of G on C’ E such that AG D [C 5}. 

G on C’E implies G = C’, or G = E, or C'GE. But G = C’ implies 
G on line AB, while AGD implies G on line AD, i. e., since lines AB 
and AD are distinct, G@ — A, or G = A’; either of which contradicts AG D. 
Similarly, G = EZ implies G = D or G = D’, either of which contra- 
dicts AGD. Hence C’GE and AGD, i.e. CEG and DGA. 

We have shown in the preceeding section that Kline’s first five axioms are 
consequences of certain of our one dimensional axioms (not including § 1); 
his Axiom VI has just been proved [T 31]; his Axiom VII appears in our set 
under different wording as E2. Hence we shall accept his Theorems 1-36, 
which are based on his Axioms I-VII, as consequences of our set. 

D12. Let AB be a line and C a point not on the line. Then C plus 
the set of all interior points of segments having C as one endpoint and 
a point of line AB as the other endpoint, constitute the half-plane C—AB. 
It is evident from D7, K 34, K 35 and K 36, that any line of a plane 
separates the plane into exactly two half-planes, and that the half-plane 
C—AB is identical with the half-plane D—AB, where D is any point of 
C—AB. Also, by applying K30 and D5 to the triangles into which a point D 
of C—AB divides C—AB, we may conclude that a point and its opposite 
do not lie in the same half-plane. 

T32. If ABC and EFG are triangles such that AB = EF, AC = EG, 
CB =GF, and if D and A are points of rays AC and DG, respectively, 
and such that AD = EH, then BD = FH. 

Proof. By hypothesis, D = A, or D = C, or ADC, or ACD. If D=A 
or D=C, then H = E or H = G, respectively [C1], and the theorem 
is trivial. If ACD, then EGH [C2], and the theorem is a special case 
of C5. If ADC, then EGH; AC = EG implies A’C = E’G and AB = EF 
implies A’B = E'F [T 25]. Also, A’CD and E’GH. The theorem again 
reduces to C5. 

D13. If ABC is any triangle, then the rays AB and AC are said to 
form the angle BAC(2 BAC), whose vertex is A, and whose sides are 
the rays AB and AC without the vertex. Those points of the plane ABC 
which are common to the half-planes B—AC and C—AB form the interior 
of 2 BAC, and those points of the plane ABC which are neither on the 
angle BAC nor in its interior, except A’, form its exterior. The following 
is evidently an equivalent definition of the exterior and interior of the 
angle: if P and Q are non-opposite points of distinct sides of the angle, 
then the set of all points interior to some PQ form the interior of the 
angle, and the set of all points on some line PQ, but not on the segment PQ, 
form the exterior of the angle. 
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D14. 2 BAC is said to be congruent to 2 EDF (2 BAC = Z EDF) 
if there exist points K, L, M, N such that K and L lie on sides AB 
and AC, respectively, of < BAC, M and WN lie on sides DE and DF, 
respectively, of 2 EDF, AK = DM, AL= DN, and KL = MN. 

T 33. If ABC and DEF are triangles such that ~ BAC= 4 EDF, 
AB = DE, AC = DF, then BC = EF, ZABC = 2DEF and 
ZACB=zZDFE. 

Proof. Let K, L, M, N be points (v. D 14) by virtue of which 
Z2BAC=AEDF. By 1732, KC = MF, and, applying the theorem 
again, BC= EF. Then 2 ABC= 2 DEFand 2 ACB= 2 DFE [D 14]. 

T 34. If BAC is any angle and D-EF is any half-plane, then in 
D—EF there exists one and only one ray HG, starting from F and such 
that 2 BAC= 2GEF. 

Proof. Let P be the midpoint of ABA’ and Q be the midpoint of ACA’. 
Let R be the midpoint of EDE’ and S be the midpoint of FFE’. R and 
S are distinct and non-opposite{[D 12]. On ray SR let T be the point 
such that QP=ST._ In triangles ESR and L’SR, ES = E'S and 
ER= E'R [T 25], and SR = SR. Also, T lies on ray SR and ST = ST. 
Hence ET = E'T [T 32]. In triangles EST and AQP, ES = AQ and 
ET = AP [T 25], and ST=QP. Hence z BAC= zTEF. 

Suppose there exists H, not on ray ET, in D—EF and such that 
2 BAC = 2 HEF. Ray EH, except for £, lies in D—EF, and line EA lies in 
plane DEF. Line FH intersects line RS, which also lies in plane ABC [K 35], 
in two opposite points, J and J’. One of these points, say J, lies in D—EF. 
Then EJ = E’'J (as above for ET = E'T). Hence, in triangles AQP 
and HESJ, AQ= ES, AP= EJ, 2 PAQ=z JES, and therefore PQ = JS. 
But since J lies in D-EF and on line SR, it lies on ray SR, i.e. J = T. 
Hence there is one and only one ray satisfying the conditions of the theorem. 

In the chapter on pure spherics in his “Rational geometry”,* Halsted 
developes two dimensional double elliptic geometry rather fully. His set 
of axioms is consistent and, except for the lack of an explicitly stated 
closure axiom, categorical. In order to demonstrate the consistency and 
categoricity of our set of axioms, O, C, E1, E2, S82, we shall show that 
his undefined notions may be defined in terms of ours in such a way that 
each of his axioms is a logical consequence of our set. 

He assumes as undefined the notions of point, straightest and sphere. 
These we define as identical with our point, line and plane, respectively. 
The implicit assumption is made that all points and straightests lie on 
a single sphere; the truth of this assumption in our geometry is assured by 


* G. B. Halsted, Rational geometry, Chapter 15. 
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K 35 and S82. The opposite of a point A is defined as a point A’ (+ A) 
which with A does not determine a straightest; in our geometry the 
opposite of a point is a point, and the only point, having this property. 
All the axioms of his first group, the “assumptions of association on the 
sphere”, now follow at once: I 1’ is equivalent to 01; 12’ is a part of D5; 
the first part of 13’ (which is superfluous in his set) follows from K19; the 
second part of 13’ is implicit in D5; 14’ is equivalent to E1, 02, E2. 

The undefined relation of betweenness is next introduced. We may 
define this relation as follows: a point B is said to lie between points A 
and C if, and only if, ABC or CBA. He defines a sect as a pair of 
distinct non-opposite points, the points lying between these points being 
said t the points of the sect. A sect is, then, our proper segment. 
Under definition a ray is equivalent to our ray minus the starting point. 
Of his second set of axioms, the “assumptions of betweenness on the 
sphere”, IT 1’, II 2’, 114’, I16’ and II8’ are special cases of T9; IL 5’ 
is T1; I13’ is a consequence of T1 and 03; II7’ is T8; 9’ is a 
consequence of K 28 and K 36; and II 10’ is a consequence of D 4 and D 5. 

Halsted then introduces the undefined relation of congruence between 
sects. We define sect AB congruent to sect CD if, and only if, segment AB 
is congruent to segment CD. The points which lie on one side of a line 
in his terminology form what we call a half-plane. His definition of an 
angle and of the exterior and interior of an angle are fully equivalent 
to ours. He also assumes the relation of congruence between angles; this 
we may define as in D13. We can now show at once that the axioms 
of his last set, the ‘‘assumptions of congruence on the sphere’’, are also 
consequences of our set. The first part of III 1’ is a re-wording of C1 
as applied to proper segments; AB = AB is T10, while AB = BA is 
superfluous. III 2’ is T22. III 3’ contains the implicit assumption that 
if points A, B, C, D, E, F are such that ABC, D + E+ D’, F on ray ED’, 
AB = DE, BC = EF, then F is such that DEF. The proof of T 21 
demonstrates the truth of this assumption, and the axiom then becomes 
a restatement of T21. The first part of III 4’ is equivalent to T 34, 
the location of the inner points of the angle being assured by D 13 and C 2; 
under our definition of congruence of angles, the latter part of III 4’ 
follows from the corresponding propositions for segments. [II 5’ is an 
immediate consequence of T22. III 6’ is equivalent to T 36. This completes 
the list of Halsted’s assumptions. 

As in the one dimensional case independence will be demonstrated by 
examples. Since in nearly every case these examples are merely slight 
modifications of those used in the preceeding section, only the modifications 
will be cited wherever possible. 
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GO 1 is a Euclidean plane. 

GO 2-G0O5 are unchanged. 

GO6 is obtained from the corresponding one dimensional example by 
substituting “sphere” for “ circle” and “point (1,0,0)” for “point (1, 0)”. 

GC 1-GC 5 are obtained from the corresponding one dimensional examples 
by substituting “sphere” for “circle” and “are of a great circle” for “are”, 

GE1 remains unchanged. 

GE2. One dimensional double elliptic geometry. 

GS 2. Three dimensional double elliptic geometry. 

5. Three dimensions. We may take the geometry resulting from 
Kline’s full set of axioms as a representation of this geometry. We have 
already shown that Kline’s Axioms I-VII and X are consequences of our 
Axioms 0, C, El and E2. His Axioms VIII and IX are identical in 
content with E3 and S3, respectively. Hence we may assert that the 
set of Axioms O, C, E and S 3 are sufficient to determine three dimensional 
double elliptic geometry, i. e. this set is consistent and categorical. 

The independence examples of the preceeding section for 0, C, E1, E2 
may evidently be modified to serve for three dimensions in a manner 
exactly analogous to that in which the examples in section 3 for O, C, E1 
were modified to suit two dimensions. We may take GE3 and GS3 as 
two and four dimensional double elliptic geometry, respectively. 

It seems clear that the number of dimensions may be extended indefinitely by 
the removal of S 3 and the addition of suitable existence and closure axioms. 

In the preparation of this paper the writer has encountered certain 
problems which he has not yet solved. These relate to the further 
subdivision of certain of the axioms here presented. For example, each 
of the axioms, 05 and C5, might be subdivided into two parts, one 
applying to one dimension and the other to two dimensions. The writer 
has constructed a consistent and categorical set based on this modification 
of the present set, but he has not been able to settle the independence 
of the two dimensional form of 05. Axiom 06 might also be subdivided 
by assuming continuity for a single segment only and adding some form 
of Archimedean axiom. This can be done for the one dimensional set 
without sacrificing independence, but the writer has not found a two 
dimensional geometry of the double elliptic type in which the Archimedean 
axiom holds but the continuity axiom does not. 

In conclusion the writer wishes to thank most sincerely Professor 
J. R. Kline, whose advice and encouragement have been invaluable in the 
preparation of this paper. 
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THE REPLACEMENT THEOREM AND RELATED 
QUESTIONS IN THE PROJECTIVE GEOMETRY OF PATHS.+ 


By Tracy Yerkes THomMas. 


1. Introduction. This paper on the projective theory of affinely con- 
nected manifolds Mt or geometry of paths, as it is also called, is one of 
a series of papers of which I shall give the following brief account. In 
1925 in a note, On the projective and equi-projective geometries of paths in 
the Proceedings of the National Academy of Sciences, vol. 11, pp. 199-203, 
I introduced the projective connection Neg and stated the fundamental 
problem of the projective geometry as the invariant theory of its equations 
of transformation. Simultaneously with this paper there appeared in the 
same issue of the Proceedings, pp. 204-207, a paper by O. Veblen and 
J. M. Thomas, entitled: Projective normal codrdinates for the geometry of 
paths, in which these authors used the projective connection Tp to set 
up a type of normal coérdinates for the projective geometry by means of 
which they defined a set of non-tensor invariants Q which are further 
considered in the following paper. Although not directly related to the 
projective theory of the manifold I reference should also be made to an- 
other paper of mine: The identities of affinely connected manifolds in the 
Mathematische Zeitschrift, vol. 25 (1926), pp. 714-722, where the idea of 
the complete set of identities of an invariant of the manifold, which is used 
in the present paper, is introduced. In this paper the complete sets of 
identities are determined with more or less detail of calculation for the 
affine theory of the general affinely connected manifold and for the Riemann 
geometry. Finally in an article under the title: A projective theory of 
affinely connected manifolds in the Mathematische Zeitschrift, vol. 25 (1926), 
pp. 723-733, I showed how a complete set of projective tensor invariants 
*A could be obtained by replacing the original n-dimensional manifold M 
by an (n-+1)-dimensional manifold *M having affine connection *Tep deter- 


mined in a simple manner by the affine connection J, F of the manifold WM. 
In the paper last mentioned the replacement theoremt is given subject 
to an apparent restriction, namely that the invariants considered be ex- 


t Received April 20, 1927. 

ft This theorem appears to correspond to what is called the “ Reduktionssatz” by German 
writers. However I have never come across a proof of the “Reduktionssatz” which has 
seemed satisfactory to me (see, for example, R. Weitzenbick, Invariantentheorie, (1923), 
§ 19, p. 349-§ 22, p. 359 where other references are also given) and have accordingly 
devised a theorem in which the idea of a “replacement” enters as explained in § 4 of 
this paper. 





549 < 






















































550 T. Y. THOMAS. 


pressible as conditions of integrability of the equations of transformation 
of the components of affine connection *Top when the functions "Top are 
assumed to be arbitrary, whereas in reality */;, is of the particular form "Cos 
given by (15). In the present paper, however, the replacement theorem is 
proved for the projective geometry of paths in a direct manner which does 
not require that the invariant be expressible in its above general form, 
and in addition the question of the order of the components of the tensors *A 
which arise by the process of replacement, is considered. The complete 
sets of identities of certain of the *A invariants are calculated in a way 
which can obviously be applied to any *A invariant. These results which 
require calculation for the case of *A invariants can be obtained immediately 
for the non-tensor invariants Q owing to analogy with the normal tensors A 
of the affine theory of the manifold Y. Lastly the number of functionally 
independent Q and *A invariants of any order p is determined. 

2. The non-tensor invarianis of O. Veblen and J. M. Thomas. 
When we subject the codrdinates (x',.--., a”) of the manifold M to an 
arbitrary analytic transformation 


(1) G: #=fitly',--.¥) 


the components of projective connection i, g(x) go over into the com- 


ponents of projective connection Pt gy) with reference to the codrdinates 
(y',---, y") in accordance with the equations: 





2 P= ie Si 


02° 


ay | 0° a6 « ba" da” 


— ow, — du, 
where 


ys — —1 2 log|ax/ay| 
eee 5 AE ie dy : 





The projective connection ni, g or Pt g is characterized among the possible 
affine connections of the manifold Mt by the fact that its contracted form 
vanishes identically. Thus 

(3) Pi, = 0. 

Hence in general we have 

i i J 

Pop aes eae a 3 1 re ae 


where Cup denotes the components of any one of the affine connections 
relative to the codrdinates (y’,---, y”). 


The variables (y’, ---. y”) may now be chosen so as to satisfy the identities 
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(4) P. Se yy = 0 
and a set of initial conditions of the form 
(5) y=0, 6, m=0 tore =¥ 


dy" 
This is easily demonstrated by eliminating P*, g from (4) by the substi- 
tution (2) and then showing that the coefficients of a transformation (1) 
are uniquely determined by these equations and the conditions (5). The 
variables (y’, ---, y”) which are thus determined are called projective normal 
codrdinates by O. Veblen and J. M. Thomas.+ These codrdinates which 
are analogous to affine normal codrdinates are completely characterized 
by the equations (4) together with the initial conditions (5). Geometrically 
the significance of the codrdinates (y',---, y") is that the paths through 
the origin have the simple parametric form 


yi = 7't, 9 = const. 


and it is from this fact that the name of normal codrdinates is derived. 
The non-tensor invariants to which I have already referred in the in- 
troduction are the invariants Q defined as coefficients of the power series 


i i Pin , Bot 
(6) Pap _ Qa py ¥ + <7 Gapye y Y +s Qpyrey yy +> 
in which the constant term is lacking since 
(7) Pi.p(0) = 0. 


It is true that the first set of coefficients Qi gy actually constitutes 

a tensor under transformations G, as may easily be shown, but this is not 

in general true of the remaining coefficients Q and I have consequently 

taken the liberty to speak of them collectively as non-tensor invariants. 
We see immediately that the symmetry identities 


(8) Cis. rice Conye:..03 Qupya..-6 — Qapur..-t 


where (uv ---¢) denotes any permutation of (yd---o), hold among the 
invariants Q. If we multiply both members of (6) by y* and + we find 
as a consequence of (4) that 





+ They have also obtained the result that when the (2) codrdinates undergo a trans- 
formation @, the projective normal codrdinates associated with the (x) codérdinate system 
and a point (q) undergo a linear fractional transformation. Further interesting results 
are given by these authors in the Ann. Math., vol. 27 (1926), pp. 279-296. 
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(9) Quay + Cryet Gag = 
(10) Qeepye + Qeypa + Qhapy + Qoyad + Qaey 1 Qyaap = 


and in general that 
(11) S(Qapya...0) = 0 


where S( ) denotes the sum of all terms obtainable by permutation 
of subscripts from the one in parenthesis which are not identical on 
account of (8). The above identities (8) and (11) are exactly similar to 
the identities satisfied by the affine normal tensors A. However in addition 
to these identities the invariants Q satisfy the identities 


(12) Qeya...c = 0 


which are obtained as a consequence of (3) and which have no counter- 
part in the affine theory of the manifold M. 

The identities (8), (11), and (12) constitute a complete set of identities 
of the invariant Qapyd...6 To prove this we select sets of numbers 


Quay ; Qeaya ; Qeepyde ; 


chosen so as to satisfy the identities (8), (11), and (12) but otherwise 
arbitrary. These numbers Q as coefficients of a power series (6) define 
a set of functions Pup which satisfy the identities (3) and which is there- 
fore the projective connection P* «p Of an affinely connected manifold M. 
It may be shown that the sets of numbers Q constitute sets of invariants Q 
formed from the projective connection Pi , hamely at the point (0, ---, 0), 
and from this it follows that the identities (8), (11), and (12) are all that 
are in general satisfied by the invariant Qapye-.-0° The details of this proof 
will be omitted as the analogous treatment for the affine normal tensors A 
is given rather fully in my paper on complete sets of identities mentioned 
in the introduction. Here I need only emphasize that the significance of 
our result is that the identities (8), (11), and (12) constitute all possible 
functional conditions on the invariant Qapye...6* This will have application 
in a following paragraph. 

3. Relation between the Q and *A invariants. The codrdinates 
(x°, at, +--+, 2") of the (n-+1)-dimensional manifold *2 with affine con- 
nection *%, are subject to transformationst 





7 Unless otherwise stated all indices on “starred” quantities can take on the full set 
of numbers (0, 1,+--,m). Indices on starred quantities are denoted by Latin or Greek 
letters and an index which occurs twice in a term is to be summed over all admissible 
values of this index. 
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(13) *G: af = fily',---,y"); a = y+ log(zy) 

where 

(14) at = fily',---,y") 

is an arbitrary transformation G and (zy) denotes the Jacobian determinant 
ay!’  ? by 
dae bam 
ay’ atte ay” 








Let us denote the components of affine connection by *Ons and the projective 
normal tensors by *V in the (y’, y’, ---, y”) codrdinate system. As we shall 
need the equations of definition of *Cop and the formulas of certain of the 
tensors *V we note that 








. - = *Che = Pup (indices = 1,---, »), 
i i de Rete 
(15) I *Qoe = *Co = wero «| (indices = 0, 1,---, m), 
* <A = *Cba = (21) Bese (indices = 1,---, n) 





where Buay represents the equi-projective curvature tensor based on the 
projective connection Ps defined in § 2. We have 


a8 








Also 
a*C, ; 
1) Vy = Se — sch — yy "Che Ch 
where 
oe ware 1 eae a*Cay ae 
pe eee Be ay® 3 
(18) y y y 


2 (be *Coy + *C Cop ol cat Ce “Ce. 


In order to obtain the relationship between the Q and *A invariants we 
must specify that (14) is a transformation from the codrdinates (z', ---, 2”) 
to a set of projective normal codrdinates (y’, ---, y”) defined in § 2. Then 
with respect to the transformation *G we have 
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of. x Dac 
on for y = 0 


and hence 
(19) *A(q) = *V(0). 


It should be observed, however, that the “null” variable x° does not occur 
in the functions *A as this variable is lacking in the affine connection *I%,, 
so that *A(q) depends only on the arguments (q',---, q”).t+ Also 


8” Pup (0) 
oy” os ay" 


where Qeepyd-.-6 is an invariant of the pth order in the derivatives of the 
projective connection Nez (see end of this paragraph). 

By evaluating both members of (17) at the origin of the system of 
codrdinates (y°, y', ---, 3") we obtain an expression for *A in terms of the 
functions Q. We find that 


(20) Qepye-.6(Q) = 





(indices = 1,---, ) 


*Cop (0) = *Cy, (0) = ~ os *Ci (0) =0 (otherwise); 
nail we oe i 2 dn er se ; 
C00 (0) = *Coan (0) = *Cipa 0) = — Grae  *Capy(0) = 0 (otherwise); 
and also that 
9*Cua (0) St Q = (indi ani ) 
ay? = Qepyi (q) Indices = 1,---, m). 
Hence the above evaluation gives 
* Any = Quay (indices = 1,---, »), 
(21) *Aapy = Qepyi (indices = 1,---, n), 
a an = 0 (otherwise). 


Conversely the first set of equations (21) gives the tensor Quay in salle 
of *A invariants, i. e., 


(22) Cay = "hy (indices = 1, ---, n). 


If we attempt to write down the complete relationship between the Q 
and *A invariants of the second and higher orders in the derivatives of 





7 This includes the statement that the variable y° does not occur in *Cap with the 
consequence that *V depends only on variables (y', ---, 9). 
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the projective connection | ba we are led to equations of much greater 
complication. It will be sufficient for our purpose, however, to show the 
general nature of the relationship between Q and *A invariants. Suppose, 
then, that *A represents a projective normal tensor of order p(> 2). Trans- 
forming *A to the system of (y°, y’,---, y") codrdinates and evaluating at 
the origin of this system we are enabled to see immediately that *A is 
equal to an expression in Q’s involving Q’s with (p+ 2) subscripts and 
these at most, i. e., an expression in Q’s of the pth order (see end of this 
paragraph). To express this result by an equation we may write 


(23) Any pth order component *A = f (components Q of order (< p)) 


where f denotes a function of its arguments Q which actually includes Q’s 
of the p(= 1)th order. 

The converse result, namely that any p (= 1)th order Q invariant is equal 
to an expression in *A invariants involving p (> 1)th order components *A 
and in general, also *A’s of order r(< p), may be shown as follows. We 
consider the general formula 





+ yi sai e” *Cup xvi 
apy.--6 Se ar ees ‘apy. 
°C, 
+| py 28 Eun ee Turks *** 


which is obtained by repeated differentiation of equation (9.12) of my thesist 
when regard is taken of the fact, which involves a change in notation 
only, that we are concerned with the (m + 1)-dimensional manifold *2 with 
coordinates (y°, y', ---, y") and affine connection *C,, instead of the original 
n-dimensional manifold I% with codrdinates (a’, ---, 2”) and affine con- 
nection I, ap: It is to be noted in (24) that the bracket represents a homo- 
geneous integral rational function of its arguments; that the set of indices 
(aBy---o@) are taken as (p+2) in number; that the derivatives of *C),, 
in the bracket, all of which involve 7 as an upper index, extend only to 
the (» —1)st order; that the functions . 4 .+- and tensors *V<,,, --- 
involve at most (p+ 1) subscripts; and finally that indices (e#v/---) are 
used to represent indices of the set (ia fy ---o) as well as indices which 


are summed over the entire range of values (0,1, ---, »). Let us now 
assume that the set of indices (¢a@Ay --- 0) in the equations (24) is restricted 
to values (1,---, ), and regard the general formula 





+ 0. Veblen and T. Y. Thomas, Trans. Amer. Math. Soc., vol. 25 (1923), pp. 551-608. 
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pi oe 1p 8 *Copy...¢ __ «eo *OT 
apy---e6 ~~ “WV 9 yf? a ae 
(25) y 





+ — "Cage “C); N=p+2 


where P( ) denotes the sum of all the terms which can be obtained from 
the one in the parenthesis by cyclic permutation of the indices (a By --- @¢).7 


From the formula (25) we can see that the highest derivatives of Pap in 
*Copy...c are those arising from pth derivatives of *Cys (i, «, 8 + 0) = Pa 


and (p—1)st derivatives of ee which may involve first derivatives of Pup 
at most. We shall express this result concisely by saying that the set of 
functions * «py-.- indices = 1,---,m) is of order p in the derivatives of 
Prp or simply of order p. This same terminology will be employed through- 


out the following. Now consider the functions "Cokin with (p+ 1) indices 
in the set (uvd--- 4 =0,1,---,m) which by the above statement can 
occur in the right member of (24). As the highest derivatives of Pug in 
. ‘wh. --» (Subscripts = 0,1,---m) come from (py—1)st derivatives of ~ 
it follows that 5) (subscripts = 0, 1, ---, m) is of order r(< p) in the 
derivatives of Pip: Hence the entire set of functions "ee “Cows tee in 
the bracket in the right member of (24) can involve derivatives of Pup 
of order r(< p) at most. Finally the derivatives of Co in the bracket 
in (24) involve derivatives of Pup of an order r(< p). 


Let us next consider the order of the various normal tensors *V. 
Beginning with the tensor *V;,,, we see from (17) that the components 


“Vass (indices = 1,---,m) are of the first order in the derivatives of 
P, g and that "Voor (subscripts = 1,---,m) is of the second order in 


the derivatives of P* g The remaining components *yi gy have already 
been found to vanish (third set of equations (21)). Using the facts which 
we have established for the functions *C and the tensor "Vib: we can 


see from the equations (24) that *Vapye (indices = 1,---,) is of the 





+ Attention is directed here to a mistake in my joint paper with Professor 0. Veblen 
(loc. cit., p. 561) where we have hastily written 


1 OT... 
7?| Oa" 





— (Fh —~ 1) Tap ci rs] 


as the equivalent of the right member of (25). The same mistake also occurs in the Math. 
Zeit., vol. 25 (1926), p. 715 and ibid. p. 727. 
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second order and that *Woese (subscripts — 1,---,m) is of the third 
order in the derivatives of Pt s- Moreover it is seen that the order of 
the functions *Vapye is not increased in case one or more of the sub- 
scripts (aBy90) have the value zero. Considering the tensors *Vi pydes 
*Vapsydee ete., as we have done *V,4,,g, we easily arrive at the general 
result that *Vog,...¢ (¢ +0) with (p+2) subscripts (@fy---o) and 
ag 2 EE with (p+1) subsripts (@#fy---e) are of the r(<p)th order in 


the derivatives of the projective connection P,, s 

We must now evaluate both members of (24) at the origin of the 
(y°, y’,-++, y") codrdinate system. Then the functions *V(0) become *A(q) 
by (19) and 


aP *C (0) , 
———— == Q)3,..¢(q@) (indices = 1, ---, n) 
ay! ++. By” Q By: 6 q ( 

by (20). Furthermore the derivatives of the set 8 *Cny(0)/ dy, --- in 


(24) give Q invariants which involve less than (p+ 2) subscripts. It can 
be seen, perhaps best by considering the way in which successive functions 
*o% By? «ct syd ete., are formed, that the pth derivatives of ag fh g(i,@, 8 + 0) 
= Pip in go age (indices = 1,---, ) occur in such a way that the 
invariants See which arise from them by evaluation at the point 
(0, 0, ---, 0), vanish by (11) while the (py —1)st derivatives of *Cu,(u,v + 0), 
which are derivatives with respect to free indices of the set (@fy---e¢), 
occur as coefficients of Kronecker’s 0. (i,¢ +0) and lead to invariants 
Q involving (p+ 2) subscripts, which are of the type Q;, gy---ei and which 
are seen to vanish by the contracted form of the identity (11) and the 
identity (12) owing to the symmetry in the subscripts of the functions 
“ py--eo Hence ny. 08 gy.--o(0) is equal to an expression in Q invariants 
with less than (p+2) subscripts. There remain the set of functions 
*Cnya(0),+++ in (24) and of these we consider the one involving highest 
derivatives of P, g namely a ayo With the (p+1) subscripts having 
values (1,-+-”). The derivatives of Pt g Of highest order in oa OM Bye 
arise from (p—1)st derivatives of *C° g(@8 +0) and, by a consideration 
similar to that just made, give a set of Q invariants involving (p+ 2) 
subscripts which vanish by the contracted form of (11) and (12). Hence 
the functions *C? py---¢(0) and consequently the sets of functions *Cyyi, --- 
give invariants Q having less than (p+ 2) subscripts. Thus we have ex- 
pressed the invariant Q with (p+ 2) subscripts in terms of components *A of 
order r(<p) and Q’s involving less than (p + 2) subscripts. Hence if we assume 
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that any Q invariant having (7+ 2) subscripts (r > 1) can be expressed 
in terms of components *A of order m (<r), for r < p, then this result 
is also true for r = p+1. The result is then always true since we have 
proved it in particular for r = 1 in the first part of the present paragraph. 
The expression, say y, giving the component Q with (p+ 2) subscripts 
in terms of components *A of order r (<p) must actually involve components 
*A of order p, since at the origin of the (y°, y', ---, y") codrdinate system 
gy must reduce to the derivative 
a” Pap 
by” ee oy” 

This shows, too, that the invariant Q with (p+ 2) subscripts is an in- 
variant of the pth order in the derivatives of the projective connection 
1 ha g- Corresponding to (23) we may therefore write 


(26) Any pth order component Q = » (components *A of order r (< p)) 


where g represents a function of the components *A which actually in- 
cludes p(>1)th order *A components. 
It is evident that the functions f and » are homogeneous integral rational 


Functions of their arguments. The equations (23) and (26) will be used in 


§ 6 in connection with the determination of the actual number of functionally 
independent Q and *A components of the p(=1)th order. 

4, The replacement theorem for Q and *A invariants. Let *P 
denote any projective invariant of order p(>1). Transforming *P to the 
(y, y',---, y”) codrdinate system and evaluating at the origin of this system, 
we express *P as a function of Q invariants by the substitutions (8) and (20). 
Eliminating the Q invariants in their turn by (26) from the expressions 
for *P we arrive at the following replacement theorem forQ and *A invariants. 

Any p(=1)th order projective invariant *P may be expressed in terms 
of r(<p)th order components *A by replacing the projective connection Ti. 
in *P by zero and the derivatives of ie in *P by the corresponding component Q 
(replacement theorem for Q invariants) and then using the substitution (26) 
to eliminate the components Q (replacement theorem for *A invariants). 

There are no differential invariants (either projective or affine) of the 
Oth order, for if such an invariant, which would depend on the affine con- 
nection alone, were to be transformed to the origin of a system of affine 
normal codrdinates (y)t it would be seen to reduce to a set of absolute 
constants.t 

Tt 0. Veblen, Proc. Nat. Acad. Sci., vol. 8 (1922), pp. 192-197. 


¢ Concerning tensors whose components are absolute constants, see T. Y. Thomas, Ann. 
Math., vol. 27 (1926), pp. 548-550. 
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5. Complete sets of identities of *A invariants. When we combine 
the relation (22) with the identities (8), (11), and (12) for the invariant Q 
we obtain the following three sets of identities 


3 | *Aeay = * A bey (indices = 1, ---, »), 
(27) *Anpyt *Apyat *Ayas = 0 (indices = 1, ---, n), 
*A'py == — (indices => : erty n) 


for the components * Au py (indices = 1,---,m). Conversely if the inde- 
pendent identities (27) are satisfied it follows from the relation (22) that 
the identities (8), (11), and (12) for the invariant Q,,, i. e., the complete 


set of identities of the invariant Quays are also satisfied. Hence we may 
say that the identities (27) constitute a complete set of identities of the 
components *Aj,, (indices = 1, ---, n). 

Let us now put i = 6 in the identities (10). Then when regard is taken 
of the identities (12), we have 


Qeayit Spyait Qapi = 0 
which by the second set of identities (21), gives the identities 
(28) *Anpy + *Agya t+ *Ayag = 0 (indices = 1,---, n). 
By the process used to obtain the relations (21) we find that 


i i oy Si 
(29) Qepys = *Aapys + $7 * Aopy az 4 *Avsa (indices = 1,---, m). 


If, now, we substitute the value of Quepye given by (29) into the identities (10), 
we find in consequence of (28) that 


(30) * Anaya + * Anype + * Anapy + * A aved + * A paay + * Av aap = @ 
(indices — 1, ---, »). 
Again substituting (29) into (12) and using (28), we have 


| ) * Ag, mae 
(31) * Aaya = esi (indices = 1, ---, m). 
Finally in addition to the identities (28), (30), and (31) which are satisfied by 
the components * Aaya (indices = 1, ---, m) and * Av ay (indices = 1, ---, ) 


there are, of course, the symmetry identities, namely 


bopaneneeeramn tye 


abe 


ee S 
NY 


ponte ore 


ew oe 


abdieinihdiidladiets Bitadesobiic tition cee et comin 
v ‘ 


SS RRNA 


Pa 
Sa 


. x ee 
LOT TO pA A RN TS 
= a re cong 


PN eT IN BI 88 
eee ee 


Dias one oy cay oem pe ee ae a 
wie» WA Cn ew 


be ie 


ee 

















560 T. Y. THOMAS. 


(32) ‘ mi "Hess * Avaya — * Aaya * Anaya pip * Au pay 
(indices = 1, ---, »). 


As a consequence of the identities (28), (30), (31), (32) and the relations 
(29) it follows immediately that the complete set of identities of the in- 
variant Qupye is satisfied. This shows that the sets of identities (28), (30), 
(31), (32) which are evidently algebraically independent, constitute a 
complete set of identities of the components * Av pyd (indices = 1, ---, n) 
and *Anpy (indices = 1, ---, »). 

On the basis of the above results the complete set of identities of the 
projective normal tensor *Aapy is easily established without additional 
calculation. The identities 


*Anay ==: —) (a, 8, or y = 0; i= 0, 1, tees n), 
«At = *4). (a,8,y = 1,--,n;i=0,1,-- n) 
By Bay 9) ie Boas g #9 °°%s ME)y 
(33) i 


*Ai py = (i, 8, y = 1,-+-, n), 
*Auay + * Moa + ‘Ls = (a, By a= |, --., 254 = 0,1, ++, n) 


constitute a complete set of identities of the projective normal tensor *A 
(indices = 0, 1, ---, n). It is to be noted that the first set of identities 
(33) is equivalent to the third set of identities (21) from which it is ob- 
tained. 

No attempt will be made to write down the actual forms of the identities 
satisfied by the projective normal tensors *A in general, which are obtained 
by elimination of the Q’s from the identities (8), (11), and (12) and the 
relations (26). In fact I see no necessity to make this elimination. What 
appears to me to be more important is the determination of the actual 
number of Q and *A components of any order p(=1) which are functionally 
independent in virtue of their identities, and this is done in the next and 
last paragraph of the present paper. 

6. Numbers of independent Q and *A invariants. We can easily 
see from the equations (23) and (26) that the number of functionally in- 
dependent components Q ranging from the first to the p(=1)th order in- 
clusive is the same as the number of functionally independent components 
*A comprised in this same range of order (1 to p inclusive). It follows 
that the number of independent *A components of order p(=1) is equal 
to the number of independent Q components of the pth order. We may 
therefore avail ourselves of the simple form of the identities (8), (11), and 
(12) satisfied by the invariant Qi,s,...., which is a Q invariant of the 
p(=1)th order provided that there are p indices in the set (y, ---, o) as 
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is assumed, in the calculation of the number of independent *A components 
of the p(=1)th order. 

Let K(n, p) denote the number of combinations with repetitions of n 
things taken p at a time: 


n(n + 1)(n + 2) --- (n+ p—1) 


K(n,p) = 1-2-3---p 





Then the number of independent quantities  Paae when the symmetry 
conditions (8) alone are taken into account, is 


n K(n, 2) K(n, p). 


' However the effect of the equations (11) and (12) is to decrease the 
number of independent components Qapy...0 by an amount equal to the 
number of these equations themselves. The number of equations (11) is 


n K(n, p + 2) 
and the number of equations (12) is 
K(n, p +1). 


Hence the number of functionally independent p(>1)th order Q components 
in the n-dimensional manifold Mt is given by 


N(n, p) = n K(n, 2) K(n, p)—n K(n, p+ 2) —K(n, p + 1). 


As we have already seen N(n,p) also gives the number of functionally 
independent *A components of order p(=1). 


PRINCETON UNIVERSITY. 
September, 1926. 
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ON TYPES OF KNOTTED CURVES.* 


By J. W. ALEXANDER AND G. B. Briaas. 


1. The problem of determining the various possible types of closed, 
knotted curves in 3-space was originally studied by Gauss, and has since 
received the attention of a number of other mathematicians.t Very little 
progress seems to have been made, however, toward finding definite, cal- 
culable invariants with which to distinguish one type of knot from another, 
though classified tables of the more elementary knots have been arrived 
at by somewhat empirical methods.t 

A number of years ago,§ one of the authors of the present paper pointed 
out. that if the space of a knotted curve be covered by an n-sheeted 
“Riemann 3-spread”’ (the three dimensional analogue of a Riemann surface) 
with a branch curve of order nm —1 covering the knot itself, then, the 
topological invariants of the covering spread will also be invariants of the 
knot. He further calculated the Betti numbers and coefficients of torsion|| 
of the covering spreads determined by some of the simpler knots and found 
these invariants sufficient, in the cases actually examined, to distinguish 
one type of knot from another. The torsion numbers to which we have 
just referred have recently been rediscovered by K. Reidemeister{] who 
derives them from a study of the group of the space complementary to 
the knot and then identifies them with the invariants of the Riemann 
covering spreads. 

In this paper, we propose, first of all, to obtain the torsion numbers 
of a knot by direct, elementary considerations, without appealing to the 
idea of a Riemann covering spread. Next, we shall prove, with the aid 
of these invariants alone, that all types of knots of eight or less crossings 
listed as distinct in the knot tables of Tait and Kirkman actually are 





* Received April 28, 1927. 

+ For a list of references on the subject of knots, the reader is referred to the article on 
Analysis Situs, by Debn and Heegaard, Encyclop. der Math. Wiss., IfT A B 3, pp. 207-213. 

+ References to the knot tables of Tait, Kirkman, and Little will be found in the Dehn- 
Heegaard article, loc. cit., p. 207. 

§In a paper read before the National Academy, Nov., 1920, cf. Veblen’s Cambridge 
Colloquium Lectures on Analysis Situs (1922), last page. 

|| For the definition of these numbers cf., for example, Veblen’s Colloquium Lectures, 
pp. 109, et. seq. 

q| K. Reidemeister, Knoten und Gruppen. Abh. aus d. Math. Semin. der Hamburgischen 
Universitat, 1926, pp. 7-23. See also Elementare Begriindung der Knotentheorie, pp. 24-32. 
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distinct. We shall also prove that. among the eighty-two listed types of 
knots of nine or less crossings three cases arise where knots of presumably 
distinct types have the same torsion numbers, but that, in all other cases, 
the torsion numbers are sufficient to distinguish one type of knot from 
another. Finally, we shall describe, briefly, the method of obtaining the 
torsion numbers of a knot from its associated Riemann covering spreads, 
after the manner in which the invariants were originally discovered. 

2. To simplify the exposition as much as possible, we shall approach 
the knot problem from the elementary, combinatorial point of view. Thus, 
for our purposes, a knot will be nothing more than a simple, closed, sensed* 
polygon in the space of three real variables zx, y,z. The knot will be 
composed of a finite number of straight segments, or edges, together with 
their end points, or vertices. 

A knot will be subject to certain simple transformations. On any edge 
AB we may construct a triangle A BC, so drawn that neither the vertex C, 
the edge AC, the edge CB, nor the plane triangular region bounded by A BC 
has a point in common with the knot. We may then transform the knot 
by removing the edge AB and substituting in its place the edges AC and CB, 
along with the vertex C. We may also perform the reverse operation which 
consists in replacing a pair of consecutive edges AC and CB, together 
with their common vertex C, by a single edge AB, provided neither the 
edge AB nor the plane triangular region bounded by ABC has a point 
in common with the knot. Each of the transformations here described 
will be called an elementary deformation. 

The operation of subdividing an edge AB into two edges AC and CB 
along which a vertex C may be regarded as a degenerate case of an 
elementary deformation; so also may the inverse operation: the amalgam- 
ation of two consecutive collinear edges and their common vertex into 
a single edge. By an extension of terminology, these degenerate operations 
will also be described as elementary deformations. Evidently, a degenerate 
elementary deformation is the resultant of three suitably chosen non- 
degenerate ones. 

Two knots will be said to be of the same type if, and only if, the 
one is transformable into the other by a finite succession of elementary 
deformations. A knot will be said to be wnknotted if, and only if, it is 
of the same type as a sensed triangle. Any two sensed triangles are, of 
course, of the same type, 

Let K be any knot. Then the knot K— obtained by reserving the 
sense of the polygon K will be called the inverse of the knot K. More- 


*It is, perhaps, more customary not to impose the condition that the polygon be sensed. 
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oyer, the knot K’ obtained by reflecting the knot K about the xy-plane 
will be called the reflection of the knot K. In general, no two of the 
three knots K, K—1, and K’ need be of the same type. 

3. If we project a knot orthogonally upon the xy-plane, we shall, in 
general, obtain, a singular polygon 4 with at most a finite number of 
crossing points, where each crossing point corresponds to two distinct 
points on different edges of the knot. In certain exceptional cases, the 
polygon Z will have singularities of a more complicated sort, but we shall 
agree to leave such cases aside, once and for all. It will evidently be 
legitimate to do this, because a knot with an exceptional projection may 
always be transformed into a neighboring one with a projection of the 
ordinary sort by making a slight shift in the position of one or more 
vertices. Moreover, the transformed knot will be of the same type as the 
original one, since the shifting of a vertex may always be accomplished 
by means of two properly chosen elementary deformations. 

The projection of a knot upon the zy-plane will serve as a schematical 
picture, or diagram, of the knot itself, provided we indicate by some suitable 
notation which of the two segments at each crossing point is to represent 
the “upper” branch of the knot and which the “lower”. The device 
ordinarily used is to indicate the upper branch by a solid line and the lower 
one by a line from which a small segment has been removed in the neighbor- 
hood of the crossing point (cf. Fig. 1a). A better notation for our present 
purposes will be the following. We imagine an observer standing on the 
xy-plane and describing the polygon of the diagram once in the positive 
sense (as determined by the positive sense on the knot), thereby passing 
twice through each crossing point. Then, as the observer passes through 
a crossing point on the segment representing an upper branch of the knot, 
we mark with dots the two corners on his right; as he passes through 
a crossing point on the segment representing a lower branch, we make 
no notation of any sort. The resulting system of dots will enable us, at 
a glance, to distinguish between the segments corresponding to upper and 
to lower branches of the knot respectively; (cf. Fig. 1b which represents 
the same knot as Fig. 1a, but in the new notation). 

If a figure like a diagram be formed without reference to any particular 
knot in space, by merely drawing a sensed polygon JZ in the xy-plane, 
deciding on the segments to represent the upper and lower branches at 
each crossing point, and dotting the corners accordingly, there will always 
be a family of knots in space having the figure in question as their common 
diagram, provided any point of the polygon 7 except a crossing point is 
allowed to represent a knot vertex. If only the vertices of the polygon 
i are allowed to represent knot vertices, it may happen, in certain cases, 
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that there exists no knot with sufficient flexibility to weave over and 
under itself in the manner precribed by the diagram. To make matters 
Gefinite, we shall agree that only the vertices of a diagram are to correspond 
to the vertices of a knot, but we shall not prohibit diagrams with three 
or more collinear vertices. Thus, every figure of the type described above 
may be made into a true diagram, if it is not one already, by intoducing 
a certain number of new vertices at suitable points on the edges of the 
polygon 7, thereby subdividing the edges in question into sub-edges. 
Since the knots corresponding to any giving diagram are all of the same 
type, as may readily be proved, the problem of classifying knots reduces 
to that of classifying diagrams. We shall say that two diagrams are of the 
same type if they correspond to knots of the same type; that a diagram D, 
is transformable into a diagram D, by an elementary deformation if some 
knot K, with the diagram D, is transformable into some knot K, with the 
diagram D, by an elementary deformation. A necessary and sufficient condition 
that two diagrams D, and D, be of the same type is, thus, that one be trans- 
formable into the other by a finite succession of elementary deformations. 
If a knot K is the inverse of a knot ZL, the diagram of K will be called 
the inverse of the diagram of LZ. Similarly, if a knot XK is the reflection 
of a knot L, the diagram of K will be called the reflectien of the diagram of L. 
4, An elementary deformation d transforms a diagram D into a diagram D’ 
which may be very different in appearance from D. We shall prove, 
however, that it is always possible to perform the deformation ¢ in a 
stepwise manner, in such a way, that, at each step, the change undergone 
by the diagram on which we operate is comparatively slight. Since the 
diagram D is transformable into the diagram D’ by an elementary deformation, 
the polygons of the two diagrams must be relate to one another in the 
following simple manner: A certain edge AB of one polygon corresponds 
to a vertex C and a pair of edges AC and CB of the other, but the 
remaining parts of the two polygons are identical. To fix matters, we shall 
so assign our notation that D is the diagram with the edge AB and D’ 
the diagram with the edges AC and CB. The triangle ABC will be called 
the characteristic triangle both of the deformation d and of the inverse 
deformation d-! transforming the diagram D’ into the diagram D. In 
certain trivial cases which will not require further analysis, the vertex C 
will lie on the edge AB and the characteristic triangle will be degenerate. 
We shall measure the degree of simplicity of an elementary deformation 6 
by the degree of simplicity of the figure formed by that part of the 
diagram D which is enclosed by the characteristic triangle ABC of 4. 
Now,. suppose we divide up the triangle ABC into a pair of triangles A, 
and A, by joining one of the vertices A, B, or C to a point K of the 
40 
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edge opposite the vertex chosen. Suppose, moreover, that we select the 
point K in general position, so that K is not at a crossing point of either 
of the diagrams D or D’, and so that the new edge connecting the point K 
to the opposite vertex of the triangle ABC passes through no vertex or 
crossing point of the diagram D. Then, it is obvious that the deformation d 
with the characteristic triangle ABC may be thought of as the resultant 
of two smaller deformations 6, and dé, with the characteristic triangles A, 
and A, respectively. Moreover, each of these last may, in turn, be thought 
of as the resultant of two still smaller deformations obtained by a similar 
process of factorization, and so on, as often as we please. In other 
words, the deformation d may always be regarded as the resultant of a 
finite succession of deformations with characteristic triangles of arbitrarily 
small linear dimensions. It is, therefore, possible to carry the factorization 
of the deformation 6 to such a point that each factor d* of d has the 
following degree of simplicity: If any portion of the diagram D* on which 
the deformation 6* operates is interior to the characteristic triangle A* 
of the deformation, that portion is connected and includes not more than 
one point from among the vertices and crossing points of the diagram D*; 
(here, we make use of the fact that since the triangles 4* corresponding 
to the different factors d* of 8 are non-overlapping any portion of a 
diagram D* interior to a triangle A* must also be a portion of the original 
diagram D). When the above state of affairs is realized, we see, by in- 
spection, that each of the factors d6* must be an elementary deformation of one 
of four simple categories determined resectively by the following conditions: 

(i) No part of the diagram D* is interior to the triangle A*. 

(ii) The part of D* interior to A* consists of one sub-edge of D*. 

(iii) The part of D* interior to A* consists of one vertex and two 
sub-edges meeting at the vertex. 

(iv) The part of D* interior to A* consists of one crossing point and 
two sub-edges passing through the crossing point. 

The analysis may be carried somewhat further in the last three cases. 
We recall that either the deformation d* or its inverse—for our present 
purposes it makes no difference which—carries an edge A* B* of the 
characteristic triangle A* into the figure consisting of the vertex C* op- 
posite A*B* and the other two edges A*C* and B*C*. Then, under 
cases (ii), and (iv), there are several essentially distinct sub-cases to be 
distinguished according to the location of the points in which the polygon 
of the diagram D* crosses the triangle A*. Let us first examine case (ii), 
where the portion of the polygon D* interior to the triangle A* consists 
of a single sub-edge xj x. There are then three sub-cases to be considered, 
to which all others may be reduced by a mere change of notation: 
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(iia) One end of the edge x) is at the vertex A, the other on the 
side BC. (Fig. 2 II.) 

(iib) One end of the edge 2) 2% is on the side AB, the other on the 
side BC. 

(iic) One end of the edge 2j 20 is on the side AC, the other on the 
side BC. (Fig. 2 ITa.) 

However, sub-case (iib) may be eliminated from the discussion since it 
reduces by factorization to sub-case (iic). To prove this, we join the 
vertex C of the triangle A* to a point D of the edge AB in such a manner 
that the new edge CD crosses the segment 2) 2). Then, we regard the 
deformation 6* with the triangle ABC as the resultant of two elementary 
deformations with the triangles DBC and ACD respectively. Each of 
the latter is of the sub-category (iic). 

Under case (iii), where the portion of the polygon of D* interior to 
the triangle A* consists of two sub-edges 2 z and z 2 meeting in a common 
vertex z, we may dispose of all sub-cases, except the one where the point xo 
lies on the side AC and the point 2) on the side BC (Fig. 2 IIIb). 
Any other deformation of the third category reduces, by an obvious process 
of factorization, to one of the types just described together with a certain 
number of deformations of the first and second categories. 

Under case (iv), when the portion of the polygon D* interior to the 
triangle A* consists of two sub-edges 2; 2j and 22 2x crossing in a point 2» 
we may dispose of all sub-cases except the one where the points 2, 
and 2, both lie on the side AB while the points x; and 2} lie on the 
sides AC and BC respectively (Fig. 2IV). Any other deformation of 
the fourth category may be factored into one of the types just described 
together with a certain number of deformations of the first and second 
categories. 

To sum up, the most general type preserving transformation of one 
diagram into another may be factored into a finite succession of elementary 
deformations each of which is one of the four types pictured schematically 
in Fig. 2. Of course, the dotting of the corners in Fig. 2 merely corresponds 
to one possible type of dotting that may actually arise. The letters R in 
the figure refer to a matter that we have not yet taken up, hence, they 
have no significance at the present stage of the discussion. Deformations I]a 
and IIIb, in Fig. 2, are going to play essentially the same role throughout 
the discussion; this is why we have classified them together. 

5. At this point, we shall make a slight digression to remind the reader 
of certain arithmetical theorems about linear systems. A set of m linearly 
independent marks 
(5.1) Xi, (¢ = 1, 2,---, m), 
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is the base of a linear system X consisting of all linear combinations of 
the marks 2; with integer coefficients, where the ordering of the terms 
in a linear combination is immaterial. Moreover, a set of k arbitrary marks 


t4s 


(5.2) Ys = €3i Li; (s = 1,2,---,k), 


a 


belonging to the linear system X is the base of a linear sub-system Y 
of X. If a mark zx of the system X is also a mark of the system Y, 
we shall indicate the fact by writing the homology 


ll 
~ 


2~0 (mod Y). 


Furthermore, we shall say that two marks x and 2’ of the system X are 
homologous, and write 
a~a’ (mod Y), 


if their difference «—z’ is a mark of the system Y. From the way in 
which homologies are defined it follows that any linear combination with 
integer coefficients of a given set of homologies is itself an homology; 
also, that the most general homology that can be written is a linear com- 
bination with integer coefficients of the fundamental homologies 


(5.3) ys~0 (@ = 1,2, ---, &, 


determined by-the base (5.2) of the system Y. In operating with homo- 
logies, it must be borne in mind that if the coefficients of an homology 
possess a common factor it is not, in general, permissible to simplify the 
homology by cancelling out the common factor, for if a multiple of a 
mark x of the system X belongs to the system Y it does not necessarily 
follow that the mark z itself belongs to Y. 

Now, let the marks of the system X be arranged in sets 2; such that 
two marks belong to the same set if, and only if, they are homologous. 
Then, if we define the negative of a set 4% containing a mark zs as the 
set containing the mark —<2, and the sum of the sets 4 and 2; containing 
the marks as and 2 respectively as the set containing the mark 2;+ 2, 
we may regard the sets 2 as the elements of a linear domain Z, in which 
the ordinary linear operations with integer coefficients may be performed. 
We shall designate an element z; of the domain Z by means of any one 
of the marks zs in the set 2. 

Now, by a well known theorem, if the bases (5.1) and (5.2) of the linear 
systems Y and X are properly chosen, the fundamental homologies (5.3) 
will assume the form of monomials in the z’s, 
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(5.4) @5x.~0, (s = i, 2, +++, k < k), 





where the coefficients @,, a, ---, are positive integers with the property 
that each one after the first is exactly divisible by its immediate prede- 
decessor. The coefficients a, are, in fact, the elementary divisors of the 
matrix of coefficients ¢, in (5.2), which divisors remain invariant when 
the bases of the systems X and Y undergo a transformation. Moreover, 
when the fundamental homologies are in the normal form (5.4) the linear 
domain Z is also in a normal form. For it is easy to see that the 
elements of Z are now representable, respectively, by the symbols 


k’ m 

(5.5) > Ast + p2 As Xs, 
s=1 s=k'+1 
where each coefficient a, of the first sum is a non-negative integer less 
than the corresponding elementary divisor a, in (5.4), and where each 
coefficient as; of the second sum is wholly arbitrary integer. Thus, 
the internal structure of the domain Z is completely characterized by 
the number of terms in the second sum of (5.5) together with the 
values of all the elementary divisors a, that are greater than unity. If a 
divisor «@, is equal to unity, the corresponding term asx; of the first 
sum of (5.5) must have the coefficient zero; therefore, the presence or 
absence of this term has no effect upon the internal structure of the 
domain Z. It will be convenient to characterize the domain Z by a 
sequence of integers consisting of as many zeros as there are terms in 
the second sum in (5.5) followed by as many of the elementary divisors 
@, as are different from unity. The terms of this sequence will be called 
the characteristic invariants of the system X with reference to its sub- 
-system Y. Among the characteristic invariants, repetitions are, of course, 
to be expected, since there may be more than one term in the second 
sum in (5.5), and since two or more of the elementary divisors &s, 
(a, > 1), may be equal to one another. 

6. We are now ready to derive the torsion invariants of a knot. These 
invariants occur in sets, such that there is one set corresponding to each 
choice of an integer » greater than unity. We shall determine the set 
corresponding to a definite, though arbitrary choice of the integer n. 

Let » be the number of crossing points of the knot diagram. Then, by 
Euler’s theorem on polyhedra, the number of connected regions into which 
the polygon 77 of the diagram subdivides the zy-plane must be v+2. We 
shall denote the » crossing points of the diagram by the symbols 





Las (eo = A, DB, +, #), 
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respectively, the »-+2 connected regions of the plane of the diagram by 


the symbols 
Re, (¢o = 1,2,---, +2), 


respectively. A crossing point z_ and a region R, will be said to be 
incident to one another if, and only if, the point ze is on the boundary of 
the region Re. If the point ze and region Re, are incident, they will 
be said to be incident with, or without a dot according as the corner of 
the region R, contiguous to the crossing point x« is or is not one of the 
dotted corners of the diagram. In certain exceptional cases, it may happen 
that a point z¢ and a region R, are doubly incident in the sense that two 
different corners of the region Ro are contiguous to the point x. When- 
ever this occurs, the two corners of Re at xz must, of course, be opposite 
corners, so that one of them is dotted, the other one not. 
To each crossing point of the diagram we shall now assign n marks, 
thereby obtaining, in all, a set of nv marks 
Mtg Seah 
05 Cw ie. e 
These marks will be regarded as the base marks of a linear system x 
similar to the one described in the last section. For reasons of symmetry, 
we shall make use of a recursion formula 


Loa == Lalat+n); 


and do away with the requirement that the second index a of the mark za 
lie between 0 and x-+1. The next step will be to assign to each region Ra 
of the diagram a set of m homologies of the form 


(6.1) Yos = Litt Lt yun, (s = 1,2,---, mn), 
Y 


where the marks x, in the first sum of the sth homology correspond to 
the crossing points xg that are incident without dot to the region R, and 
the marks 2,(.,,) in the second sum correspond to the crossing points x, that 
are incident with dot to Rg. The marks yes will be the base marks of 
a certain sub-system Y of X. By definition, the torsion numbers of the 
knot corresponding to the given determination of the integer m will be the 
characteristic invariants of the system X with reference to its sub-system Y. 
In § 9, we shall prove that the torsion numbers, as here defined, have 
a genuine topological significance. 

7. We shall now illustrate by an example the actual process of com- 
puting the torsion numbers of a knot. Consider the knot pictured in Fig. 1b. 
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Its diagram D has four crossing points ze determining 4n marks xea, and 
six regions R, determining 6m homologies. However, by a genera] theorem 
which we shall prove at the very end of the next section, the homologies 
determined by the outer region R, and by the region R, adjacent to the 
outer region are all expressible in terms of the homologies determined by 
the remaining four regions. Thus, the fundamental homologies reduce to 










T2a™ — Fia; (by R,), 

Lea ™~ — Lea — Lica+1); (by BR), 
(7.1) ~ Lia — Li(a+); 

L4a ~ — Xia — T2(a+1); (by Rs), 





~—tMatn (a+1)5 





and 
(7.2) L4(at1) + Lea + Laa41)~ 0, (by Ry). 













Moreover, by means of (7.1) we may eliminate the marks waa, 2ga, and 2X4 
in (7.2) and thereby reduce the fundamental homologies to a set of n only, 










(7.3) M(a+27—3A(ainttwa~O, (a 1,2,---, m), 





in the » marks 214. 
For n = 2, %1(a+2) and 2q are equal, hence the homologies (7.3) become 










(7,4) 2242 — 321, ~0, — Bay. + 2a, ~0. 









Therefore, since the matrix of the coefficients in (7.4) is of rank 2 and 
has the elementary divisors 1 and 5, there is a single torsion number 
equal to 5. 

For n = 3, the homologies (7.3) become 








Lig —3%2+ %,~0, 
Lis+ M:—3x%y,~0, 
—Bais+ Met 110. 






This time, the rank of the matrix is 3, and the elementary divisors are 
1, 4,4. Therefore, the tersion numbers are 4, 4. 

A table of knots with their invariants for nm = 2 and n = 3 will be 
given in § 11 at the end of the paper. 

8. We shall now derive a few general theorems about knot diagrams. 
In the notation of § 6, let zea be the marks determined by the crossing 
points ze of a diagram D and let 
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(8.1) Spt 2 tein ~~ 


be the fundamental homologies determined by the regions R, of D. Then, 
if we make the change of marks 


ce Be esos 


, 
aerh CS 


which has the effect of reversing the normal cyclical order of the second 
subscripts s, the homologies (8.1) go over into the homologies 


D> Xy+ 2 rhein, (¢{ = n—=s). 
Y 


But these last are precisely the homologies corresponding to the inverse 
diagram D-' of D, for to every dotted corner of the diagram D there 
corresponds an undotted corner of the inverse diagram D~ and to every 
undotted corner of D, a dotted corner of D~'. We, therefore, have the 
following theorem. 

A knot and its inverse have the same torsion numbers. 

We notice, next, that to each region R, of the diagram D there corres- 
ponds a number, called the index oi the region, which measures the number 
of times, algebraically speaking, that the sensed polygon J of the diagram 
winds around the region A, in a counter clockwise manner. The index 
of a region is, thus, a certain integer, which may be positive, negative, 
or zero. Obviously, if two regions meet along an edge, their indices differ 
by unity. Moreover, if four regions meet at a crossing point zx and if 
the one of lowest index is of index k—1, two of the others must be of 
index k and the remaining one of index k+1 (ef. Fig.3). At a crossing 
point such as xe the corner of the region of index k—1 is always dotted 
and the corner of the region of index k+1 undotted. One, but not both 
of the corners belonging to the regions of index k is dotted. We shall 
say that the crossing point xq is of index k (where k is thus the average 
of the indices of the regions incident to 2). 

Now, if at each crossing point of index k(k=— 1, 2,---), we remove the 
dot from the corner of one region of index k and place it in the corner 
of the other region of index k, the effect will be to interchange upper and 
lower branches at all the crossing points, and, therefore, to transform the 
diagram D into the reflection of D, (§ 2). On the other hand, if at each 
crossing point of index k (k= 1,2,---), we remove the dot from the corner 
of the region of index k—1 and place it in the corner of the region of 
index k+1, the effect will be not only to interchange upper and lower 
branches but, also, to reverse the positive sense of description of the 
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polygon 2. Therefore, the diagram D will be transformed into the inverse 
of the reflection of D. Incidentally, also, the indices of all regions and 
crossing points will be changed in sign owing to the change of direction 
on the polygon m. In view of the above remarks, it will now be easy to 
prove the following theorem: 

A knot and its reflection have the same torsion numbers. 

For let k be the index of a region Re of D. Then, the corners of the 
region R, may be divided into four classes: (i) Undotted corners ze at 
crossing points of index k+1; (ii) undotted corners xg at crossing points 
of index k; (iii) dotted corners x, at crossing points of index k; (iv) dotted 
corners xg at crossing points of index k—1. The m homologies determined 
by the region Re, are, therefore, of the form 


(8.2) mes +2 “Bs +2) ty e+ +2 xae+n ~ 0. 
Y 


But, suppose we make the change of marks 
ta = Lee like) » 


where ke denotes the index of the crossing point z~. Then the homologies 
(8.2) go over into the homologies 


(8.3) > ews +2 t+ Ztyent Qe ~0, (t= s+h, 
a y 


which are precisely the ones we should obtain if we were to remove the 
dots from the corners of the region R, at crossing points of index k+ 1 
and dot the corners at crossing points of index k—1. That is to say, 
the homologies (8.3) are precisely the ones determined by the region Rg in 
the inverse of the reflection of the diagram D. Hence, in view of the 
previous theorem, the homologies determined by a diagram are equivalent 
to the homologies determined by the reflection of the diagram, which 
completes the argument, 

The next theorem is intended, primarily, to shorten the labor involved 
in computing the torsion numbers of a knot: 

The homologies determined by any two regions with consecutive indices k 
and k+1 are consequences of the homologies determined by the remaining v 
regions of the diagram. 

The proof of the theorem reduces, essentially, to the determination of 
certain identical relations between the homologies 


(8.4) Yos ™ O 
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corresponding to the different regions R, of the diagram. A first set of 
identities will be the following: 


(8.5) H, = 2 fs Yos ~ 0, 


where each coefficient «¢ is equal to +1 or —1 according as the index 
of the corresponding region Ro is even or odd. To verify the identical 
character of these relations we observe that at each crossing point xq there 
are two dotted and two undotted corners, and that one corner of each 
sort belongs to a region of odd index the other to a region of even index, 
Because of this fact, the expressions H, will be sums of groups of terms 
of the form 
Las — Las + Le(s+1)— Laws ~ 0, 


and will, therefore, vanish identically. 

A second set of identical relations between the homologies (8.4) will 
next be determined. Corresponding to each region R, of non-negative 
index k, let us form the sums 


Zos = Yos + Yorst+1) + +++ + Yow+k—1 ~ 0 


and corresponding to each region Rg of negative index —k, the sums 


20s = Yos—k) + Yo(s—k+1) + vee Yo(s—1) ™ 0. 


Then, in terms of the sums zo; we may write the identities 


(8.6) Ge = Db 20, ~ 0, 
o 


where the coefficients ¢s have the same meaning as in (8.5). To prove 
that the relations (8.6) are identities, let us calculate how the marks corre- 
sponding to any crossing point xz. enter into the expressions G;. We shall 
suppose, to fix matters, that the index of the crossing point ze is positive 
and odd. Then, corresponding to the corner of the region of index k—1 
ncident at a we shall have the set of marks 


Lee(s+1) + Laisa + +++ + Law@t+k—1, 


corresponding to the corners of the two regions of indices k the sets of 
marks 
— Las — LHa(s+i) — *+** —~ La(st+k—1); 


.and 


— La(s+i) —~ La(s+2) —— +** —— Lal(s+k)y 
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respectively, corresponding to the corner of the region of index k-+-1 the 
set of marks 


Las + La(et1y + +++ + Leistn. 


But the sum of all these marks vanishes, therefore the expressions G; 
contain no marks corresponding to crossing points with positive, odd indices. 
By a similar argument, we may show that the expressions G, contain no 
marks corresponding to crossing points with indices that are not positive 
and odd. Therefore, the expressions G, must vanish identically. 

Now, by means of the identities (8.5) we may express the homologies 
determined by any region of index zero (or of index k, for that matter) 
in terms of the homologies determined by the remaining »+ 1 regions of the 
diagram. Morever, by means of the identities (8.6), we may express the 
homologies determined by any region of index 1 in terms of the homologies 
determined by the remaining regions of the diagram of indices greater than 
zero. For the identities (8.6) involve none of the marks yes corresponding 
to the regions R, of index 0, and each of them involves only one mark yes, 
with coefficient —1, corresponding to each region Rez of index 1. 

Therefore, from the combined relations (8.5) and (8.6) we may express 
the homologies determined by any one region of index D together with 
the homologies determined by any one region of index k in terms of the 
homologies determined by the remaining v regions of the diagram. This 
proves the theorem for the special case k = 0. To prove it for a general 
value of k, we have only to redefine indices so as to lower all their values 
by the same constant & and proceed as before. 

As a consequence of the last theorem, if we wish to compute the torsion 
numbers of a knot we may disregard the homologies determined by any 
pair of regions of the knot diagram that are contiguous along an edge. 
For, as we have already remarked, the indices of two such regions differ 
by unity. Thus, we have proved the theorem assumed in § 7. 

9. Our next objective will be to prove that the torsion numbers of a knot 
are topological invariants. To do this, it will be sufficient for us to show 
that the numbers are unchanged when the knot undergoes an elementary 
deformation of any one of the four classes pictured in Fig. 2, because we have 
already proved that the most general type preserving transformation of 
a knot may be factored into elementary deformations of precisely the four 
classes in question. 

A deformation of Class I obviously leaves the torsion numbers invariant, 
since it does not disturb the incidence relations between the regions and 
crossing points of the diagram. A deformation of Class II creates a new 
crossing point x) (Fig. 2 II), corresponding to which we shall have » new 
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marks 29, It also creates’a new region Ry incident to the crossing point 
ZX» and to no other, corresponding to which we shall have m new homo- 
logies 

(9.1) Loi~ OD. 


If we use the homologies (9.1) to eliminate the new marks zx: we find 
that the system of marks and homologies determined by the diagram after 
deformation reduces to the system of marks and homologies determined 
by it before deformation; therefore, the torsion numbers are invariant 
under the deformation. A deformation of Class III creates two new 
crossing points 2) and ao, (Fig. 2 III). We may assume that the branch 
ACB passes over the branch x02, otherwise we could replace the dia- 
gram by its reflection, and that the corners are dotted as indicated in the 
figure, otherwise we could replace the diagram by its inverse. Now, it 
will be observed that two new regions R’ and R” are created, (among 
others), such that the first is incident to the crossing point 2) but not 
to the crossing point >, whereas the second is incident to 29 but not 
to ao. Let 

(9.2) xi -+ Yi~0 

and 

(9.3) xo + Yi ~0 


be the homologies determined by the regions R’ and R” respectively, 
where Wj and yj’ are linear combinations of marks determined by the 
original crossing points. Then, if we use the homologies (9.2) and (9.3) 
to eliminate the new marks xo and 2;, we may again verify that the 
system of marks and homologies after deformation reduces to the system 
of marks and homologies before deformation. Therefore, in this case also, 
the torsion numbers are invariant. A deformation of Class IV destroys 
two crossing points x, and 2, and creates two new ones 2; and 2, 
(Fig. 2 IV). Three cases can arise according as the branch AB passes 
over both, one, or neither of the branches 2, aj and 2,23. However, 
the third case reduces to the first by a reflection of the diagram, leaving 
only the first two to be considered. If the branch AB passes over the 
two branches 2,2; and 2,2; the branches AC and BC must pass over 
the branches 2,2; and 2,22 respectively. We may, therefore, assume 
that the corners at the crossing points 2,, xj, 22, and 2 are dotted in the 
manner indicated in the figure, otherwise we could replace the diagram 
by its inverse. There are, however, two essentially different ways in 
which the corners at the crossing point 2) may be dotted. If they are 
dotted in the manner indicated in Fig. 2 IV, the change of marks 
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“i = Li G+ + G+», 
(9.4) Lu = LOd+y + rH, 
Xe = Mi = + HK 






will transform the marks and homologies before deformation into the marks 
and homologies after deformation, as may easily be verified. It may happen, 
however, that the corner of the triangle z)2, x, at the crossing point 2, 
is not dotted but that the opposite corner at 2 is. In this case, we must 
make the change of marks 

r= ei |= oH, 
(9.5) Lu = Lou+1) + 2%, 

hee Loi + xii 














instead of the change (9.4). There are two other possible ways in which 
the corners at the crossing point 2 may be dotted, but each reduces to 
one of the cases already considered by a mere change of notation. 

If the branch AB passes over one, but not both, of the branches x; xj and 
x2 %2 We may assume that it passes over the branch x; 71, otherwise, we 
could replace the diagram by its reflection. We may also assume that the 
positive direction along the edge AB is the direction from B to A, other- 
wise we could replace the diagram by its inverse. The positive direction 
along the branch 2222 (which, in this case, passes over the branches A B, 
x12, and AC) may now be either the direction from z2 to 22 or the 
direction from x3 to a2. If the positive direction is from a2 to 23, we 
make the change of marks 

















Pm J 
Loi = HiG+1 + Xr, 
/ / 
(9.6) X14 = LoG+» + L2G+1)- 
Xo == 2s + xi, 

















if the positive direction is from 22 to x. we make the change of marks 










/ / 
i= Li + 2, 
ey ~ ee , 
(9.7) Lu = Lit rr, 
/ / 
4» ieee Xoi + LiG—2. 













The effect, in either case, will be to transform the system of marks and 
homologies before deformation into the system after deformation. Thus, 
a deformation of Class IV leaves the torsion numbers invariant. This 
completes the argument. 

10. Before bringing the discussion to a close, we shall indicate how the 
torsion numbers of a knot K, for any given determination of the integer m, 
may be interpreted in terms of the Betti numbers and coefficients of torsion 
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of an n-sheeted covering space J, with a branch curve of order n—1 
covering the knot. The covering space J, will be thought of as spread 
out upon the closed space J obtained by adding a point at infinity to the 
space of the knot and treating the point at infinity as a limit point of every 
unbounded set of points in the space of the knot. 

The first step in the argument will be to make a cellular subdivision 5 
of the carrier space J with a view to determining, later on, a subdivision 
of the covering space J,. To each crossing point x. of the knot diagram 
there correspond two points of the knot itself, a point P. on an upper 
branch and a point Qa on a lower branch. We shall choose the combined 
points P, and Q. as the 2» vertices, or O-cells, of the subdivision 3. 
The edges, or 1-cells, of the subdivision will consist, first, of the » linear 
segments Px Qa joining the points of corresponding upper and lower branches 
of the knot, secondly, of the 2» arcs into which the points P. and Qe 
subdivide the knot. There will, thus, be 3 edges in all. The 2-cells of 
the subdivision will be a set of »+1 properly selected simply connected, 
regular surfaces Ss, (c = 0,1,---, ”), one associated with each region Rg 
of the diagram with the exception of the outer region of all. Each 
surface S, will be so chosen that (i) it projects orthogonally in a_point- 
for-point manner upon the region R,e with which it is associated and 
that (ii) its boundary is a simple polygon made up of the portions of the 
knot which project upon the boundary of the region A, together with the 
edges Pa Qe which project upon the crossing points z_ on the boundary 
of Re. The subdivision = will have a single 3-cell C, consisting of all 
points of the space J that are not on any cell of lower dimensionality, 

To the subdivision = of the carrier space J there corresponds a sub- 
division =, of the covering space J, such that each cell C of the sub- 
division S is covered by m superimposed cells of the subdivision =, unless 
it so happens that the cell C is made up of points of the knot K. In the 
latter case, the cell C is covered by a single cell of the subdivision Sy, 
for the knot K determines the branch curve of the space J, along which 
the » sheets of J, merge into one. By a straightforward calculation, we 
find that the subdivision 5, comprises 2v vertices, yn-+-2v edges, nv-+n 
2-cells, and » 3-cells. 

The indices ke assigned to the regions Ry of the diagram (§ 7) have 
a direct bearing on the incidence relations among the cells of the sub- 
division =,. Let Sc be the 2-cell of the subdivision = determined by the 
region Re, and let 

Szi, (@ as 1,2,--+,m), 


be the  2-cells of the subdivision S, that cover the 2-cell S;. Moreover, let 
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C; = 1,2,---, n), 


be the n 3-cells of the subdivision 5. Then, we are to think of C; and C;+,., 
as the two 3-cells incident to the 2-cell Sa;. (Here, of course, the index i + ka 
is to be reduced, modulom, to an integer between 0 and »+1.) More 
precisely, we are to imagine that we pass from the cell C; to the cell Ci+x, 
when we travel across the cell So on a path leading up to So; from below. 

In order to calculate the topological invariants of the covering space J, 
with a minimum of effort, we shall replace the subdivision =, by another 
composed of fewer cells. Suppose two distinct 3-cells of the subdivision ,, 
are incident to the same 2-cell. Then, we obviously have the right to 
combine together the 2-cell and the two 3-cells so as to form a single 
3-cell. Suppose, moreover, that two distinct 0-cells are incident to the 
same 1-cell. Then, we also have the right to deform the elements of the 
subdivision in such a manner that the 1-cell and its two ends shrink up 
into a single 0-cell, or, what comes to the same thing, to treat the 1-cell 
and its two ends as a “generalized” 0-cell. The two simplifying operations 
described above are the duals of one another. 

With these facts in mind, let Ry be a region of the knot diagram which 
is adjacent along an edge to the very outer region of all and which, 
therefore, has the index +1. Then, corresponding to the region A, there 


will be n 2-cells, 
Sos, (¢ = 1,2,.---, 2), 





of the subdivision =,. As a first simplification, we shall merge the first 
m—1 2-cells Sos with the n 3-cells C; to form a single 3-cell C’ with 
a singular boundary. This amalgamation will merely involve n—1 re- 
petitions of the first simplifying operation described above. On the boundary 
of the 3-cell C’, the remaining 2-cell So, will appear twice, once in positive 
relation to the boundary and once in negative. 

Now, let K’ denote the circuit composed of the 0-cells and 1-cells of 
the subdivision 2, which cover the points of the knot K. There will then 
be one definite i-cell x of the circuit K’ which is on the boundary of 
the 2-cell So, but not on the boundary of any of the other 2-cells Sg, 
(o = 1, 2,---, m), namely, the 1-cell which projects on the are separating 
the region 2, from the outer region of the diagram. As a second simplification 
of the subdivision we shall join together all the O-cells and 1-cells of the 
circuit K’ with the exception of the 1-cell x so as to form a single 
generalized 0-cell. This will involve 2yv—2 applications of the second 
simplification process. 

After the two simplifications described above, we shall be left with a 
subdivision 5, consisting of one generalized vertex, »n-+1 edges, yn+1 
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2-cells, and one 3-cell. Moreover, each of the edges, when we include 
its ends, will be in the nature of a closed curve, or 1-circuit, since its 
two ends coincide at the one vertex present. One of the edges will be 
the 1-cell 2 on the boundary of the 2-cell Son, the others will be the 
1-cells covering the segments Px. Qa. We shall denote the latter by the 
marks Yea respectively. 

Now, let us write the homologies (in the sense of analysis situs) which 
express the fact that the boundary of each 2-cell of the subdivision 2’, 
is a linear combination of the 1-circuits determined by the respective 
l-cells of =’,. Then, it is easy to verify that if the 1-cells ze are 
suitably sensed, the homology determined by the 2-cell So, is 


(10.1) z+ yon ~ 0 
and that the homologies determined by the vn 2-cells Son, (o> 0), are 
(i 0.2) Yos™ 0, 


where the symbols yos and yos have precisely the meanings attached to 
them in § 6. Moreover, since the relation 


yon ~ O 
follows as a consequence of the relations 

Yon ~ O, (o == 1, 2,--+, #), 
(by a theorem in § 6), we may reduce the homology (10.1) to an homology 
(10.3) rr 0. 


The geometrical significance of this last homology is that the branch 
curve of the space Jy, is always a bounding 1-circuit of Jn. For the 1-cell 
zx and its “generalized” ends represent the entire branch curve. Finally, 
if we eliminate the mark x by means of the homology (10.3), we are left 
with the homologies (10.2) which determine the torsion numbers of the 
knot. The exact relation between the torsion numbers of the knot and 
the topological invariants of the covering space J, may be expressed as 
follows: 

There are exactly as many vanishing torsion numbers as there are 
l-circuits of the space Jn linearly independent with respect to homologies. 
Moreover, the torsion numbers that are greater than zero are the coefficients 
of torsion of the space Jy. 

11. We give below a table of invariants for all types of knots of nine 
or less crossings listed as distinct by Tait and Kirkman. The symbols 
appearing in the first column are the distinguishing symbols of the various 
knots pictured. In each symbol, the large numeral denotes the minimal 
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number of crossings that the diagram of the knot can have, while the 
indices a or n indicate whether or not a knot is alternating. The numbers 
in the second and third columns are the torsion numbers for the cases 
nm = 2 and nm = 3 respectively. 

The two members of each of the three pairs of knots marked with the 
asterisks, crosses and zeros respectively have the same torsion numbers 
for n = 2 and also for n = 3. We have found, as a matter of fact, 
that they also have the same torsion numbers for each value of n so 
that it is impossible to distinguish them by their torsion numbers. In all 
other cases considered, two knots were distinguished by their torsion numbers. 


Type N=2 N=8 Type N=2 N=8 Type N=2 N=8 





31a 3 2,2 8isa «= 38, 16, 16 922a «= 48 14, 14 
41a 5 4,4 8iea 35 11,11 | 92aa 45 22,99 
51a 5 none 8i7aS B87 13, 13 924a 45 16, 16 
52a 7 5, 5 8isa 3,15 2,2,8,8 | Daa 47 26, 26 
614 9 7,7 819n 5 4,4  Q92ea 47 17,17 
Geass 5, 5 820n 9 4,4 | 9era 49 19,19 
63a 13 7,7 Sein 15 8,8 “92ea_ =séO 20, 20 
T14 7 none | 91a 9 none °929a~=S sé 20, 20 
72a 11 8,8 | *92a 15 11,11 930a «6d 22, 22 
78a 13 4,4 93a 19 none 931a 655 23, 23 
*T4a 15 11, 11 94a 21 7,7 932a_ ~=s«BD 23, 23 
75a 17 Ae 96a 23 17,17 93aa_—=é«éOGS LL 25, 25 
Téa 19 11, 11 96a 27 4,4 93a4a=s« 69 31, 31 
T7a 21 13, 13 974 29 13, 13 935a 3,9 20,20 
8:12 13 10,10 |X9ea 31 17,17 | 9eee 15 2,2,4,4 
82a 17 none 99a 31 5, 5 937a 3,15 28, 28 
8sa 17 18,18 | 910 33 18,13 | 9eea 57 28,28 
84a 19 8, 8 91a 33 4 9300 55 82,32 
85a 21 4,4 912a «= 335 20, 20 9400 5,15 4,4,8,8 


86a 23 11, 11 9isa = 87 16, 16 941a 7,7 28, 28 
874 23 5, 5 9i4a 0S 387 22, 22 942n 7 2,2 
88a 25 . 13,13 91a 39 23, 23 94an = «13 2,2 
89a 25 a 91¢a 6: 3339 8,8 944n «617 10, 10 
8i0a = 27 8,8 9i7a «= 3399 11, 11 945n 23 14, 14 
8ia 27 14, 14 9isa 41 19, 19 946n 3,3 a9 
8i2a = 29 19, 19 919a Ss 4 25, 25 94a7n «= 385, 9 5, 5 
818a Ss 29 16, 16 920a = 41 13, 13 94en 3,9 17, 17 
X8i4a 31 17, 17 9aa 43 26, 26 949n 5,5 #10,10 
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A PROBLEM IN MINIMA.* 


By DunHam Jackson. 


If f(x) is a given function of period 27, the trigonometric sum 7’, (2), 
sf order n, which minimizes the integral 


[voO—%@raz, 


in comparison with all other trigonometric sums of like order, is the 
partial sum of the Fourier series for f(x). In terms of the geometry of 
function space, if P is the point corresponding to f(x), and 7’ the point 
representing 7;,(z), it is a question of minimizing the distance PT, when 
P is fixed and 7 ranges over the linear (2m-+1)-dimensional space of 
trigonometric sums of the mth order. A natural step in the direction of 
generalization is this. Let f(x) and »(x) be two given functions of period 
2m, represented by points P and Q in function space: to determine the 
point 7 which minimizes the area of the triangle P7'Q, or, in analytic 
language,t to find the trigonometric sum 7; (x), of the mth order, which 
minimizes the Gramian of the functions f(~)— 7, (x) and »(x)— T; (2). 
The existence of a solution of this mizimum problem will be discussed 
below, together with the question of the convergence of the minimizing 
sums 7',(x) as » becomes infinite. 

Let it be supposed throughout, for convenience, that f(x) and y(x) are 
continuous. If f and g themselves are trigonometric sums of the nth 
order, any 7, (x) of the form ¢f(x)+(1—c) (x) will reduce the Gramian 
to zero; this case will be left out of consideration henceforth. There may 
still be a single value of c, though there can not be more than one, for 
which cf+(1—o)g is of the form 7, (x), and so gives a trivial solution 
of the problem. This will happen whenever there is a linear combination 
a f+cy, with c, +c, +0, which is a trigonometric sum of the nth order, 
as may be seen be taking c = ¢,/(c, +). This special case also may 
be put aside. 

Under all other circumstances, the points P, 7, Q form a triangle of 
positive area, whatever trigonometric sum of the mth order is represented 
by 7. The base PQ being fixed, the point 7 has to be found so that 





* Presented to the American Mathematical Society, April 16, 1927; received April 28, 1927. 
+ Cf. e.g., D. Jackson, The elementary geometry of function space, Amer. Math. 
Monthly, vol. 31 (1924), pp. 461-471; p. 463. 
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its perpendicular distance from the line PQ, constituting the altitude of 
the triangle, shall be as small as possible. If w(x) = f(x%)— (xz), an 
arbitrary point of the line PQ corresponds to a function of the form 


w(x) = p(x) +ap(a) = Af(z)+(1—A) 9 (2). 


The foot of the perpendicular to PQ from the nearest point 7 represents 
the function (x) which can be most closely approximated by a trigono- 
metric sum of the mth order, the approximation being measured by the 
integral of the square of the error. 

One more special case remains to be considered, namely that in which 
w(x) is a trigonometric sum of the mth order, neither f nor » by itself 
being such a sum. In this case all functions of the form (x) can be 
equally well approximated, since the addition of a constant multiple of 
w(x) simultaneously to the function to be approximated and to the 
approximating function leaves the integral of the square of the error 
unchanged. The minimum problem has a solution in the partial sum of 
the Fourier series for any function (x), through terms of the mth order. 

Let it be supposed from now on that no linear combination of / (zx) 
and (zx) is identically equal to a trigonometric sum of the mth order. 
This is equivalent to assuming that the 2~+3 functions g(x), w(z), 
1, cosz,---, COSnx, SiIN%,---, Sinnaz, are linearly independent. If 7; (x) 
is represented by the notation 


7, (2) = J Mo +, €08 2+ ay cos 2e-+ +++ + aq cos ne 
+b, sinz-+ by sin2x+---+ bd, sinnz, 


the problem is to determine the 2” + 2 parameters 4, do, a,, --+, Gn, 0, +++, bn, 
so as to minimize the integral 


[le@ +2¥@)—T. @Pae, 


regarded as a function of the 2n-+2 variables mentioned. To shift the 
emphasis slightly, a least-square approximation is sought for (x), by 
means of a linear combination of the 2n-+ 2 linearly independent functions 
W(x), 1, cosx,---, cosa, sinz,---, sinna. It ie well known that this 
problem has one and just one solution.* 

For each value of n, let S, (x) be the trigonometric sum which enters 
into the solution—the sum, then, which solves the problem originally 





* Cf., e. g., D. Jackson, On functions of closest approximation, Trans. Amer. Math. Soc., 
vol. 22 (1921), pp. 117-128; Theorem I. 
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proposed—and let 4, be the corresponding value of 4. One proceeds to 
inquire as to the convergence of these quantities when » becomes infinite. 
It is to be borne in mind that S, (x) is the partial sum of the Fourier 
series for the function 9(x) + 4, W(z). 

Let ax, by be the coefficients of cos kx and sin kx respectively in the 
Fourier series for g(x), and let ax, 8. be the corresponding coefficients 
in the case of w(x). Let it be supposed that w(x) is not a trigonometric 
sum of any order—in other words, that infinitely many of its Fourier 
coefficients are different from zero. The integral, extended over a period, 
of the square of the difference between »-+Aw and the partial sum of 
its Fourier series through terms of the mth order is* 


> [(ax +4 en)® + (de + 28x)" 
= a[Dai+ +21 D (a, a, + b,8,) +2 D (a2 + 49], 


the summation being extended in each case from n+1 to o, and 4, is 
merely the value of 4 which minimizes this expression. By simple 
differentiation it is found that 


 sepeoee > (ance: + br Bx) 
D (a2 +4,) 


The next question at issue is whether 2, approaches a limit as n becomes 
infinite. It is recognized by the construction of examples that no simple 
general answer is possible. For convenience, let b, = 4, = 0 in each 
case, for all values of k, so that the Fourier series in question are series 
of cosines only. As a first example, let a, = 1/k*, a, —1/k*. The corre- 
sponding cosine series are uniformly convergent, and represent continuous 
functions. The quantity >'°,, ax x is of the order of magnitude of 1/n‘, 
while >> ,, @ is of the order of 1/n*, and lim,—.4, = 0. On the other 
hand, if the definitions of a, and e@, are interchanged, lim,—.4, = ©. 
Thirdly, if a, = 0 when & is even, and a, =O when & is odd, then 
4n = 0 constantly, regardless of the relative orders of magnitude of the 
coefficients. Finally, let «, — 1/2"? for all values of k, and let a, = 1/2*? 
or 0 according as k is odd or even; then 4, is alternately equal to 2/3 
and to 1/3, and remains bounded without approaching a limit. 

It may be pointed out at once that if 2, does approach a limit 4, and 
if, as will be supposed henceforth, f(a~) and g(x), and consequently w(z), 
are such that their respective Fourier series are uniformly convergent, 





* Of., e. g., Boécher, Introduction to the theory of Fourier’s series, Annals of Math., (2), 
vol. 7 (1906), pp. 81-152; pp. 85, 107. 
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then S, (x) converges uniformly toward g(x)-+ 4(x). For the remainder — 
in the series for »-+4w is merely the sum of the corresponding remainders 
for g and yw multiplied by 1 and 4 respectively, and the series for g +Aw 
converges uniformly with regard to both 4 and x, as long as 4 remains 
bounded; and the difference between S, (x) and 9(x)+ 4y(z) is the sum 
of the quantity (4—A,)w and the remainder in the series for y +A, w. 
Similarly, if a sub-sequence of the numbers 4, approaches a limit, the 
corresponding sub-sequence of sums S,,(x) uniformly approaches the com- 
bination g + Aw formed with the limiting value of 4 in question. So the 
convergence of 4, may be regarded as the main problem. 

It may be noted also that the problem is concerned from the beginning 
with the family of functions g+-4y = Af+(1—A)g, rather than with f 
and g individually. The conditions would be essentially unchanged if f 
and g were replaced by two other functions of the family, and the value 
4 = 0, which appears to have a peculiar significance in some of the 
examples, would be replaced by a different value. 

It has been observed that in some cases the behavior of the sequence 
2, depends on the relative orders of magnitude of the Fourier coefficients 
for g and w. More generally, by Schwarz’s inequality, 


| D (an oe + dn Br) | < | Dan oce| + | D dx Be 
< (> a? 1/2 (> a2)? - (* b2)'” By p2)'? 
< (Dat wl? (> (e+ 4D); 


the last member is justified by noting that if a, b,c, d are any four non- 
negative quantities, 


(ab)? + (cd)? < (a+)? (b+ d). 


Consequently 
Als [2 at oP /Lo (et ap”, 


and it can be stated definitely that if the Fourier series for » (x) converges 
more rapidly than the series for w(x), in the sense that the integral of the 
square of the error is an infinitesimal of higher order in the former case 
then in the latter, then 4, approaches 0 as n becomes infinite, and S, (x) 
converges uniformly toward (x). It should be pointed out that the 
replacement of f and » by two other functions of the family 4f+ (1—A)@ 
does not affect the order of convergence of the Fourier seriers for their 
difference, since that difference is replaced merely by a constant multiple 
of itself. But the convergence might be more rapid for some other function 
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that would serve in place of y, then it is for g. The essential thing, 
then, in the formulation of a sufficient condition for the convergence of 
4, to some definite limit, is not that there should be a peculiarity in the 
function that happens to have been denoted by gy, but that there should 
be in the family some function whose Fourier series converges with ex- 
ceptional rapidity. If the family of functions 4f+(1—A)@ is such that 
the Fourier series for an individual function of the family converges at 
least as rapidly as the series for the difference of two of them, the values 
of dn will be bounded, and will converge toward one or more limits. 

For an example, not without some generality, of the conditions insuring 
convergence of 4, to zero, let g(x) have a continuous second derivative 
everywhere, and let f(x) have a continuous second derivative, except that 
for a single point in each period, say for = 0 and congruent points, the 
right-hand and left-hand first derivatives are different. Then w(x) and 
all the functions of the family 2/+(1—A)g, except g itself, have the 
properties assigned to f(z). It is well known, and readily verified on the 
basis of successive integrations by parts, like those to be performed a 
few lines below, that 


lim k? a, = lim kh? = 0. 
k=00 k=0 

Hence it follows that 
Jim an? D1 (a +03) = 0. 


Considered merely for 0< 2 < 2a, without regard to periodicity, the 
function w(x) has a continuous second derivative throughout the closed 
interval, but w’(0-+) + vw’ (2n—). By integration by parts, 


7t 
na, = ["v@ coskxdx = —if y (x) sinkx dx 


= = ly’ (x) cosa” — fy" (x) coskadz. 


Since the last integral approaches zero,* ma, differs from [y’ (2a—) 
— wv’ (0 +)]/k?* by an infinitesimal of higher order, lim inf ,—« k* | a, | > 0, and 


lim inf n* D1 (a + BB) >0. 


So it is certain that limnao 4, = 0. 
The conditions discussed in the last paragraphs, however, are merely 
sufficient conditions. One case has already been remarked in which the 





* Cf. Bécher, loc. cit., p. 86. 
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other, all the numbers 4, are zero. More 


extended over a period in each case, 


eo fon Wn — [ fv: 


precise order of magnitude of the coefficients was irrelevant. If (x) and 
w(x) are so related that every non-vanishing coefficient in the Fourier 
series for one corresponds to a vanishing coefficient in the series for the 


generally, let gy, and w, be the 


remainders in the Fourier series for » and wy respectively. In an 
abbreviated notation that will be readily understood, the integrals being 


1/2 
Jon Wn 
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Since the last fraction on the right represents the cosine of the angle 
between the vectors gy, and w, in function space, it may be said that 2, 
will approach zero if the series for g and w converge with the same order 
of rapidity, according to the interpretation that has been placed upon this 
mode of expression, and if at the same time gy, and W, approach ortho- 
gonality with each other, so that the angle between them approaches 90°. 















































ON THE DEVELOPMENT OF ARBITRARY FUNCTIONS 
IN SERIES OF HERMITE’S AND LAGUERRE’S 
POLYNOMIALS.* 


By James V. UspEnsKy. 


The so-called Hermite’s and Laguerre’s polynomials afford the simplest 
and the most important examples of Tchebysheff’s polynomials related to 
an infinite interval, and it is just the necessity of taking into account the 
infinite values of the variable that constitutes the essential difficulty of 
the problem of the development of arbitrary functions in series of these 
polynomials. This matter has been investigated by several authors and by 
means of various methods. 

Recently two remarkable papers dealing with the same subject have 
been published by G. Szegét and Einar Hillet and, undoubtedly, they have 
both achieved a considerable progress. It seems, however, that neither of 
them was aware of the paper published by the author in 1916§, in which 
by means of a certain peculiar device far more general results have been 
established. This paper was written in Russian and published during the 
time when all the international relations were broken, and this may 
sufficiently account for the fact that it could pass unnoticed. However, 
as the method used by the author can successfully be applied whenever 
asymptotic expressions of a certain type exist, it seems worth while to 
reproduce the essential parts of this paper in a modified and simplified form. 

The case of Hermite’s polynomials, which is easier, will be considered 
first in order to have an illustration as simple as possible for the chief 
idea of our method. 

Part I. Hermite’s Polynomials. || 

1. The definition of Hermite’s polynomials and their properties. 

Hermite’s polynomials U;, (a) are defined by the following equation 


* Receivea May 3, 1927. 

+ G. Szegé, Beitrage zur Theorie der Laguerreschen Polynome I, Math. Zeit., 25 (1926). 

+E. Hille, On Laguerre’s series, Notes 1, 2, 3. Proc. Nat. Acad. of Sci., vol. 12, 1926. 
From the same point of view, but in a slightly different way, the subject was treated in 
a paper by the author presented to the Math. Society in Kazan in 1916. Owing, however, 
to the political disturbances of that time, this paper never was published and was finally lost. 
d" e~* a 

ie ' 











§ J. Uspensky, On the development of functions in series of polynomials e* 
Bull. Russian Acad. of Sci., vol. 10 (6), 1916. 
|| These polynomials were studied by Hermite in 1864, but previously to this date they 
occur in an important paper by Tchebysheff (1859) and even earlier in Laplace’s “Théorie 
anaiytique des Probabilités”’. 
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d” ea" 
g” 


Un (a) = & 7 





so that 
U.(z2)=1, U (2) =—22, U,(x) = 42*°—2,... 
and in general 
(1) Un (2) = (22 —2@—) (gy 


4+ n(n—1) in?) (n—3) (2x2)"-4+—..., 





The following are their most important properties: 
1. U, satisfies the linear differential equation of the second order 


n —2x2Un+2nU, = 0 


whence it fellows that for 





2 
y=e 70, 


the following equation holds good 
y" +(2n+1—2*)y = 0. 


2. Three consecutive polynomials Un4:, Un, Un—1 are connected by the 
equation 
Un+1 a 2Qx¢ Un oa Qn On—1 = 0 


which is satisfied even for n = 0 if we put U_1 = 0. 
3. For two different integral values m and n the equation of orthogonality 
holds 


fi Um Un dx = 0 
and for m=—n 


[(@ Uae = 2.4-6.--2nVa. 


4, Starting from the definite integral 


er = = et cos2art dt 
V a J—«@ 


it is easy to show that 





[Van (2) |< GO oo, 


n 
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The polynomial 
! 
Wa a) = (— 1 Gy Um (a), 


therefore, satisfies the following inequality 


(1) | Wr (a) |< 
for every real zx. 
5. The functions 
_2# _# 
§& =e * Wr(x) and y =e ? Wais1(x) 


satisfy respectively the equations 


e"+(4n+1—a’)&=0, 9"+(4n+5—z2")q = 0 
and for x = 0 


so that the difference 
Viv) = g—§ 


is the solution of the equation 
V"+(4n+1)V = (@*—1)V—4y 
satisfying the initial conditions 
Vv(0) = 0, v’(0) = 0. 


Such a solution is given by 


Viz) = tf we—n V(t)—4n(d] sind(x—?) dt, 
A= V4an+1. 


But for every ¢ 
? e 


|V@\<2e?, |n(®|<e?, « 


so that for every x>0 


|V@|< [tne at = 
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and this is equivalent to the inequality 


Biale 


(2) |Wn+1 (x) —W, (x)| < V 


which holds good for every real x. 

2. Asymptotic expressions of Hermite’s polynomials. For the 
following discussion the asymptotic expressions of Hermite’s polynomials 
as well as those of their derivative for large values of n are of fundamental 
importance. 

These expressions were obtained first by Professor Adamoff,* and can 
be presented in the following form. 


First, dividing Up (x) by 2 -4-6--.2nV a we introduce the normalized 
polynomials 














which satisfy the equation 
fim (fF dx = 1. 


Now for large values of m we have the following asymptotic expression 





oP tages 
27 oe nv 
mee #2 [eos [x V2n+ eae - Gn (x) 
n n 2 








3) V, (%) = = 
= - Vn 
whence the similar expression can be derived for V+. (x), viz. 
(4) V, ( ) at yz : V2n+ nn 4 On (a) 
n- x= —— arta — Sin n oS a —— . 
” Van tn | - rt 
Again, using the relation 
Vr (x) = V 2n Vn—1 (x), 
it is easy to find the asymptotic expression for V» (zx): 
re ps, aoe 
yes — oe 2 t. nn Wn (x) 
5 Vin Lt) = —V 2n moi \2 [sin (c 2n a) mmsge 
(5) (x) “ange ae aV2n+ 9) + ‘es 


* Adamoff, On asymptotic expressions of the polynomials U, (x). Ann. Inst. Polytech- 
nique de St. Petershourg, 5 (1906). 
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In the equations (3), (4), and (5) the functions 9», (x), 6,(x) and wW, (2), 
independently of the values of x and n, supposed large, satisfy the inequalities 


Pn (x) | ~~ C25, On (x) | < C2, | Wn (x) | <Cz* 


C being a suitably chosen constant. Suppose now that z is confined to 
a given finite interval a < x <= J; it is possible then to find a constant L 
so that the inequalities 


lpn (@)|<L, = |On(@)|<L,  |yn(@w)|<L 


are satisfied for every » whatever value x may have in the interval 
a<x<b. Comparing the value of V(x) found from (5) with that given 
by (3) it is easy to see that 9), (x) satisfies the inequality 


lpn (2) < MVn 


for all values of m, when z is confined to the interval a < x < b, M being 
another constant. In the foliowing we shall have occasion to deal with 
the functions F, (x) depending on x and n, which satisfy the inequalities 


\Fa(x)i<b, \Fii(a|<MVn 


when z is confined to a given finite interval and m has any value what- 
ever, L and M being constants. For brevity we shall say that under such 
circumstances the function F;, (2) satisfies the ‘“‘condition (A)”. 

The asymptotic expressions (3), (4) and (5) suffice for the discussion of 
the development problem in case of Hermite’s polynomials. But dealing 
with Laguerre’s polynomials, we shall need to have the asymptotic expression 
for V, (x) correct to the terms of the order n—**. Such an expression can 
be easily obtained by the same method which was applied to get (3), and 
we can give it without an elaborate proof: 


a ae oe 
rod y2| (« Vin +2) 
“cena Be cos aV2n+ 9 


t2°—}ar .. ( x nn 
S—__*— sinjx V2n +-—— 
+ 7 +>) + 
where R, (x) satisfies the condition (A). 

3. The fundamental relation. The “Fourier constants” of a given 
function f(x) with respect to the system of polynomials V,, Vi, Vs, --- 
being defined by 


Vn (x) = 





(6) 
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n = [oe s@) Vn (x) dx; n = 0, 1, 2,---, 
we are led to consider the infinite series 
Ag Vo (x) + Ay Vi (wx) + Ag Ve (x) +---. 


Following is the fundamental problem concerning the series of this kind: 
What conditions assure the convergence of this series and, in the case of 
convergence, what is the relation between its sum and the function f(x)? 
In order to give the answer to this question under very general conditions | 
we first consider the sum of »-+ 1 terms of the preceding series: 


Syn == Ap Vo (x) + Ai Vi (x) + As Vo(x) +++-+ An Vn (x). 





It is possible to give a simple expression of this sum by means of a 
certain definite integral. From the relation 


V2n+2 Vnss (x) +22 Vn (x) +V 20 Vani (x) = 0 
it follows easily that 
V2n+2 Vass (x) Vn (y)—Vnts (y) Vn (x) 











Vn (x) Vn (y) = 9 a 
aes V2n Vx, (x) Vn—1 (y) —Vx (y) Vn—1 (x) 
2 y—x 
and 
. BS: V2n +2 Vnt+s (x) Vn (y) —Vn41 (y) Vn (a) 
& Vie (x) Vey) = 2 y¥—x : 


Now it is sufficient to multiply both members by e~” dy and integrate 
between limits — oo and oo in order to get the required expression for S,: 


(7) Sn = ——— f. ev Gn (x, y) Sly) dy 


where 
Vins (x) Vn (y) — Vnts (y) Vn (x) : 
y¥—x 





Pn (x, y) = 


In case f(x) is a polynomial of the degree » we have the exact equation 
S, = St (x). 
Such will be the case if we take 


WEN Vita (§) Vn (x) —Vnnts (x) Vn (8) 
fle) = oF 
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which, indeed, is a polynomial of the degree n containing a parameter £, 
and we shall have the exact equation 


Vn (&) Vn (x) —Vnys (x) Vn($) _ V2n+2 g 
2 ~te 


x—é 





e¥ on(x, Yon, yay, 
whence it follows, for § = xz, that 


eY [pn (a, yy. 


(8) Vata () Vn (xe) —Vnps (x) Van (x) = Veers f 


2 —co 
This equation is of fundamental importance for the following discussion. 

4, Consequences derived from the equation (8). Substituting for 
Vn (x), Vn (x); Vn4i(x), Vnii(x) their asymptotic expressions as given 
by (3) and (5) it is easy to find for the left hand member of (8) the 
following expression 


Vs (2) Vn (x) — Vata (a) Vn (we) = 22. t 7 


where E, represents, for a given xz, a bounded function of m, so that in 
virtue of (8) we have 


@)  VRREE [tne pay = 2+ Be 








Now, let a and b represent any two fixed numbers satisfying the conditions 
a<« <b and let us find the asymptotic expression of the integral 


I = [lon (a, Pay. 
For this purpose we introduce into 9» (x, y) instead of Vn (x), Vass (x); 


Vn (y), Vn4i(y) their asymptotic expressions, given by (3) and (4). Putting 
for brevity 











Gn (a, y) = On (x) cos (yV 2m + nn) _o, (y) cos(zV 2m + "| 
+ yn(y) sin (2V n+ %*)—gy (2) sin (yV2n + 2) 
+ On (x) Pn (y)—9n (y) Pn (x) 
Vn 
we get 
_ #t/ 
Tees 6 ae, cog ee Gn (x, y) 
(10) gn(a, y) = = \2 oe [sin 2 (y—x)+ Va |. 
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It is important to notice that the function G, (x, y) obviously satisfies the 
condition (A) when y is confined to the interval (a, b) and that G, (x, x) = 

Now the following lemma can be easily established: 

Lemma. Denoting by Gr(x, y) and Ty(x, y) two functions which with 
respect to y confined to a given interval a < y < b (where a<x <b) possess 
a continuous derivative, both satisfy the condition (A) and vanish for y = zx, 
we can make the following statements: 


1. The integral 
1 f Gn (a, y) Tn (x, y) 4 
Vn (y— x)? 
lim 3 t Gn (x, y) is = 0. 


. n=ee Vn - eo 


Proof 1. As G(x, y) and I, (x, y) satisfy the condition (A), a constant 
M independent of n may be assigned so that 








is bounded. 








|Grt@,y)| <M, | Tn (x, y)| <M, 
Guts y) <uVa, Be y) <uVs, 





for every m and y confined to the interval ax y<b. Accordingly 








1 J |Gn (xy) Tula y)| vrs. _ dy ys 
Vn 1 (y—a)* a — ss : 
Ve 
— : sit. 
1 | Gn (x, y) Tn (x, y)| M* f a. ee 2 
va Je ga = — *<V J.  G—™ 
In the interval a pe & sys eta we have 
“ ee = Gi(z, e+ 9y—z)); ae = Tn (x, «+ # (y—z)) 


where 0< #¥<1; 0O< #’ <1 and the derivatives are taken with respect 
to y. Therefore 
oe 
1 f " |G@n (a, y) Tn (a, y)!| 
= ; 2 dy<2M". 
Vn J , (y—a) , 








Van 
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From all this we gather that 


1 0G, (x, y) Ty, (a, y) | 2 
| a f ae <4M?, 








which proves the first part of the lemma. 
2. It is obvious that 


b i 
1 - Gr (x, y) dy|< M ler b—zx 
@r+e 








Vn y—wz Vn é 

1 z—e G, (x, y) M xr—a 
— —_—= dy| << ——lo 
Van Je y—a y . _ 








ot ile mp <2Me. 
Vn wa eC 


Taking, for instance, « —1/n we see that all these integrals converge 
to 0, which proves the second part of the lemma. 

Introducing the expression (10) into the integral J and applying the 
lemma we readily get the following result 














V2n+2 an sin? V 2n (y—zx) By 
a aa a (y—a)* dy Vn 
where B, remains bounded for indefinitely increasing n. 
Now 


Osa e f. Sees V2n 6—az) cin3,, 
f sin? V 2n y x) iy ~' VS f Le 
a (y — x) J_Vm@a 


Van x) gin? y ” sin?v (“=| (- a 


—V 2n(a—a) 


so that finally 





and 





e 





Gc 
ee ee 

where C, remains bounded. Comparing this result with the equation (9) 

we arrive at the most important conclusion: for given a and b (a< x< bd) 

a constant I may be assigned so that 


’ r . 3 
SL “we vPay<2, [etn pPay<— 


for every ». For a given x or for x confined to a given finite interval 
we can choose for a and b two perfectly determined numbers. Denoting 
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then by G any positive number in absolute value greater than a and 3, 
we shall have 


(11) _ ev [yn (x, y)Pdy < =, 7. e-¥ [pn (x, y) PP dy< = 


with the same constant I whatever may by the value attributed to G. 
5. Conditions of development. Suppose the given function /(z) 
subject to the condition that the integrals 


f- e-* [ f(x)}? dx and {- e- [ f(x)? dx 


both exist for a certain value of «. Taking G sufficiently large and 
applying the known Bouniakovsky-Schwarz* inequality we have 


[Yaers f &¥ fly) n(x, 9) ay] 
bss ie J Ley ay -V J, bone, way, 


Pane Ber 7§ —G 
ante f =? fy) 9n(, yay] 


Vane fr ywpay Vf oe orev, 


that is, in virtue of (11) 


a j eV $Y) on (a, yay <vr\ { VISE dy, 


Vonio (7 a Si 
ae eV FY) on (a, ydy| <VT lf. eV [SW] dy. 


And this shows that both the integrals 


6 ” 2n+2 sf 
VInt? fv payne, ay, Y2RE LT evs) onto vday, 






































can be made less than any given number, however small, independently of 
n by taking @ sufficiently large. This important remark removes at once 





*The very important inequality generally known as ”Schwarz’s inequality“ in reality 
was given by Bouniakovsky in 1861, that is long before it appeared in Schwarz’s paper 
of 1885. 
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all the difficulties arising from the infinite limits. And, indeed, it remains 
only to find the limit of the integral 


ore ne G 
Vand? [eV S0) ona, vay 


where the limits are finite constants. Substituting for gp (x, y) its ex- 
pression (10) we can represent the preceding integral as a sum of K, 
and K;, where 

a 








_ Van+2 e* (7° —- sinV 2n (y—zx) 
K, = a iMg , y—2 Sly)dy, 


V2n+2 er “4 -¥ G(x, y) 
Ba RE re Sat GED see. 





If the function f(x) is supposed to be absolutely integrable in any finite 
interval and of limited variation in the interval 2—d, 2+, then it follows 
from the second part of the lemma 


limK, = 0, n> @, 


and from the known properties of Dirichlet’s integrals 


lim Ky = 





S(x+0)+f(@—0) 
3 


Summing up we arrive at the following conclusion: 
If the function f(x) satisfies the conditions: 
1. f(x) is absolutely integrable in any finite interval, 
2. is of limited variation in a certain interval x—4é, x+ 4, 
3. and admits of the integrals 


f. . ec [f(x)!*dx and he e@ [f(x]? dx 


Sor certain «, 
then the series 


Ag Vo (x) + A; Vi (x)-+ Ag Vo (x) +--- 
converges and has for its sum 


S(x +0) +f(«—0) 
2 ? 
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These conditions are far more general than those established by G. Szegé 
and E. Hille, and it is even possible to substitute for 3 a certain less 
restrictive condition as we intend to show in another paper. 


Part II. Laguerre’s polynomials.* 


6. The definition of Laguerre’s polynomials and their properties. 
The following equation may serve as definition for Laguerre’s polynomials 


= qd” ght% oz 

P, (a) = a % e Soar gaa 

where, in view of the following applications, we submit « to the restriction 
a >-—1. These polynomials satisfy the linear differential equation of the 
second order 


(12) 2Pn+(a+1—z)Pat+tnP, = 0 





as well as the equation in finite differences 


remaining true even for nm = 0 if we assume P_, — 0. 
The following two important equations could serve as complete definitions 
of the polynomials P,: 


[Pa e= Pn (a) Py (c) dx = 0, (m +n), 


[ate P, (x)? da = (n+1)T(n+ea+l). 


0 
The polynomials 


Tl, (x2) = Pn (2) 


VTint+1)rat+et+}) 











are normalized Laguerre’s polynomials satisfying the condition 


[ow e° [M, (x)? dx = 1. 


0 


For « >-—¥4 the following important equation may be easily verified 


) ft VY Tre@tet) f".. 1: se 
(14) W(x) = rte Tint) f W,(V « cosg)sin™ y dg 








denoting by W, (x) the same polynomial as in J. 





* The same polynomials were studied by Tchebysheff as early as 1859. 
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Taking into account the inequalities (1) and (2) we see immediately that 
for x confined to a finite interval 0 < x < h a constant 7’ may be determined 
such that the following inequalities hold 


a 1 


(1m) | Hn (x)|< Tn? , | Ins (2)— Hy (x)|< Tn? ? 


provided « >—4. 

7. Asymptotic expressions of a certain type of integrals. The 
asymptotic expressions of Laguerre’s polynomials can be easily derived 
from (14), but first it is necessary to consider a certain type of definite 
integrals. Denoting by « a real number >—4 and by m and 4 two 
positive parameters, let us consider the definite integral 


1 inta? at 
Il x= fe S (ma) (1—2*) 2 & mdz, 


where f(x) is a given polynomial. In order to find the asymptotic ex- 
pression of this integral for very large 4 we can first introduce a new path 
of integration which consists of three rectilinear parts joining respectively 
the points: —1 to —1+ 7i; —1+ 7% to 1+ Ti; 1+-Ti to 1. As the 
integral along the second part tends to 0 when 7 increases indefinitely, 
we get finally 








I=i+2L 
where 
s 4 ; 20-+-1 
wn 9-2 ae i(am— ; 1) 
© im*t— > mn2t? nn at\*-; 
2 —Amt 1 2 R25 7 dt, 
~ f e e amt f(m +-imt) t (i+ 5] 
1 1 i a 2a+-1 
i ne o-2 orm i(im- n) 
1 1 , 1 
—im't——m'*? , a—— } \e- = 
x fre ee e—Amt £(— m+ imt)t- (1 -o * dt, 
or 
os 2,1. a1 
2. le a 7” +i(am— = 7) 
airs ms 
(Am) 3 


a—— 


] o~* iu ; 
. 2 or. 
)u (+554) du, 







































a « 
7 nane 9 naan A om weet an Resch eke tee a ee sé 
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1 
a Fatima) 








i= ae e 
(Am)? 
xf t @,. p{—m +8) oF eg 
m i U 21m ut. 
Before going further suppose f(z) = 1 and 4m => 1; we have then 
ant m* ai & m* 
2 2 2 
In|<2 ge; ? Ibl|<2 os, 
(Am) # (Am) ? 


where Q stands for 


one 1 
Qg=fe e.. * dy, « < 3), 

is a—> 1 
Q= fo emu" *(1+4) * du, (a>), 


Thus we have the following inequality 





1 m* 
3 sata? es "Ts Qe? 
(16) fie (1—z’*) ¥ elms dar| << 27 Qe? 
(Am)? 
when 4m > 1, Q being determined as above. 
Putting 
imu" 1 
a ae ger 3 
y(u) =e f (m+ subiconts 
we find 








ifm’ (m) + (m 





g(0) = fim), sg’ (9) = 


Am 


as to the second derivative »” (u) it is easy to see that its modulus for 
sufficiently large values of 4 and m confined to a given intervalO<a<m<b 
admits of an upper limit of the form w(w)/4?, where »(w) is function of u 
alone increasing less rapidly than a certain power of vu. Applying Taylor’s 
development we get, therefore, 


y(u) = 9(0)+ uy’ (0)+0 





where |@|< 1. 
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Substituting this development into the expression for J, we get 


fos Q* 3 ‘rath a m*+i(am— 224% 7) 
(A m)* 





J Henrie = co) (+3) ay 


i 





and — 


Ts sz a3 d te 7D. 4 5m —i(Am— an 
(Am) 











‘. mf’ (—m)+ (m? + 2a} 


Am 


f (—m)} (« + 3) R 


«| f(— m)— + 43 





where #, and R, remain both bounded for indefinitely increasing 2 when 
m is confined to a given interval O<a<m<b. Hence we obtain the 
following asymptotic expression for the integral J: 


wei 9.9 
—m cos | . ° . 
i= f e? F(m cos g) moos? sin?” @ da 





1 ee 
9 + I'(a +}) a Amt fo cos (im _ 2e+1 n| 




















a+ i 
(Am) ? 
(17) +f fom) re (1m— get! n| 
F(—m)—F(m) 2a+1 
+ 21 sin (am near n| 
+i wt = cos (2m — 284! n\+ 2] 
Here F(m) stands for 
[ mm) + (m*-+ 284) pom] (a 44) 


F(m) = 





m 


and & denotes a bounded function of 4 supposing m confined to the interval 
0<asm<b. 
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8. Asymptotic expressions of Laguerre’s polynomials. As 


1 Tintati) (nce 20 
VeTete! Pin+1) Se ea tsb 


we have from (14) 








Now, applying the inequality (16), we see that for x confined to the interval 
1/n<2<h, where h is a given number, a constant M may be determined 
so that inequality holds 


a 


(18) |, («)| < 42 


NX 





Again we derive from the same equation (14) 
Ty +1 (x) — HM, (x) 


8 1 T(nta+i) (” loa sac “ 
ore a Pint ty iy (Pett \V zome)— W, (V conde) 











< sin?” g dp 


Va z +4) yore a Vis oe 


7t paler 
x< f Wris(V x cos@) sin ody 








a 


and since, by the inequality (2), 








i 3 | a) e” 
Wats (2) —Wn (a) | < SIBLE 
Vn 
it follows in the same way that 
: - Mx ? 
(19) Myst (x) — My (x) | < a i 
at ot 


where M is a constant which can be assigned when x is supposed to vary 
in a given interval 1/n<a2<h, 
For W, (x) we had the following asymptotic expression 


: x* So 
1 ¢ wae Io nm: 
W, () = e2- cos(22Vn)+ e Ss 
Vn 





sin(QaVn) + ea (a) ; 
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introducing it in (14) we get 














a 1 Fatati) ("37%) 
i, (x2) = Va Tat) y Pin +1) 5 e cos(2V nx cosg) 
& 1 
—x* cos*y —— x? cosy _ 
+ = Vv : sin (2V nz cose) + —* (Vx cos) 
n n 
< sin g dg. 


Applying now to the first two terms the asymptotic expression (17), where 
we take m = Vaz, 4 = 2Vn, and to the last term the inequality (16) 
we finally arrive at the following asymptotic expression for 7, (2): 


ae 2 











i SX | 
(20) M,(a) = ~—— cos (2 En eee se+t. | 
Va Vnzx 4 
re. l+a pide te ie 
bee es 6 a Sek Gn(x) 
+ “Tepe sin (2 Vinx ; n| +—5 


where ¢,(x) remains bounded when zx varies in the finite interval 
O<aszrcb. 


This expression is established only for a>-—}4. Now we can find the 
the asymptotic expressions of IZ;,(a) and 17} (x) for every « >—1. For, 
denoting temporarily by Z,(x, @) the polynomial with the parameter e, 
we have 


1',(x, @) = —Vn Ih_1(a, a+1) 


and, since a+ 1>0, we can apply to the right hand member the equation 
(20). Thus we get for every a >—1 (dropping @ again) 





tt £ 
(21) Mn(@z) = — Boieng tins V n sin (2 Vnze— gett n) 
aVnzx 
Fi OR Ms eel 
RR. Bere. a — Sati ba(e 
Vi cos (2 Vine 4 n| - V> 


43 



















naittentnneetii. A itgcdeelh SO ak ot ese ee tee ts a ee Rk mee abner. ahs: 
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oa 


Ly res elt RS A Sac a DS LA ss 
won ne SE 


naka 


potent rie re itp ne 
T ee 


oa solescrieenedhesierisen ter ceadinesemenemnesiamcmmmetaeaaedtiaeereai teat eee Px ne we hin Seige ae oe “ 
Ee Re EO SN a ee eae ae eee ee 


SS ee 
SER IOs Boy ee naveramaos sa 
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where wW,(x) denotes a certain function of the same nature as 9, (2). 
A similar expression may be obtained for 17; (a) for every a >—1. 
Now, substituting these expressions in the equation 


a Hy (x) + («+ 1—2) M(x) +n, (x) = 0, 


it can be proved that (20) continues to hold even for —1< a < —}. 
From the equation (20) the following may be easily derived 














(22) Mn4i(z) = s. cos (2Vnz— eet} n) 
7 V nx 
x 3+ea 1 a® 
Se de ae ee een: Made’ 6 (az) 
+ “Fp sin (2Vinz— =" * n) + S02) ; 


Comparing now (20) with (21) we find easily that, for x confined to a 
given interval O<a<2<b), a constant LZ may be found so that 


lon(a)|<L, | gn(a)|<LVn, 


and the same statement can be made with respect to the function 6, (z). 
9. The fundamental relation. From the equation 





V(n+1)(n4+1 + @) Mn+1(x)—(2n + 1 + a — x) My (a) 
+Vn(n+e) Iha(z) = 0 


connecting three consecutive polynomials (which holds true even for nm = 0 
if we assume 17_,(7) = 0) the following relation may be easily derived 








2 na (x) I, (y) — Wns * 
=, Hew) Mey) = V (n+ 1)(n+a) n+. (x) wait (y) 77, (x) 





Multiplying both sides by y*e-” f(y) and integrating between limits 0 and 
coo, we obtain for the sum S, of the n+ 1 first terms of the development, 


Apo My (x) + A, Mi, (aw) + Ag Hy (x) +-+>, 
Ax =[ eo me@sway, 
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the following expression 

S = Vint tite) [x eFW) ne, y) dy 
where 9,» (x, y) stands for 


Tn +1 (x) Hy (y)—Hn+1 (y) Hn (x) 
y—x 








Yn (x, y) “= 


Taking 
yaa (8) I, (x) — Myst (x) I, (§) 
x—& 





S(@) = 


’ 


which is a polynomial in x of degree n, we have the exact equation 


/ re (&) Tl, (x) — Mn+1 (x) Il, (§) 
x—& 


= Vint Dmtite) [ye Gn, y) on(a, yay 








whence for — = zx we obtain the fundamental relation 
Miss (ax) IT, (x) — My+1 (x) Il; (x) 


(23) | 
=Veti@tite) [ye lon, iF ay. 





10. Consequences derived from (23). The asymptotic expression for 
the left hand member of (23) may be immediately obtained by introducing 
instead of 7, (a), Wn (x); WMn4i (x), Miss (x) their asymptotic expressions; 
thus we get 


(24) Tyss (=) Hn (=) — Hn (2) Hn (2) = af 4 oe 


where E, remains bounded for indefinitely increasing n. 
Now we take two numbers a and b satisfying the conditions O0< a<x<b 
and consider the integral 





I= V(n+1) (nt+i+ea) fre [gn (x, y)]®? dy. 


In order to find its asymptotic expression we introduce in 9» (x, y) for 
Hy, (x), Un (y); Hn4+1 (x), Mn4i(y) their asymptotic expressions as given 
by (20) and (22); the result can be presented as follows: 


438° 
























hk, PEO a Fads tk ee ee ~ 38g Re 
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gy ft 
2 
25) n(n) = SD? [1 Ge, p+ BED 
where 
T(x, y) = Vycos (2v nx— zat n) sin (2Vny—*2 4 n) 
—Vza cos (2V ny — ze} n) sin (2V Nx — Fe) r) 


and 


1 


n(x, y) = [y2 x 3 g(x) — 4? y ? gy) sin (2 Vnz — Fett n) 





< sin (2Vny — fet) a) 








xf x * gn y)gs (2) sin (2Vne — wi nj 








Vn 4 
1 
_ ¥ * Gn @nly) — 2a+1 ' 
Ve sin (2 Vny m) 
+4 eau) sin (2Vny —22+" n| 
n 





1 
_ & 7 Ong) « [oy _ 2a+1 
ve sin (2V nz ra n| 


+ ¥n (y) cos (2 Vaz — Zot} n) 


— pp» (x) cos (2Vng — Zest n| 





+ On (x) eos (Vay — zor n) 


— 6, (y) cos (2Vnz — Zett n) 


Af On (x) Yn (Y) — On (y) Pn (x) 








n 
hee 1 eee eee 3+ea 1 a® 
I ee ae at eM ee ta 
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It is obvious that both the functions 7; (a, y) and U;,(2, y) satisfy the 
condition (A) and vanish when y = x. We can, therefore, apply the 
lemma established in § 4 and thus reach the following result 


tn 





-2Va@tDm@pett (* 1 bie (x,y)]* 
n? n*® fv —z) sod ir 


where B, remains bounded. Now the quotient T7;,(%, y)/(y—2x) can ob- 
viously be presented as follows 


cos(2 Vnzx— fat} n| sin (2 Vny— iat 2 a) 


T n(x, y) 


Ce eee 





= I, (ax, y) +12 (a, y). 
The integral 


fu i(z, WPy 2 dy 


is evidently bounded. If we write « = §, y = 7°, u = 4—§, the 
integral 


1 
fry 2T, (x, y) Ts (a, ydy 


may be represented as follows 
Dice 
fv? He De way 


fe vo oe — 

= pesin (48 Vin — Qa+1 n) { sin 4V nu ay 

8& 2 a—t - u 

2e+1 Se Vos gin? 2V nu 
eC toes Tata 


as 





du 





1 b. 
+3F cos* (28Vn— 


2a+1 n| ran 4=+u4 


4 Vee (+28) 


>< sin (2eVn— Set} a+2u Vn} sin 2V n udu 


© eile 
— 3g 008(28V 


The last term is obviously bounded, and the same can be easily proved 
with respect to the first two. It remains to consider the integral 
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whe" VO sin? 2Vn(y—&) dy 
Joo? Use way = ae RO 
a of sin?2Vnu —s du 
aie Va-t ue (u+26&)? 








which may be represented as a sum of three others 


du 





if. sin? oe ute f sin? 2V nu 
- Wee 


Vo-é 
ROS: . u+3é 
toé ig sin’ 2V nul on i apo 


The last two are bounded functions of n, and the first can be expressed 
as follows 





2Vn (Vo—&) sin? » 
nf dv = —: a | n+ €n, 


2Vn{(Va-8) v 


where ¢, remains bounded. Finally we obtain 





C, denoting a bounded function of x. The comparison of this expression 
for J with the equation (24) leads to the fellowing important conclusions 


€ ve [on(a, y)P dy <a, iy e [gn(a, y)* dy < 4 


n 
where the constant [ may be determined whenever a and 6 are given. 
Now, if x remains fixed or varies in a limited interval, we can choose 
for a and 6 two fixed numbers. Denoting then by H and G any two 
numbers satisfying the conditions 0< H<a, G>b, we shall have 


H 
27) [velo WPay<4a, ff, ye lon(e, WP dy <4 


11. Conditions of development. Suppose the given function f(z) 
subject to the condition that both the integrals 


B 
Lvertroray, [ye lroray 
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exist for certain values of y and 8. From the preceding fundamental 
inequalities (27) it follows that 





V@rD@teth [rer onle.y sway 
Vv 1 a+] — 5 
< Lervetet) vFV fo er ieuray, 
V@tN@tetd [yer gate, y) SW) ay] 
< LOtnetet) yr) Py ev [eur ay. 


Consequently, by taking @ sufficiently large and H sufficiently small both 
the integrals 


























VantDatetD [ere )Fody 


and 





Vint) (n+e+)) fy eY on(x, y) f(y) dy 


can be made numerically less than any given positive number, however 
small, independently of n. 

The statement concerning the second integral remains true in case 
a >—+4 even if we do not admit the existence of the integral 


B 
fxr troray 
but suppose the existence of the integral 
ae? 
fe rolay 


for a certain £. 
First we can write 9, (x, y) in the following from 


[nts (x)— I, (a)] Ty, (y) i [n+1 (y)— Dn (y)] Ty, (x) i 
y—ax y—ax 





Pn (2, y) ae 


Further, taking into account the inequalities resulting from (18) and (19) 


K K 
| Mn+1 (x) — Mn (@)|< | Hn (x)| << 
n* n4 


where K is a certain constant, we obtain 
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Vath FEED So xeon, DFW ay| 


<KV (n+1)(n+a+1) 3 = 








| In W)| m Nga ia | Lf) | dy 


n* n* 








+KVoFDoFerD Ae, ee + See Vella 
n?* nt 

By (15) we have 

@ii 


| In (y)|<Tn?, | In+a (y)— Mn (y)|< Tn 


with a certain constant 7, when 0 < y < -,, so that 











Vat Fite) f, ae aes 4. Ans (— 


i 
n4 n4 


Ip 7 if Way 


1 
ae 1 ry tel eal 
—+— n n in OR 
<Ln?** {” | plysay<Lf" y? *\¢\ ay 
L being a constant. 
In the interval ‘ <y<H we have by (18) and (19) 








a 1 i e 1 

M ee ae , M cae Aa | 

m@l<——,  |[huy—me|<—2—, 
n* n* 


and consequently 


Varnerita Jz ve or Ha y)| 4 | Bat: Q— Ho Ol \ yy) ay 


i 
n4 n* 








<ef? v4 | fQ)lay 
n 
L’ being another constant. We have now 


H 
Viantimteth f er (es DFW ay 





cant e4 ‘@lav+xu fis * l¢@lay 


<K(L+L) {° y? “TL Play 
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and here the right hand member can be made as small as we please by 
taking H sufficiently small and that independently of n. 

From the preceding discussion it follows that we can confine our in- 
vestigation to the integral with finite limits 





K = Vathateth foyer yae,y SQ)dy. 


Now introducing the asymptotic expression (25) for g(x,y) we have to 
consider two integrals 





Vatimt+ett (% = -$-1 £4 1@,y 











K, = ees 745 a ry Sly) dy, 
eg. 8 t 
a 


Supposing f(x) of a limited variation in a certain interval —dé, x+4 
and both integrals 


| xr—o 
4a SY)| ay, I f(y) | dy 


existing, it can be easily shown by the second part of the lemma in 4 
that 
lim Ky = 0, n> OO, 


As to the integral K, it can be presented as a sum of two integrals 


























eg Sa Dee Son ee 
K’ = i i 2 gy 2 4? 4 Fly) 
sin (2 Vny— aot a) cos (2 Vne— 221 n| 
. a dy, 
VytVa 
ey Pea i S43 8 

K* = reniete a+1) 2 yg 2 Fy? 4 g® fly) 

nVEVG—-V2) 


yY—zZ 


of which the first evidently has 0 as its limit and the second by substituting 
x = §*, y = x? can be reduced’ to the Dirichlet’s integral 
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mn 'e E+ y F (9?) 


is ii 
x’ =— PePUSieeR Fe (3) Ta 9s 
Vi g 


in2Vn (y—& 
,- Sin aie Le 





which has for its limit 





Sf (a@+0) +f (x—0) 
3 


Summing up we arrive at the following conditions under which the 
development of an arbitrary function in series of Laguerre’s polynomials 
is certainly possible. If we suppose that the given function f(x) satisfies 


‘the following conditions: 


1. That the integral 
Ll retroray 


exists for a certain y. 
2. That in case —1<a < —}4 the integrai 


Lf rtroray 


exists for a certain 8, while in case «>—4 only the existence of the 
integral 
2S 
ft folay 
is required. 
3. That f(x) is of limited variation in a certain interval x—é, x+0 
and absolutely integrable in any finite interval, then the series 


Ag Hy (x) + A; My (x) + Ae Hy (x)+--- 
where x>0O and 
Ae = [re fay, 


converges and has for its sum 


f(a + 0)+ f(~— 0) 
3 ; 





As to the convergence of this series and its sum for x = 0 the author 
did not succeed in obtaining as simple and as general conditions as those 
stated above, and for this reason he préfers to postpone the treatment 
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of this case. It is very likely that the condition 1 may be improved, as 
this certainly is the case for Hermite’s polynomials. But it seems hardly 
possible to substitute for the condition 2 anything less restrictive and 
of the same simplicity. It is easy to show that for x different from 0 
both the series 


2 cosaVn > sin xV n 
a eeiemenes GUN ener 
n=1 n n=1 n 


converge for o> 4% and diverge for o < }. 
Now, supposing a = 0, let us consider the development of the function 
F(x) = a-* where s<1. It is easy to show that in this case 
ee EA An \ 
A, = “Te In + Poo 
4, being a bounded function of n. Taking into account the asymptotic 
expression for 7,(2) we infer that both the series 


[v2] 
es An Tn (x) 
n=0 
and 
$ on (2 oe 4) 
n=1 a —8s 





converge and diverge at the same time, that is converge when s< # and 
diverge when s > 3. But the condition 2 is satisfied for s<  #, and is 
no longer satisfied, when s > 3. 


CaRLETON COLLEGE, 
November, 1926. 
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PARALLELISM AND TRANSVERSALITY IN A SUB-SPACE 
OF A GENERAL (FINSLER) SPACE.* 


By James Henry TAYLOR. 


1, Introduction. The space here considered is an n-dimensional space 
for which an integral of the form 


t ={"Fre, az) du 


evaluated along a curve C is taken as the definition of the are length of 
the curve. The geometry of such a space was first considered by P. Finsler,t 
accordingly I have called such a space a Finsler space. ‘The conditions 
which are imposed upon F' are essentially those which make the problem 
of minimizing such an integral, in the sense of the calculus of variations, - 
a regular problem. The purpose of this paper is to show that parallelism 
of vectors in the sense developed by the author in an earlier paper{ 
implies parallelism in any sub-space in which they lie, and to show that 
the angle between two vectors in a sub-space is the same whether computed 
with respect to the metric of the enveloping space or with respect to the 
metric of the sub-space. Orthogonality, with the meaning here used, in- 
cludes transversality as a special case, and hence the transversality 
condition is shown to be preserved in a sub-space. 

2. Fundamental quantities of the space. Let x’, 2’,--.-, x” be 
the codrdinates of an n-dimensional space. As a basis of a geometry of 
such a space we take a function F(z, dx) which is assumed to be an 
invariant, in the sense in which this term is used in tensor analysis,§ 
under point transformation of coérdinates. The are length ¢ of a curve C, 

a= a(u), mm SUS, (@ —1,2,---, 9), 


is taken to be the value of the integral 
t =|" Fe, x) du 


where we employ the vector notation x and zx to represent the quantities 
(z',---, 2") and (z',---, 2") respectively, and where the dots denote 


* Presented to the American Mathematical Society, April16, 1927; received April 21, 1927. 
+ Uber Kurven und Flichen in allgemeinen Réaumen, Dissertation, 1918. 
tJ. H. Taylor, A generalization of Levi-Civita’s parallelism and the Frenet formulas, 
Trans. Amer. Math. Soc., vol. 27 (1925), pp. 246-264. 
§ Cf. L. P. Eisenhart, Riemannian Geometry (1926), p. 6. 
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derivatives with respect to u. For simplicity C will be supposed to be 
a real, analytic curve, and the function F(z, x) will be assumed to be a 
real, positive, analytic function of its 2” arguments in a domain M to be 
considered. The set of values z = (0, 0, ---, 0) is excluded. In addition, 
F will be required to possess the following properties in M. 


(1) F(a, x2) = «xF (a,x), x«>0. 
(2) PEE, 2) a xp >0, €#2. 


ax” ax? 


(3) F,>0, where F, denotes the F,-function of the calculus of variations. 
In (2), @ and 8 are summed from 1 to », as will always be under- 
stood in the following whenever an index letter appears twice in the 
same term. 

Let a function f(x, x) be defined by 


f (2,2) = + Fa, 3). 
Then as a result of (1), f of course satisfies the homogeneity condition 
ST (x, x7) = #*f (2,7), x>0, 


and the resulting identities obtained by differentiation, 


eee Jat = 2f; fapt° =Sfes Saux = 9. 


Here, as in the following, the subscripts applied to f denote the partial 
derivatives with respect to the corresponding x variables. The quantities 
So: Sag 20d fag, constitute covariant tensors of the ranks indicated by the 
subscripts.* The symmetric tensor f,, plays the réle of the fundamental 
tensor of the space. For, as a result of (4), the element of are is given by 


dt’ = fug (a, dx) dx* de, 


a homogeneous differential expression of the second order. 
From the assumption (3), and that F is positive, it results that the 
determinantt 


Sap \ > 0. 





* J. H. Taylor, loc. cit., p. 251, 
TJ. H. Taylor, Reduction of Euler’s equations to a canonical form, Bull. Amer. Math. 
Soe., vol. 31 (1925), pp. 257-262. 
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622 J. H. TAYLOR. 
A consequence which follows readily from (2) is that the form 
Sup (x, v)* $F 
is positive definite.* The length? of the contravariant vector & is defined by 
(5) 2 = fup (a, rs 8, 
and the angle between the two vectors § and y is given byt 


Sup (x, r) a 4? PG Pe 
Fea (@ r) FV Fog (@, 7) of 





(6) cos (§, 7) = 





We observe that the values of these invariants thus defined depend not 
only upon the position at which the forms are evaluated but also upon 
a vector r at that point. However, they do not depend upon the magnitude 
of r since fg is homogeneous of degree zero in the components of the 
latter. Hence (5) and (6) have the same values if r be replaced by dz 
where dz has the same direction as r. The directions given by § and 7 
are naturally said to be orthogonal in case cos (&, 4) = 0. As a consequence 
of the above form being positive definite the angle defined by (6) is real.t 

For future reference we record here the generalized Christoffel symbols 
which are defined by 
(7) (aA, p) = 4 (Zee a 

ox? 0x 0a" 


Veg =f" eb, w 


where f4# is the element of the reciprocal matrix of /,,, corresponding 


to the term Sua 
3. Fundamental quantities for a sub-space. The equations 


(8) a = gy’, y®,---,y™), 1 < m<n) 


where these functions are analytic in the y’s and such that the matrix 
|| 0a*/Oy*|| is of rank m, define an m-dimensional subspace V» which is 
immersed in the n-dimensional space V,. From (8) we have by differentiation 





* J. H. Taylor, Transactions, loc. cit., p. 252. 

tJ. L. Synge, A generalization of the Riemannian line-element, Trans. Amer. Math. 
Soc., vol. 27 (1925), p. 66. 
tL. P. Eisenhart, loc. cit., p. 37. 
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Mg PS SS ait. 
ag = yay YET oy Y 


0a* ste eek oa" oa" 

‘iy Wy wl 
where, as in the following, each Greek index is understood to have the 
range 1, 2,---,m and each Latin index the range 1, 2,---,m<n. 


By hypothesis, the length of arc of a curve in the sub-space V,, is 
given by 


(9) = 








t= [" Fe, x)du = ize, y)du 


where H(y, y) is the resulting function in y and y obtained from F(z, x) 
by substituting (8) and the first of (9). An examination shows that all 
the properties postulated for F likewise hold for H. We set h(y, ¥) = H*/2. 
Then from 

hty, y) = f (a, 2) 


we have, making use of (9), 


Oa da" daF 
(10) hi = fa Oy hy = Ses Oy oy} 
da da dat 





hijx = Sapy ay ay ay 


where the subscripts applied to # denote differentiation with respect to 
the y variables. Hence the metric of the subspace is given by 








fs « nae ay" aa? ee 
dt? = Sop dx dx? = Sup Oy oyF dy dy! => hy dy’ dy/. 
By direct computation one findst 
d%a* aaf da” da? aa’ 
a a e 
(27, k] = fap dy! ay ay* + (a8, 7] a yi ay/ dy* 


1 /da* aaf oa” . da" da? aa% 
+3 oy oy oy Jeet oy oy ay Suer 
ba aa aay f 
dy? dys dy* “ahr 
where [2j, k]* is the Christoffel symbol of the first kind for the subspace. 
Introducing the factor y‘ and contracting for i gives 














7 J. H. Taylor, Transactions, loc. cit., p. 258-255. 
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J. H. TAYLOR, 


aa* daF da® aa” 
lay, k\* y= Sup dy dy aye y' +[e8, ylae ey by 


da" da da” ., 
ain dy aday* ay! 


as each of the other two terms reduces to zero by the homogeneity 
condition (4). The last term of the right member may be further reduced 
by (9) as follows 


Oe” Oe Oe" ., 1 5 ax” oa (av — 2.7) 
zl dy) dy dy 4 “BY oy) dy \ dy 


da* dat ae 
— 7 "Seay gyi ay oy ee > ¥' hij. 





oe 











Hence we have 


. da [ a% at / ag 
Sop dy ay! ay) 7 +f; oi oa +4 ® fapy f °° oe 





(11) 
= lif, Mh + > than. 
4, Invariance of parallelism in a subspace. . contravariant 


vector § defined along a curve is said to remain paralle., with respect to 
the curve, if it satisfies the system of differential equationst 


(12) og = 0 
where 
(13) oe = Et (r+ 4 fig, YH. 


Let 4 be the components of any contravariant vector field in the sub- 
space Vm. We denote the components in V, of the vector field by §*. Thent 


(14) g = — ui, 


Differentiating (14) with respect to u, the parameter along a curve C, 
we have 








ee i Ae 
“du dy dys 7 ia dy) du 
Hence 
dd dx" a? a" 4 at |. 
min He A pa 
bs du dy +4 te ays ¥ Tayi ( reat +5 a © SopyS* 





+ J. H. Taylor, Transactions, loc. cit., p. 259. 
{ Of. L. P. Eisenhart, loc. cit., p. 46. 
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Then as a consequence of (11) we have 


"9 da* da? das 
Sug (08%) = ae = Ses Gar GE da +¥ (lisse # +4 ha) 





adi age < ; 
| du (ri yA ; si Niaas w*) | 
Hence 


(15) Sul O8®) —_ Incr (0% 2”) 


where 6* is the operator for the sub-space corresponding to (13). The 
condition that § should remain parallel with respect to the enveloping 
space is 6§* 0. Thus we have the theorem: 
If a vector § defined along a curve C remains parallel with respect to a 
space, it remains parallel with respect to any sub-space in which it lies. 
We note two interesting corollaries of this theorem. Let ¢, the are 


length of a curve C be selected as parameter. Then the tangent vector 


§* — g* is a unit vector, and the condition? that C shail be a geodesic 
of the space is 0*=— 0. Hence: 

If a curve is a geodesic of a space, it is a geodesic of any sub-space in 
which it lies. 

By a vector at a point P being normal to a sub-space we mean a 
vector say 4“, which has the property that it is orthogonal to an arbitrary 
vector in the sub-space at that point. The condition for this is 


Sup dx% oF = 0 


where dx* is an arbitrary direction in the sub-space. By (9) this 
relation becomes 


i eae , 
ap dy? 1) dy = 0, 
which is to hold for arbitrary displacements dy’, and hence 
. 0x* 
(16) Sra zat = 0 


is the desired condition that 7* shall be normal to the sub-space. 

Let ¢ be the are length of a curve C which is not a geodesic in V,. 
Denote by &* the unit tangent vector; then @& is not a zero vector and 
it t gives the direction of the principal normal of C in V,.t Suppose the 


+ J. H. Taylor, Bulletin, loc. cit. 
tJ. H. Taylor, Transactions, loc. cit., p. 261. 
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626 J. H. TAYLOR. 


curve C lies in a sub-space V», and denote the unit tangent vector 
dy'/du by 44, Then from (15) we have the theorem: 

If a curve C is a geodesic in a sub-space Vm but not a geodesic in an 
enveloping space Vn, the principal normals of C, regarded as a curve in Vn, 
are normal to the sub-space Vm with respect to the line elements of C.* 

5. Invariancy of angle in a sub-space. Let dz, é,x and d,x be 
three directions in a sub-space defined by (8). Then the angle between 
d,x2 and 6,x with respect to the line element (x, dx) is given by 


Sup (2; dx) 6, a by xP 
fap 51 2* 6, a |) Fea 22%, 28 








cos (0, 7, dg x) = 


By means of (9) and (10) this becomes 


hyly, dy) 9, y' 0, y/ 





cos (6, 2%, 6,2) = 


That is: 

The invariant cos 6, where @ is an angle between two directions of a 
sub-space with the respect to a line element in that sub-space, has the same 
value whether computed with respect to the metric of the enveloping space 
or with respect to the metric of the sub-space. 

We append as a corollary of this a theorem on transversality given by 
J. Douglas.+ The notion of orthogonality here used includes transversality 
as a special case.t A direction 7 is said to be transversal to a direction & if 


= cos (0; y, d3 y). 





, FG, 2) 
, sae 


0 x* 


0. 





By means of (4) we have 


Sap 2; &) S08 = fy (2, §) 48 =e F (2, =) 2 F(a, 8) 


a 


and hence the condition of y being orthogonal to § with respect to &, is 
equivalent to 7 being transversal to §. We are now in position to state 
the theorem, 

If a direction y is transversal to a direction § with respect to a space, 


it is transversal with respect to any subspace.in which these directions lie. 





* For these corresponding theorems in Riemannian space, and others which could equally, 
well be generalized for the space here under consideration, see L. P. Eisenhart, loc. cit., p. 75 

+ The transversality relative to a surface of f F (a, y, z, y', z')dx = minimum, Bull. 
Amer. Math. Soc., vol. 32 (1926), pp. 669-674. 

{L. Berwald, Untersuchung der Kriimmung allgemeiner metrischer Riwme auf Grund 
des in ihnen herrschenden Parallelismus, Math. Zeit., vol. 25 (1926), p. 56. 
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6. Meusnier’s Theorem. Geodesic curvature. We suppose in 
this section that the sub-space V» is an (n—1)-dimensional space; such 
a space will be called a hypersurfacezt Let C be a curve, referred to 
arc length as parameter, which lies in V,-: and which is not a geodesic 
in V,. Denote by 4/ the components in the y’s of the unit tangent vector 
and by &§@ the components in the z’s of the same vector. Then equation 
(15) holds which we write in the form 





Tap 3 (08) = Ing (OW) = Sop 2 2 0" H) 
or 
(17) fa oe | — 1| = 0. 


Let 7* be the unit vector normal to the hypersurface. Then by (16) its 
components satisfy the equations 


(18) fas gar = 0. 


Since by hypothesis the matrix || /,|| is non-singular and the matrix 
|| da*/dy* || is of rank n—1, it follows that the matrix of coefficients of 
the equations (18) is of rank (n—1). Hence from (17) and (18) it 
follows that 


1 da? ; 
(19) 9s? —_ R ri ote oy) (@* i), 


where 1/R is a scalar. As 7° was chosen as a unit yector we see that 
1/R is the component on the normal to the hypersurface of the principal 
normal (given by 6&?) of C regarded as a curve in Vy. We shall solve 
(19) for 1/R in order to show that this quantity depends upon the line 
element of C but does not involve the second derivatives. Remembering 
that §? = dx®/dt and 4/ = dy//dt, we have on performing the operations 
indicated in (19) 
#+rBeet = V+ tress 

as the other terms of (13) reduce to zero as a result of the homogeneity 
condition (4). By means of (9) this equation reduces to 


82 af i ~~ ra ee 


af og VT Tea =—3avt3a Try y - 








+ L. P. Eisenhart, loc. cit., p. 41. 
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628 J. H. TAYLOR. 


By introducing the factor fs,” and summing for 8 and 7 one obtains, 
since 4” satisfies (18) 


2 
f ge Oe cas yatta? = Big 
By dy dy/ , R 


This shows that the value of 1/R at a point P for a given V,-: is the 
same for all curves in V,»-; passing through P and having the same 
direction. We call 1/R the normal curvature of Vn—1 with respect to 
a given direction, i.e. with respect to the line element of the curve C. 
If C is a geodesic in V,-, then 6*A/ vanishes and the normal curvature 
has for its value the value of the first curvature of C regarded as a curve 
in Vz. Then we have the theorem 

The normal curvature of a hypersurface for a given direction is the first 
curvature in the enveloping space of the geodesic of the hypersurface in this 
direction. 

The first curvature of C in V, and V,-; are given respectively by 





5 aie / a p Pe - (A* Jt * Qj). 
ou V Fes (089) (08), og Vs OH) (FH) 





Now define unit vectors w* and ¢? by the equations 





da? : 
p? = e(0p), FP =—e@ ay (@* 2), 
Then (19) may be written in the form 
B B 
5 wag £+=. 
4 Og 


We note that the vector w* is expressed linearly in terms of the orthogonal 
vectors #* and ¢?, Denote by o the angle between w*® and 7*. Then 





The first of these equalities is a generalization of the theorem of Meusnier, 
and from the second We see that 1/9, is a generalization of the geodesic 
curvature.t 





7 For these corresponding theorems in the Riemannian geometry see L. P. Eisenhart, 
loc. cit., pp. 151-152. 
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ON THE FORM OF DIFFERENTIAL EQUATIONS 
OF A SYSTEM OF PATHS.* 


By ALonzo CuuRcH. 


In a recent papert Veblen and Thomas have proposed, as a generalization 
of the affine geometry of paths studied by them, the study of paths de- 
termined by a system of differential equations of the form 


a Cat da? dx? dx% dat 
ij Le Hes 
(1) dap ds* ds HM par ds ds ds 0 





in which the /7’s are functions of the x’s, symmetric in the indices p, g, r 
and alternating in the indices 7 and 7, and subject to an appropriate law 
of transformation. 

It is the purpose of this paper to show that, if equations (1) are not 
the differential equations of a system of paths which has an affine con- 
nection, then the curves which satisfy (1) fail to constitute a system of 
paths at all, in that they do not have the property that, locally, two 
points are joined by one and only curve.t 

Since equations (1) are invariant under all analytic transformations of 
the parameter s, we are at liberty to choose the parameter as we please. 
Let us, therefore, fix a particular integer k such that 1<k<n, and 
choose s = aa*+ 8 where @ and # are constants. Then d? 2*/ds? = 0. 
Of the equations (1) choose those in which ik and solve them for 
@ x//ds*, so obtaining 

C2 wy de? dx dv (dx*\* 
™ i Ne i a ae as 


where the index k has the fixed value just chosen. Since the right hand 
side is homogeneous of the second degree in the first derivatives, these 
equations determine a system of paths§ (that is, a system of curves which 
has the property that, locally, two points are joined by one and only one 
curve). Consequently if equations (1) are to determine a system of paths 
it must be that the remaining equations of (1), in which i+, are none 
of them independent of equations (2). 

* Received May 23, 1927. 

7 0. Veblen and J. M. Thomas, Projective invariants of affine geometry of paths, Annals 
of Math. (2), vol. 27 (1926), p. 295. 

+0. Veblen, Remarks on the foundations of geometry, Bull. Amer. Math. Soc., vol. 31 
(1925), p. 128. 0. Veblen and J. M. Thomas, loc. cit. 

§ J. Douglas, The most general geometry of paths, read before the American Mathematical 
Society May 7, 1927. 
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630 A. CHURCH. 


If we substitute in (1) the values of the second derivatives given by (2), 
we obtain a set of equations which, after multiplication by dz*/ds, can 
be written in the form 
: j yy ki i Jk y\ Ga? da® dxt dxf _ 

(3) (df Myqr + 95 Wpgr + 0}, Hpi) ds de de de = 0. 





Since these equations, unless the left hand side vanishes identically, are 
clearly independent of (2), a necessary condition that (1) determine a system 
of paths is that the left hand side of (3) vanish identically; that is 


of mt, + of me, + ok a, + 6) oft, + 6 mt, + o& mg, + 6) me, 
+ 9 Wirp + 94 Wiry + 8p Migr + 8p Uber + 8p gr = 0. 
Contracting this for k and b and setting 


(a Mig = —2E* a, 
an equation which implies that the quantities Typo transform like a pro- 
jective connection, we obtain, after dividing through by » +1, the condition 


os 1 ij ij oe 
(5) Tyqr — “x (Sky Wor + Seq rp + Sir pq) = 0. 


Now this is the condition obtained by Veblen and Thomas that the paths 
determined by (1) have an affine connection. In fact, if we substitute for 
Tj, in (1) the expression } (6%, Up + dit, Uh + 0% hq), we obtain the 
equations 

54, Px da? 
ds* ds 


kt ax? dat da 


i ik 
+ Sep Har ds ds ds <7 








which are known to represent a system of paths which has an affine 
connection. 

Hence we infer that a system of differential equations of the form (1) 
cannot be used to determine a system of paths which does not have an 
affine connection. 

It is pointed out by Veblen and Thomas that the left hand side of (5) 
is a tensor. From this it follows that MZpj, can be expressed uniquely in 
the form 


Hpr = Tar + (Skip Hor + 9eq Urp + Sir Hq) 


where Te, is a tensor and Iho is the projective connection determined 
by (4). Hence the theory of the invariants of 17), is equivalent to the 
theory of the simultaneous invariants of a projective connection and a tensor. 
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DIFFERENTIAL INVARIANTS 
OF RELATIVE QUADRATIC DIFFERENTIAL FORMS.* 


By Tracy Yerkes THomAs Anp AristorLe D. MicHA..t 
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Historical introduction. The differential equations which define the 
differential invariants of affinely connected manifolds were established and 
studied by us in a previous paper. On the basis of the differential equations 
we deduced the number of functionally independent absolute scalar differ- 
ential invariants and parameters of any order. The normal tensors A and 
tensor extensions F' of the set of arbitrary functions in case of the para- 
meters were taken as independent variables. This selection of independent 
variables enabled us to write down the differential equations of the in- 
variants and parameters in a very brief explicit manner and resulted in 
considerable simplification and clarity of treatment over all foregoing 
related investigations. It was shown by making use of the number of 


* Received May 17, 1927. 

+ National Research Fellow in Mathematics. 

t Annals of Math., vol. 28 (1927), pp. 196-236. 
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functionally independent scalar invariants that a certain set of scalar in- 
variants J involving invariants of order +1 (< n+1) at most was 
complete in the sense that necessary and sufficient algebraic (i. e. non- 
differential) conditions for the equivalence of two affinely connected mani- 
folds could be expressed in terms of the invariants of the set. In the 
present paper our work on affine differential invariants and parameters 
is extended to the invariants of the non-singular relative quadratic differ- 
ential form (see § 1). Throughout the paper it has been possible to reduce 
the treatment very much on account of the analogy with our previous work. 
As the theory of the non-singular relative form is reducible to that of 
the ordinary quadratic differential form (see § 1) we shall first give a short 
historical account of the work on the invariants of quadratic differential 
forms treated by means of differential equations. ‘This will make it possible 
to compare our own work more easily with that of others. 

At the end of this introduction is appended a bibliography of the more 
important investigations on this subject arranged according to the chrono- 
logical order of their appearance. References to papers in the bibliography 
on page 641 are denoted by Arabic numerals. 

In 1884 the first systematic treatment of the differential invariants of 
infinite continuous groups was published by Sophus Lie'.* This work of 
Lie has proved itself fundamental in practically all of the later develop- 
ments of the general theory of differential invariants. On this account 
we shall note a few of the underlying ideas in Lie’s theory. 

An infinite continuous group of transformations is defined as follows:7 

A family of transformations 


y = fi'y’,--5y¥™) (¢ = 1,--+, m) 


is an infinite continuous group of transformations if f',---,” is the 
most general solution of a system of partial differential equations 





des ge dy™ 9% y' 
(1) Wi ly, tee, gad y', tee, at ay! tee, ae) == 0 (= 1, 2,---) 
which possesses the following two properties. 

First, the most general solution of the system (1) does not depend on 
a finite number of arbitrary constants. 

Second, if : aa a 

y¥ =fity',---5y” (i = 1,--+, m) 

*Lie had already presented an outline of his theory to the Scientific Academy at 
Christiania during the previous year. See, Gesell. d. Wiss. zu Christiania, 12 (1883). 
7 This definition is taken directly from 8. Lie, Leipz. Ber., vol. 43 (1891), p. 317. 
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and 
y = ¥(y',--+5 (i = 1,---, m) 


are any two solutions of the differential equations (1), then 


y = 9 (f*(y),-+-, F™(Y) G= 1, +++, m) 

is also a system of solutions of these differential equations. 
In this definition of an infinite continuous group the variables y’, ---, y” 
may denote a set of variables z’,---, x", 2',---, 2 of which the 2 are 


the independent and the z the dependent variables. 
A differential invariant in the sense of Lie’ of the group of transformations 
of the above variables x',---, 2”, z',---, 27 is a function 


02" O27 9%z' 
1 apt» 1 D etieaass yy aL eee weaned 8 
O(a! yah ate a al? 9a? gat?’ 


which retains its form under all transformations of the group, i. e. 


a. re 


oe a*z' 


= (2" ooe, gl ——-+* «+0 ———_. en 
— ’ ’ ’ >—1? 5) — 2 ? 
Ox az! 


2 (x, ree, a 

On the basis of these definitions Lie proves the following remarkable 
theorem. | 

Every infinite continuous group determines an infinite set of differential 
invariants which are given as solutions of complete systems of partial differ- 
ential equations. 

Somewhat more precisely we may say that the differential equations of 
an invariant 2 of order p, i. e., an invariant 2 depending on derivatives 
of the 2* up to and including those of order p, are represented by 


(2) X¥2=—0 


provided that Xf denotes the symbol of the extended group containing 
derivatives of the 2 up to those of order p inclusive. Owing to the 
arbitrary functions in the equation (2) this breaks up into a system of 
homogeneous partial differential equations which are complete as stated 
in the above theorem. 

As an application of his general theory Lie' considers the binary 
quadratic differential form 


(3) ds* = Edz*+2Fdxrdy+Gdy* 
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eee 7 1 
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and a scalar function g(x,y). On account of the requirement of absolute 
invariance of ds* and the function ¢ under arbitrary transformations 


(4) Sa St (%,Y); j= 9(%,yY) 
we have the relations 
(5a) 9 (z,¥) aieed y (x, y) 
and ; 
pk 2 
B= £ (52 terse cy +@(5¥ ae) 
02x 
mH pox Ou Ox by phe) by by 
(5b) 7s 5c ay . ris ss ay +es> ay’ 
= Ox dx U4 
G=f (22) oF -2 a (eu ou) 


The equations (5) which are of the type (1) are the differential equations 
defining the group of transformations in the independent variables xz, y 
and the dependent variables ZL, F, G, and gy. Since the equations (5) 
express no conditions on the independent variables x and y these trans- 
form by the arbitrary transformation (4). Lie, then, indicates how the 
differential equations of the parameters corresponding to (2) are determined 
and it is evident that a similar treatment can be given for the general 
quadratic differential form in m variables x‘ and a set of scalar functions ¢*. 
While Lie thus showed that the problem of determining such differential 
parameters is an instance of his general theory, he did not consider the 
problem further. 

The special treatment of this problem was taken up later in the thesis 
of Lie’s student K. Zorawski? who confined himself, however, to the binary 
quadratic form. Using Lie’s method, Zorawski constructed the complete 
system of partial differential equations satisfied by scalar invariants (Gaussian 
invariants) of order p(= 1) in the derivatives of the coefficients of the 
form (3) and by differential parameters (Beltramian invariants) of order 
p (= 1) in the derivatives of a set of scalar functions ¢’, ---, »” involving 
derivatives of order »—1 in the coefficients of the form (3). He refers 
to the latter as differential parameters of order p. This unnecessary re- 
striction in the relation between the order of the derivatives of the 
functions gy’ and the derivatives of the coefficients of the form (3) has 
not been made in our paper but seems to have been imposed by all other 
writers without apparent justification. The number of differential equations 
in the complete system given by Zorawski for the determination of in- 
variants and parameters of any order p increases with p. A corresponding 
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increase in the number of differential equations occurs in the work of all 
other writers on this subject. We mention this point explicitly inasmuch 
as the number of differential equations defining the invariants or para- 
meters of any order remains the same in our theory. 

The determination of the number of functionally independent scalar in- 
variants and parameters of the binary form (3) which is the principal 
contribution due to Zorawski, is equivalent to the determination of the 
number of independent equations in the complete system of differential 
equations by which these invariants and parameters are defined. In order 
to find the number of these equations Zorawski proved the following 
theorem: 

If the differential equations for the determination of the invariants 
(Gaussian or Beltramian) of order p are independent, those for the deter- 
mination of the invariants (Gaussian or Beltramian) of order p+-1 are 
also independent. 























Number of invariants (n = 2) 
Order 
Gaussian Beltramian 

0 0 Ls 

1 0 2w—tl 

2 1 3w 

3 1 4w 

4 3 5w+1 

5 4 6w 

6 5 7w 

Pp p—1 | (p+i)w 





Table I. (Zorawski.) 


In view of this theorem it is possible by a consideration of the independence 
of the differential equations for several special cases to determine the 
number of independent invariants and parameters of any order. The results* 
thus obtained by Zorawski are given in Table I. The number of Gaussian 
invariants of order p(> 2) given in this table was obtained by Zorawski 
by taking the difference between the numbers of functionally independent 
solutions of the differential equations defining the invariants of orders p 
and p—1 respectively, while the number of Beltramian invariants of order 
p (= 2) was taken as the difference 


(6) [D (p—1, p, w, nN—N(n, p)] —[D(p— 2, p—1, w, n)—N(n, p —1)] (nm = 2) 
* After hesine determined the number of Beltramian invariants of orders one and four 


in table I, Zorawski replaced these by w and 6 w respectively in order to conform to 
a particular method of construction of his invariants. 
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in terms of our notation (see § 20). For pO, or 1 the number of 
invariants in the table can be regarded merely as the number of functionally 
independent solutions of the differential equations of the invariants of 
orders zero or one respectively. To say with Zorawsky that the numbers 
in the table I represent the number of functionally independent invariants 
of any o-der p is somewhat misleading for actually it is possible to construct 
N(2, p) functionally independent Gaussian invariants and D(p—1, p, w, 2) 
functionally independent Beltramian invariants each of which is of order 
p for the binary form (3). Most of the later writers, following Zorawski, 
have used his terminology. 

Zorawski also treated the Minding invariants which, however, can be 
reduced to Beltrami’s differential parameters.* On this account we do 
not consider the Minding type of invariant. 

In the thesis of T. Levi-Civita* written at the suggestion of Ricci we 
find the first treatment of the general quadratic differential form. By 
counting the number M, of differential equations for the determination of 
the scalar invariants of order p and the corresponding number JN, of 
independent variables which were taken to be the coefficients of the 
quadratic form and their derivatives up to those of order p inclusive, he 
found the number N,—M, which he pointed out gives the minimum 


‘number of functionally independent invariants of order p. For the form 


in two variables the number 
Np— Mp = (p+ 1) (p—2)/2 (p m 3) 


and is therefore equal to the number of independent invariants of order p 
obtainable by adding up the numbers in the Gaussian column in Tabie I. 
Levi-Civita, however, did not determine the number of independent diffe- 
rential equations as is necessary for the exact determination of the number 
of independent invariants. 

The determination of the exact number of absolute scalar invariants 
for the general form was made in 1902 by C. N. Haskins*. His work can 
be regarded as the extension of that on the binary. form by Zorawski. 
Using the coefficients of the form and their derivatives as the independent 
variables he showed that the differential equations satiesfied by the in- 
variants of order p can be obtained by adding certain terms to the 
system of differential equations for the invariants of order p—1, and also 
by adding certain equations to this system. These latter equations he 
refers to as the “final equations of order p” and states the following 
theorem regarding them: 


* See (5) p. 333; also (6) p. 168. 
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If all the equations of order p—1 are independent and if the final 
equations of order p are independent, then all the equations of order p are 
independent. 

Haskins next proves that the final equations of any order p(= 1) are 
independent. By showing the independence of the differential equations for 
the invariants of a particular order p = @ the independence of the 
equations for the invariants of orders p> will therefore follow. As we 
see, these theorems which pertain to the general quadratic form in n 
variables «* take the place of that given by Zorawski for the binary form. 
The essential step taken by Haskins beyond the work of Zorawski is his 
demonstration of the following theorem: 














| Order Number of Gaussian invariants (n > 3) 

| 0 0 

1 0 

| 2 (nm — 2) (n — 1) n(n + 3)/12 

ee MOE MOE 12). ea, Soh a he 
a . n(p—1) (n+p—1)!/2 (»—2)! (p+)! 





Table If. (Haskins.) 














Order Fhe | Number of Beltramian invariants (n = 3) | 
1 win w(w-+1)/2 
1 wn wn — [n(n — 1)/2] 
2 won [wn (m + 1)/2] — [(n — w) (n — w — 1)/2] 
2 wen wn (n+ 1)/2 
3 w [wn (m + 1) (n + 2)/6] + [n(n —1)/2] 
4 w wn (n+ 1) (n+ 2) (n + 8)/24 
p w w (n+ p—1)!/(n—1)! p! 











Table III. (Haskins.) 


If the differential equations satisfied by the invariants of order two are 
dependent for every form in n variables they are dependent for every form 
in n—1 variables. 

In virtue of the above theorems the demonstration of the independence 
in general of the differential equations is reduced to the consideration of 
several particular cases as treated by us, for example, in § 12. 

The number of functionally independent absolute scalar or Gaussian 
invariants found by Haskins is given in Table II. The significance of the 
numbers in Table II is the same as that in Table I. 
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The paper of Haskins containing the above results was followed by 
a second one by him in 1904 in which he gave the corresponding results 
for the differential parameters or Beltramian invariants®. He first proved 
theorems which take the place of cases (a) and (b) in § 19 of our paper 
after which the number of differential parameters of any order p can be 
‘obtained immediately. The same restriction in the order of the differential 
parameter which was imposed by Zorawski also occurs in the work of 
Haskins. His results are given in Table III. 

Later Th. De Donder® gave a very cursory treatment of this problem 
independently of Haskins. 

Another writer to follow up the work of Zorowski was A. R. Forsyth. 
By solving the differential equations he actually constructed sets of all 
functionally independent differential parameters of the first three orders 
(subject to the usual restriction of order) involving one and two scalar 
functions, both for the two fundamental forms of a two-dimensional surface® 
and for the quadratic form of ordinary Euclidean space’.* 

The question of the determination of the differential parameters of the 
general quadratic form in variables was taken up by J. E. Wright? but 
the explicit determination of the parameters in our sense which would 
constitute the only real solution of this problem, was not given by him. 

A determination of the number of functionally independent differential 
invariants and parameters for the binary form (3) was undertaken by 
J. Knoblaucht by the process of algebraic elimination of the derivatives 
of the transformation (4) from the equations of transformation of the in- 
dependent variables i. e., the coefficients of the form (3), the scalars 9%, 
and their derivatives. This paper was the beginning of a rather extended 
discussion between Knoblauch and Zorawski in regard to the intrinsic 
merits of their two methods.§ While the problem can obviously be con- 
sidered as an algebraic one, it does not seem to us to have been treated 
satisfactorily as such by Knoblauch. For example, he has not considered 
the possibility that the elimination processes may lead to equations between 
the original and transformed variables in which these quantities are in- 
extricably bound together, nor the independence of his equations which 
is necessary for the rigorous determination of the number of independent 
invariants or parameters. Such criticism can not be made against the 





* For the plane two-dimensional case, see A. R. Forsyth, Rend. Circ. Matem. Palermo, 
vol. 21 (1906), pp. 115-124. 

+ Amer. Journ. of Math., vol. 27 (1905), p. 8323-342. 

t Crelle, vol. 131 (1906), pp. 247-264. 

§ See, Leipz. Ber., vol. 59 (1907), pp. 372-377; pp. 160-186; ibid., vol. 60 (1908), 
pp. 20-52; and ibid., vol. 61 (1909), pp. 3-30. 















































DIFFERENTIAL INVARIANTS. 639 


treatment given by Zorawski and it is our point of view that this problem 
can be handled very satisfactorily by the general method of Lie’s theory 
of differential invariants, which lies at the basis of the work of Zorawski 
as well as our own. : 

We shall now give a brief resume of the more important features of 
our own work. If the coefficients G,, of the relative form (1.1) are 
taken to be real functions of a set of real variables z', .--, 2” this form 
will go over into one of which the coefficients can be taken real or pure 
imaginary depending on the sign of the Jacobian of the transformation 
(1.3) and the weight x of the form (1.1) itself. As we shall wish to 
leave the transformation (1.3) and the (real) constant x as unrestricted 
as possible we shall consider all the coefficients G,, with respect to a set 
of variables x to be real simultaneously or pure imaginary simultaneously. 
Of course in certain special cases the extension to pure imaginary coefficients 
is not necessary, e.g., if x has the rational form p/q where p is even. 

It is shown in § 1 that every non-singular relative form G, i.e., one 
for which nx-+2 does not vanish, can be associated with an absolute 
quadratic form H such that the equivalence of two: relative forms implies 
the equivalence of their associated forms and conversely. Hence the invariant 
theory of the relative form G is reduced to the invariant theory of its 
associated form H and is developed by us on this basis. 

An important step in the simplification of the work was taken in selecting 
the tensor coefficients H,, of the form H and its tensor extensions 
Hes, ya ...¢ @8 the variables to which the (scalar or tensor) invariants are 
referred. The number of these variables which are functionally independent 
is easily calculated from the complete sets of identities (9.1), (9.2), and 
(9.3). For the case of the differential parameters the scalars F® and 
their extensions Fo... are taken as the additional variables. By the 
replacement Theorems (3.1) and (3.II) any scalar or tensor differential 
invariant and parameter can be expressed as a function of these variables. 
On account of the tensor character of the finite transformation of the 
variables their infinitesimal transformation is linear and homogeneous in 
the first derivatives of the arbitrary functions &* (see § 10) with the result 
that the differential equations satiesfied by the invariants and parameters 
are in all cases nm* in number, and can be written down in a simple 
explicit manner. In this paper however, we discuss only the differential 
equations of the scalar invariants and parameters.* The completeness of 
the latter equations follows from Lie’s general theory but we have given 
the direct proof of this by which we have found the structural constants 





* Logically this is all that is necessary as the scalar invariants alone form a complete set. 
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of the n?-parameter group of transformations of the variables (see § 10). 
In general the treatment of the independence of the differential equations 
is quite analogous to that of previous writers but it has been shortened 
and improved considerably by our methods. 

We have found that the functionally independent solutions of the 
differential equations satiesfied by the absolute scalar invariants of order 
p (= 0) are N(m, p) in number (see § 13). The corresponding result for 
the differential parameters of order p(= 0) in the derivatives of the 
coefficients of the form G and of order g(> 0) in the derivatives of the 
set of scalars F®,-..., #™, i.e., a parameter of order (p,q) in our 
notation, is given by the number D (yp, g, w, m) defined in § 20. 

As we have already remarked the statement by certain writers of their 
results on the numbers of independent scalar invariants and parameters 
has been quite confusing and has necessitated a more or less detailed 
reading of their work for its correct interpretation. We have attempted 
to eliminate such a difficulty in our own work by a precise definition of 
two fundamental sets of scalar invariants and parameters (see § 13 and 
§ 20). What most writers have called the number of independent scalar 
invariants of order p is the difference between the numbers of invariants in 
two (first or second) fundamental sets of invariants of orders p and p—1 
respectively, i.e., the difference 2 (n, p)— (mn, p—1) which is the number 
of invariants of order p in a second fundamental set. Correspondingly 
D (p, q, w, n) is the number of parameters in a first fundamental set of 
order (p,q). It is the difference (6) without the restriction m == 2 which 
represents the least number of parameters of order (p—1, p) in a complete 
set of solutions of the differential equations satisfied by the parameters 
of order (»—1, p) that is the number of independent parameters of order 
p in the terminology of most writers. This difference (6) is the number 
of parameters of order (py—1, p) in a second fundamental set of parameters 
of order (p—1, p). 

In § 4 it is shown that the tensor H,, and the totality of its extensions 
constitute a complete set of invariants of the form G. The finiteness of 
this complete set is proved in § 8 by making use of Theorem (5.II) on 
the relationship between the extensions H,,,g..., and the curvature 
tensor B,,,3 With its successive covariant derivatives, and a theorem on 
differential equations in § 7. In fact we establish in § 8 that the tensor 
H,,g and its extensions Hy, y,...,, (r = 2,-+-, N+2) where N < n’?+n, 
are complete. It is also shown in § 8 that the integer N is an arithmetical 
invariant of the form G. In § 15 it is proved that the N(n,#-+1) ab- 
solute scalar invariants of a second fundamental set of order w+-1 where 
o <= n-+1 constitute a complete set of invariants of the form G. By 
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establishing the equality » — N-+1 we then show the invariant nature 
of the number » and considerably reduce the upper bound of N. 

The problem of the equivalence of two absolute quadratic differential 
forms was treated in 1869 by E. B. Christoffel who gave a sufficient 
condition for equivalence in terms of the equality of the scalar invariants 
of the two forms. Later writers have also considered this- problem but 
do not seem to have gone beyond the work of Christoffel and it is our 
opinion that we are the first to give a definite proof of the completeness 
of the absolute scalar invariants of a quadratic form in the sense that 
both necessary and sufficient conditions for the transformation of two such 
forms can be expressed in terms of these invariants. 

A complete set of scalar invariants of the binary form G@ has been 
constructed in § 18. For additional remarks on special forms @ the 
reader is referred to § 6 and § 16. 
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1. Relative quadratic differential forms. The quadratic differential 
form* 
(1.1) Gap da" da? 


is called a relative form of weight x if it transforms in the manner 
given by 
(1.2) Gap 4z* A? = (x Z)* Guz dx* da? 


under an arbitrary (real) analytic transformation 
(1.3) G: af = fiz, z-.., (¢ = 1, 2, ---,m) 


of the (real) variables x‘ with non-vanishing Jacobian 











8a) Ce 
Oa! °° «~8a” 
aa" da” 
Ox: °° aan 





which we denote by (xz) for brevity. It is furthermore assumed that 
(1.4) Gap — G50 


and that the determinant |G,,| does not vanish identically in the set of 
variables 2’. 
From (1.2) the quantities G,, transform according to the law 

= of 02° dat 
1.5 Go, = (« z¥ Ge — 
and are thus the components of a relative tensor of weight x. On account 
of the assumption regarding the determinant |@,,| we can define in the 
ordinary manner a set of quantities G“? which are the components of a 
relative tensor of weight —-*. By taking the determinant of both sides 
of (1.5) we have 


(1.6) |Gag| = (@ z)™*? |G,9\. 





* Unless a statement to the contrary is made, subscripts and superscripts can take on 
integer values (1, 2,---,) and it is to be understood that an index which occurs twice 
in a term is to be summed over these values of the index. 
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Hence under the condition 
(1.7) - met2+0 


we can eliminate the Jacobian (2x) between (1.5) and (1.6) so as to obtain 


— 02° dat 
1.8 H. == Ban theyre Peres 4 
(1-8) Fe oat Om 
where 
Gor 
(1.9) Hy = 75-7 y = x/(nx+2). 
| Gag | 


It follows conversely that the equations (1.8) imply the equations (1.5). 
In other words the invariant theory of the relative tensor Gag of weight x 
satisfying the condition (1.7) is completely equivalent to that of an associated 
absolute tensor Hyg defined by (1.9). This circumstance brings the general 
theory of the relative form (1.1) into relationship with the theory of the 
ordinary quadratic differential form and is developed by us from this 
standpoint. 

If the condition (1.7) is not satisfied a relationship of the above sort 
does not hold. For this singular case the invariant theory of the form (1.1) 
is equivalent in its nature to that of the conformal Riemann geometry and 
consequently offers special difficulties in the way of its development.* 

Throughout our paper we shall restrict ourselves to the nonsingular 
form (1.1) and for brevity shall refer to this simply as the form G. 
Similarly the letter H will have reference to the associated tensor 1H, or 
to the extensions derivable from it, (see § 3). 

For future reference it is to be noted that the symmetry condition 


(1.10) Hg, = Hye 


J 


is satisfied. If we denote by T ap and E s the Christoffel symbols of the 


second kind based on the functions H,, and G,, respectively, then 


Sore | ie eee at 8 ' " ) 
(1.11) Pop == ae r(& ly B 4 03 * 3 Gag Ge vol . 
The quantities T - transform in the ordinary manner 


ag Of: - es i 027 da* 


1.12 a 2” 
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*See T. Y. Thomas, Proc. Nat. Acad. Sci., vol. 11 (1925), pp. 722-725; and ibid., vol. 12 
(1926), pp. 352-359. 
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but the ‘: 7 have a somewhat more complicated law of transformation. 


However this need not be considered, as the transformation (1.12) suffices 
for the construction of the scalar or tensor invariants of the form G. 

It is possible for a set of real coefficients of the form G@ with respect 
to variables 2‘ to go over into a set of pure imaginary coefficients with 
respect to variables x‘ on account of the generality of the group of trans- 
formations © and the admissible values of the constant x. Accordingly we 
shall consider the coefficients G,, all to be real or all to be pure imaginary 
simultaneously with respect to variables z‘ as such a set of functions Gs 
is closed under the group of transformations G. For special values of the 
constant x, including in particular the case of the ordinary quadratic form 
(x = 0), the extension to pure imaginary coefficients is unnecessary as we 
have already mentioned in the introduction. The character of the tensor 
Hy, together with the contravariant forms G°? and H*? is similar to that 
of the tensor G,, On the other hand the functions Tnp are real in all 
cases with the result that the transformation to a system of “normal 
codérdinates’’ is a transformation ©. 

2. Normal coédrdinates. It is now possible to define a set of variables 
y identical with the normal codrdinates of Riemann* which were introduced 
by him from the geometrical point of view as the system of codrdinates 
such that the equations of the geodesic lines through the origin take the 
simple parametric form: 7‘ = &s. Since our present discussion is analytical 
rather than geometrical we shall introduce these variables 7 from a slightly 
different viewpoint than that of Riemann. However it will be convenient 
to retain the designation “normal codrdinates” for the variables y‘ as well 
as the related terminology which has grown up in this connection. 

An important step in the development of our theory of invariants might 
be expected if we could replace the underlying group of arbitrary trans- 
formations © by a comparatively simple associated group of linear homo- 
geneous transformations: 

(2.1) y= ay" 


where the sets of variables 7‘ and y* are to be thought of as related to 
the variables 2‘ and z* respectively in a definitely determined manner. 
Under the assumption of the existence of the transformation (2.1) the 
equations (1.12) become 
(2.2) os *¥ — of bv Oy 

Pay? ay” ay 





*See Weyl’s commentary to B. Riemann: Uber die Hypothesen, welche der Geometrie 
zu Grunde liegen, Berlin (1923). 
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with respect to the transformation between the » and y‘ variables. From 
(2.1) and (2.2) we obtain 


Coy a= Ciy ys 
a set of equations which will be satisfied if 
(2.3) Cyt y? = 0. 


With the equations (2.3) the contact with a method of definition of a 
system of normal codrdinates 7/ is established.* We need not enter upon 
a discussion of these codrdinates here as their properties are well known. 
For our purpose it is sufficient to note that they transform by (2.1) where 





dat 
gy Sel tho 
G4) ve | dx a=q 
and that 
a= ¢@ for y' = 0; xz! = gq‘ for y* = 0; 
(2.5) Bat ax 
= di i — ° — di y= 
ay d* for 0; aye d¢ for y 0. 


The rth partial derivatives of the components of a scalar or tensor 7 
define, when evaluated at the origin of a system of normal codrdinates ;/, 
a set of functions of the variables z* which constitute the components of 
a tensor called the rth extension of 7.+ If 71, the extension is identical 
with the first covariant derivative. It is evident from (2.2) that this process 
of extension can also be applied to the functions Top which gives rise to 
the set of normal tensors A. When the process of extension is applied 
to the tensor H,, we obtain the sequence of (absolute) tensors Hy »g...¢; 
the components of which are all real or all pure imaginary depending on 
the real or pure imaginary character of the components H,, themselves. 
In particular H,;,, vanishes identically. For future reference we shall 
give the explicit formula for the second extension H,, 3 which depends 
on the components H,, together with their first and second derivatives. 











Hep Hap ¢  2Hap po 2 Hew 16 


Fup ys = rz " 
“b,7o aa’ ox? ane” eed aay 
6 Hes 7: 
(2.6) as aaa? Ty , Taya — Hoo Tpye 


ax? 
+ He, Tey 3a + Hor Tee Ty 


Ox 





*0. Veblen and T. Y. Thomas, Trans. Amer. Math. Soc., vol. 25 (1923), p. 563. 
+ 0. Veblen and T. Y. Thomas, loc. cit., p. 571. 
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ar. 
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The point of view which we have adopted in introducing normal codrdinates 
y' on the basis of the transformation (2.1) is precisely that which is of most 
significance from the invariant theoretic standpoint. Only on account of the 
particular type of relation (2.1) ts it possible to develop a complete invariant 
theory of the form G on the basis of the elegant methods of the tensor analysis. 
3. Differential invariants. Definition. The set of functions 





dGag 0” Gag 
3.1) EQ: f (4. 5 es -} 
eS ae aay... bat 
will be called a differential invariant of order p of the form G if each 
function of the set retains its form as a function of @,, and its derivatives 
under the transformation of the functions EH which is associated with a 
transformation @ of the variables <*. 

This notion of a differential invariant of the form G can evidently be 
extended to the set of functions 
OP Gap aoe Fo aa Fo 


i). 


Qx’...da®? > Oat °°"? Oak... Om” 








(3.2) @ab--f (Gps +093 


where F® denotes any one of a set of arbitrary scalar functions, i. e., 
(3.3) FOG, vee, 0") = F(z", esas. x") i= 1, 2, cee w) 


under a transformation G. The set of functions ® of the type (3.2) will 
be called a differential parameter of the form G. 
In this paper we shall restrict the term invariant and parameter to ab- 
solute or relative scalars and tensors. 
From (1.9) we have 
Gap ess Hi [*/2 Hag 


and hence any set of functions (3.1) and (3.2) can te put into the form 





6” Hag 
OGY... = 


(3.4) ug (He33 mee 































and 


(3.5) Qk 


respectively. Conversely the sets of functions (3.4) and (3.5) can be ex- 
pressed in the form (3.1) and (3.2) respectively by making use of the 
Obviously (3.4) is a differential invariant if (3.1) is a 
differential invariant, and conversely. A similar remark applies to ex- 


relation (1.9). 
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6”? Hyg 





. Fo . 


(Hegs -+-5 oS gases vient 


pressions (3.2) and (3.5). 


If we transform a differential invariant (3.4) to a system of normal co- 
érdinates y* and evaluate at the origin of this system, the components of 


the invariant (3.4) take the form 


(3.6) 


which enables us to state the following replacement theorem. 

THEOREM (3.1). Any differential invariant (3.4) of the form @ can be 
put into the form (3.6) by replacing the first derivatives of Hyg by zero, 
and higher derivatives by the corresponding extensions Hop ¥3...0- 

In a similar manner the set of functions (3.5) can be given the form 


Mon. 4 Hag’ 0; Hap yas: 


(8.7) GRA Hay; 0; Huy yai---s Hag ya..03 Fs 


where the quantities FY...» denote the extensions of the scalars F”. This 
gives the replacement theorem for differential parameters. 
Any differential parameter (3.5) of the form G can be 
put into the form (3.7) by replacing the derivatives of Hyg and F® by the 
corresponding extensions. 

The symbol (p, g) may be used conveniently to denote the order of the 
It is clear that we need not consider parameters 


THEOREM (3.I]). 


parameter (3.2) or (3.5). 


of order (1, q). 


4. A complete set of tensor invariants. 


in terms of the members of this set. 
We shall now demonstrate the following theorem. 


THEOREM (4.1). 


The tensor Hag and its extensions Hog ¥3...6 constitute 
a complete set of differential invariants of the form G. 

We have shown in § 1 that the equivalence of the associated forms 
Hy, dx* dx6 and H,, dx“ dx* implies that of the forms @ and G them- 


























02+... 02” 


* Hap, y@..-e) 


Definition. A set of 
differential invariants (or parameters) of the form G@ will be said to be 
complete if algebraic (i.e. non-differential) necessary and sufficient con- 
ditions for the equivalence of G with any other form G can be expressed 
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selves. In order to show the equivalence of H and H let us consider 
the following infinite sequence: 


Hap = Auy uM u's Ug ’ 


Hap, ys = Hy ,or Wa Up Uy Ug, 
4.1 
wan Aas, yee = Fwy, ory We us uy, ug Ue; 


Obviously a necessary condition for the equivalence of the two forms H 
and H is that the infinite sequence of equations (4.1) pe a numerical 
solution 

(4.2) a= ¢; xt = q’, ui ~— Gj: 


We shall show that this condition is also sufficient. For this purpose erect 
normal coérdinates y‘ and ¥* with origins at 2‘ = q and x‘ = q respec- 
tively. Relate these normal coérdinates based on the two forms H and H by 


(4.3) ‘= gy’. 


Let the components H,, be denoted by h,, and the components Hap by 
hap when referred to the normal codrdinates y‘ and y* respectively. Ex- 
panding h,, and hap about the origins of the coérdinates 7/ and y* respec- 
tively, we have 


hu = Hy @+> Ay or @ y® Yi t+ +-+, 
(4.4) i: i = 
hag = Hag@)+ 5 Fup. @ Ee he ee oe 


On multiplying each term of the expansion for h,, by Ge Us and summing 
on # and v we obtain 
h, aor huy ge q 
which in virtue of (4.3) becomes 
— 0 by” 
hg = Ay y —.. 
dy by 





Hence there exists a transformation G between the variables 2‘ and zx? 
defined by (4.3) and the equations of transformation to the normal co- 
érdinates y* and y* which will take the form H into H, or in other words 
which will satisfy the differential equations (1.8). The theorem is there- 
fore proved. 
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5. The curvature tensor and its covariant derivatives. The 
integrability conditions of the differential equations (1.12) are 








oa gs: OM” Oa” Ot 
(5.1) Bi az* Bure Ox* Ox; Ox* 
where 
, ar: ar’ : : 
bis er ay j i ri 
(5.2) Bopy = - 3 ay + Pj, Vig —Tijg Ti, 


and there is a similar expression for Busy: The tensor Bizy is called the 
curvature tensor based on the quadratic form H. It admits the covariant 
form given by 

(5.3) Bapye = Has Bhys- 


\ 


By a slight calculation B,,,, may be given the form 





da? ax? tau ax aa” dat aa? 
+ Hj (Te ‘Ta W455). 





0 Hay , 0° Hs 9? Hep 8° Hy 
Bans = | | 


(5.4) 


Transforming (5.4) to a system of normal codrdinates and evaluating at 
the origin we obtain 


(5.5) 2 Bapys = Hoy,ps+ Hp0,0y— Hae, py —Apy,aa- 


On making use of the identities (9.4) and (9.5) of 59 the equations (5.5) 


become 
(5.6) Bapys —_— Hep ye -L 2 Hey ge: 


By continuing this process, i. e., by transforming the mth (m = 1) covariant 
derivative B,s,9...- of the curvature tensor By, as given by (5.4) to a 
system of normal codrdinates and evaluating at the origin of this system, 
the tensor B,s,3...- can be expressed in terms of H,, and the extensions 
Hug ya...¢ Up to and including the (m+ 2)th extension. In other words 


(5.7) Bapys...c = 9(Ha; Hab,ca3 ***3 Hap, ca:--j) 


where gy denotes a set of functions depending on indices af---t and the 
subscripts cd---7 appearing in the extension of highest order Hap, ca...j in the 
expressions y are m+-2 in number. In the expressions g there can obviously 
occur no term depending on H,, alone nor one which involves the covariant 
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derivative H,,, since this vanishes identically. On account of this and 
the method of construction of the functions » the following theorem 
describing the nature of the relation (5.7) is evident. 

THEOREM (5.1). The differential invariant Bagyg..., of order p(= 2) can 
be expressed as a sum of homogeneous polynomials in the components of the 
extensions 

Hab, c,¢9:++¢ (k = 2, ee +, P) 


the coefficients of which depend on the components Hyg. 

The simplest way of deriving the expressions for the extensions Hy, j..., 
in terms of the curvature tensor B,,,3 and its covariant derivatives is to 
begin by writing down the equations (1.11) in the form 
0 Hag 
0a” 
which express the fact that the covariant derivative H,,,, vanishes 


identically. If we differentiate (5.8) and evaluate at the origin of a system 
of normal codrdinates we obtain 


(5.9) Hag ye = Ags Aayé + H,, Abyas 





(5.8) sare Ags pe + Hag Toys 


where Any is a normal tensor. Using (5.3) and the relations* 


3Anpy = Bupy + Bpay 
equations (5.9) become 
(5.10) 3 Hog yd — Braye + Bayaa + Bapys + Baype . 


By the identity (6.4) the first and third terms of (5.10) cancel, giving 


1 
(5.11) Hog ya — 3 (Baya + Bayaa) , 


By repeated differentiation of (5.8) and evaluation at the origin of a 
system of normal coérdinates we can express the p(= 2)th extension 
Hog yd... a a sum of homogeneous polynomials in extensions Hyg yg...¢ of 
order less than p and normal tensors Aapyd-.- up to and including those 
of order p. Consequently it is possible to express the extension Hyg 5g...» 
of order p(> 2) as a sum of homogenecus polynomials in the normal 
tensors Aapya---§ up to and including those of order p with coefficients 
which depend on the quantities H,,. Now it can be shown that the normal 


tensor Aupyd..-t of order p can itself be expressed as a sum of homogeneous 





* 0. Veblen, Proc. Nat. Acad. Sci., vol. 8 (1922), p. 195. 
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polynomials in the invariants B,,,.... up to and including those of order p, 
This follows quite simply by observing that the process of covariant 
differentiation leads to equations of the form 

get r gr? rt 


ai) ~<a sees ~ ER a 
ay r< Oa! Bao .-.0a° dah On®... dae 








where the star indicates derivatives of the Tsp of order less than p—1 
and covariant derivatives , ae involving a smaller number of subcripts 
than those in the set afyd--..¢. Evaluating (5.12) at the origin of a 
system of normal codrdinates, the derivatives of the Tip in the right hand 
member of (5.12) go over into the corresponding normal tensors and these 
equations may then be solved for the normal tensor Aupyd...€ of order p 
when use is made of the complete set of identities satisfied by this tensor. 
In this manner we arrive at an expression for the normal tensor Aupyd..-t 
of order p which consists of the sum of homogeneous polynomials of normal 
tensors A of order less than p and tensors Bogyt..:¢ up to and including 
those of order p. Using this last expression for Aupyd..-t as a recursion 
formula we can express Anpya--t as a sum of homogeneous polynomials 
in eds up to and including those of order p.* Finally on making 


use of relations 


ig 
B — H' Beoupy 


d 
“py 
(5.13) 


Bopys...¢ = H” Boupys...¢ 


we arrive at an expression for the p(& 2)th extension Hy, yg... which 
can be represented by 


(5.14) Hag yé...y = Y (Hav; Barea; +++; Barea-.-x) 


where ™ denotes a set of functions depending on indices af... and the 
subscripts ab..-k appearing in the highest covariant derivative Bapea...x 
in the expressions w are p+2in number. Corresponding to theorem (5.I) 
we now arrive at the following theorem. 

THEOREM (5.II). The extension Hyg yg..., of order p(= 2) can be expressed 
as a sum of homogeneous polynomials in the components of the invariant. 


Bave,e,+--¢, (k = 2, 3, eee, p) 
the coefficients of which depend on the components Aap. 





* Of. 0. Veblen, loc. cit., p. 196. 


























Sh.) Clini ig SA SI rl a i aaa a ei ie ith 














- 


652 -'T. ¥, THOMAS anp A. D. MICHAL. 


If the second extension H,, , 3 vanishes identically, it follows from (5,6) 
that the curvature tensor B,,,,, also vanishes identically with the consequence 
that all covariant derivatives Bapyé...n do likewise. Hence Theorem (5.II) 
admits the following corollary. 

Corollary. If the second extension Hyg yg (or the curvature tensor 
Bapys) vanishes identically then all the extensions Hyg yg... likewise vanish 
identically. 

This corollary is one of a number of important results which can 
evidently be obtained from Theorems (5.1) and (5.ID) of this paragraph. 

6. Reduction of the form G to a form with constant coefficients. 
Let us assume that the form @ has real coefficients G,, with respect to 
the x‘ variables. If the coefficients G,, are constant, then 


(6.1) Bapys = 9, or Has yg = 0 


identically. Now taking the condition (6.1) to be satisfied and transforming 
to a system of normal coordinates y*, the associated tensor components 
Hs go over into a set of components /,s(= const.) since all the terms, 
except the constant term, in the expansion for h,, about the point y = 0, 
are zero by the corollary of §5. The components h,, may be real or 
pure imaginary. Also the components g,. representing the coefficients of 
the form @ in the » codrdinate system, are constant by (1.9) and moreover 
are real since the Jacobian of the transformation to the / codrdinates is 
positive by (2.5). By the theorem on the transformation of algebraic 
quadratic forms we can transform the components hg, by a real orthogonal 
transformation (2.1) of the normal coérdinates into a set of components 
hap = +45 or +id5 according as the components h,, are real or pure 
imaginary. Under this transformation (2.1) the components g,, become 
Joep = + d5 as is seen immediately from the relation between the quantities 
Jap 204 hap (see (1.9)) and the fact that the Jacobian of this transformation 
is unity. As a consequence we can state the following theorem. 

THEOREM (6.1). A necessary and sufficient condition that the form G 
having real coefficients G5 be reducible by a transformation & with positive 
Jacobian to a form with coefficients + 35 is that the curvature tensor 
Bapys or second extension Hyg 13 vanish identically. 

If the form G can not be transformed into one with real coefficients 
@,, then G,, must have the form iY, where the functions Y,,. are 
real. The modification of the above theorem for this case is obvious. 

We shall next consider the problem of expressing the equivalence of 


two forms @ and G in terms of a finite number of algebraic conditions. 
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For this purpose we must make use of a theorem on partial differential 
equations given in the following paragraph. 

7. A theorem on partial differential equations. Consider the 
system of differential equations 


aZ* ‘ 
(7.1) bie yi (Z, x) (a = 1, 2, .--, BR; « = 1, 2, -+-, 2) 
in which the Z are to be considered as functions of the independent vari- 
ables z* and the y% are analytic functions of their arguments. We seek 


solutions 
(7.2) Z* = Z*(z', ..-, 2") 


of (7.1) which satisfy a system of equations 
(7.3) FY (Z,x) = 0. 


It can be shown that the condition for the existence of such a solution 
is given by the following theorem.* 

THEOREM (7.1). A necessary and sufficient condition that the system of 
differential equations (7.1) admit a solution (7.2) satisfying equations (7.3) 
is that there exist an integer N(=1) such that the first N sets of equations 
of the sequence 
(7.4) FPZ2)=0; FZ =0; F'Z2) =—0;--- 


are algebraically consistent considered as equations for the determination of 
the Z* as functions of independent variables x‘ and that all their solutions 
satisfy the (N+ 1)st set of equations in (7.4) where F{? = 0 is the set of 
equations consisting of (7.3), the equations of integrability of (7.1) and the 
equations obtained by differentiating (7.3) with respect to x‘ and eliminating 
the derivatives of Z* which occur by means of (7.1); and F&*Y = 0 for k = 1 
is the set of equations obtained by differentiating the set of equations F® = 0 
with respect to x' and eliminating the derivatives of Z* by means of (7.1). 

By the conditions of integrability of equations (7.1) we mean of course 
the set of conditions obtained by differentiating (7.1) with respect to 2/ 
and then eliminating the second derivatives of Z* by means of 


o? Z* a? Z* 
Oat Ox) = =—s Bae at 





and first derivatives of Z“ by means of (7.1). 





*See reference to J. E. Wright and O. Vebien in the footnote to the bibliography. 
See also T. Levi-Civita, Lezioni di calcolo differenziale assoluto, Roma (1925), p. 40, § 8; 
and O. Veblen and J. M. Thomas, Ann. of Math. vol. 27 (1926), p. 288. 
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The necessity condition of the theorem is evident: in case the differ- 
ential equations (7.1) possess a solution (7.2) satisfying (7.3) it is clear 
that the number N must exist inasmuch as it is not possible to have an 
infinite number of independent equations (7.4) in a finite number of variables, 

The sufficiency condition of the theorem can be proved quite readily. 
The first N sets of equations (7.4) can be written in the solved form 


(7.5) Zt = Geet? ian ZR, 2) (@ — 1, hehe M < R) 


provided that we assume, which we may do without any loss of generality, 
that the dependent Z’s are those of the set Z’,---, 7. Differentiation of 
(7.5) with respect to a and elimination of the derivatives of the Z’s by 
(7.1) give the equations 

age 0 


(7.6) = 97 Yet ae 


Let us denote by the symbol [gy] the expression obtained by eliminating 
the quantities Z',--., Z” in the function »(Z, x) by means of (7.5). Thus 
the function [y] depends on the set of arguments Z™+!,..., Z®, g!,..-, x”. 
From (7.6) we then obtain 

ace 


(7.1) vl = wt s = M41,--, 8) 








(¢ = M+1,---, R). 





and this equation is satisfied identically in the arguments Z”*+',..., Z*, 
z',---, 2” as is evident from the method of formation of the sequence (7.4) 
and the fact that all solutions of the first V sets of these equations, which 
are equivalent to (7.5), satisfy the (N-+1)st set of equations of the 
sequence (7.4). On account of this it follows that the equations 





(7.8) e+ te SS = @ =1,--, MS B, 
(7.9) sa =A (¢ = M+1,.---, R) 


which are obtained by substituting (7.5) in (7.1) are such that any solution 
Z° = Z* (x) of (7.9) is a solution of (7.8). The integrability conditions 
of (7.9) are 
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By (7.6) these last equations become 


tor oe vf 
dat t ome Vi +9 us| = Ee +; oe fi 


and hence are satisfied identically in the variables Z”*', ..-, Z®, a, .--, a” 
since they are the result of eliminating Z',---, Z” by (7.5) in certain of 
the equations of integrability of (7.1). This completes the proof of the 
theorem. 

In the process of obtaining the value of the integer N in Theorem (7.]) 
so as to make NW have a least value we observe that each set of equations 
F;” = 0 in the sequence (7.4) must contribute at least one additional 
condition on the quantities Z* over the conditions imposed on them by all 
preceding sets. Hence 


(7.10) 1 




















N<Rk 


IA 
lA 


where F is the total number of variables Z*. By the integer N in the 
following we shall mean the least value of this integer, which will there- 
fore satisfy (7.10). 

8. Finiteness of the complete set of tensor invariants. We saw 
in § 4 that the tensor H,, and its extensions constitute a complete set of 
differential invariants of the form G. The question arises whether it is 
possible to give an algebraic characterization of the form G by the 
tensor H,, and a finite number of its extensions. This question can be 
answered in the affirmative by the following theorem. 

THEOREM (8.1). A necessary and sufficient condition for the equivalence 
of two forms G and G of weight x is that there exist a number N(=— 1) 
such that the equations 


Hep = Hwy ue U8 


_ “ 
Hap ya, = Ayer, Ma Mp My MO 
(8.1) H cuz uM uw” uw uti yt 


ap, 0,0, MY, OT Te a B é; ay ? 


H ae Y had 


be 
ul W, ua by 


ap,y8,---dy Ay, or,---te Ma Mp My Me, 


are compatible considered as equations for the determination of x‘ and ut, as 
Junctions of the independent variables x*, and that all their solutions 


(8.2) at = fi(e’,---, 2"); ul, = gt (w',---, 2”) 
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satisfy the equations 


(8.3) H = H uw u” ue ue és urrtt 


af, yd,---On+1 My,OT%:- te: &@ BP y Ay Tyts" 


The necessity condition of this theorem follows by the observation made 
in the demonstration of the necessity of the condition of Theorem (7.1). 

To prove the sufficiency condition of the above theorem let us write 
the equations (1.12) in the form 





dul ome ji 
(8.4) aaR a op Ug — Vee Ue up; wa a Ug(%, +++, 2"). 
Let us also write the equations (1.8) as 
(8.5) Hug = Hoy a Up. 


The differential equations (8.4) are of the form (7.1) as is evident when 
we denote the (m+ 1) variables x‘ and wu‘, in (8.4) by n(n + 1) variables Z* 
aud replace the variables z* in (8.4) by the m variables z*. Under the 
same change in notation equations (8.5) go over into equations involving 
the variables Z* and x‘ which are of the form (7.3). Corresponding to 
the sequence of equations (7.4) we now have 


h 
Hop => Aju Ue wes 

HG i é A v 
Bopy Ue = Buy Ua Ug Uy 


Do i i ri v 
(8.6) Bopys Mo = Biyyy Wg Ug Uy u§, 


A 
‘ 


Making use of the equations (5.3) we can evidently write the sequence (8.6) 
in the equivalent form 


ry ri 

Has = jy Va us, 

D r y 
Bapys = Bjure Ua us Uy uS, 


(8.7) Bapyte = Biyvos uf us uy u§ ue, 


Now consider the relations (5.14) in the barred variables (H ) and (B). 
In the right hand member of these equations eliminate the H,, and the 
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quantities (B) by means of (8.7) and then eliminate the quantities (B) 
which have been introduced by means of (5.7). There results a sequence 
of equations expressing the extensions of Hap in terms of the quantities (7) 

and ui. These equations when combined with the equations (8.5) give 
a sequence of equations by means of which the quantities (H) are ex- 
pressed in terms of the quantities (H) and wu‘, and hence must be identical 
with the sequence (4.1) since (4.1) or an equivalent form derivable from 
(4.1) by. means of the identities of the following paragraph constitute the 
only relations that can exist between the quantities (H), (H) and ul. 
Conversely we can pass from the sequence (4.1) to the sequence (8.6). 
This proves the sufficiency condition of Theorem (8.1) since if this condition 
is satisfied for the sequence (4.1) it is likewise satisfied for the sequence 
(8.7) which by Theorem (7.1) suffices for the transformation of the two 
differential forms G and G. 

By the inequality (7.10) we have that the integer N appearing in the 
statement of Theorem (8.1) will satisfy the inequality 


(8.8) 1< N< n*+n: 


It can be shown quite readily that the integer N is an arithmetical 
mvariant of the form G. For simplicity we shall denote the equations 
of the sequence (4.1) by 


(8.9) (H) = (A, wu). (ui, now corresponds to 02*/d2%.) 
In order to prove the invariant character of the integer N we must show 


that the value of this integer determined by (8.9) is the same as its value 
when determined by 


(8.10) (H) = (H, v) 


where the quantities (1) are based on the form G which is obtainable 
from the form @ by an arbitrary transformation 


(8.11) gg = f* (x). 


Hence between the quantities (H) and (H) the equations 


(8.12) ie Oe of om 2 


a oe 
hold. 
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Let 
(8.13) at = gi(x,---, 2"); ul, = hi (@,---, 2”) 


denote any solution of the first N= N sets of equations (8.9). 
Form the relations 
(8.14) a@=r(z); vf = HZ) 


where 7‘() is obtained from g‘(z) by the substitution (8.11) and s is 
defined by 

(8.15) § = whl. 

By the equations (8.12) and (8.15) the equations (8.9) go over into 
equations (8.10). Hence (8.14) satisfies the first N+ 1 sets of equations 
(8.10). The set § of all solutions of the first N sets of equations (8.9) 
defines a set S’ of solutions (8.14) of the first N sets of equations (8.10) 
each of which satisfies the (N+ 1)st set of these equations. The solutions 
(8.14) of the set S’ constitute all solutions of the first N sets of equations 
(8.10) for if there existed any solution of these equations not in the set S’ 
we could use this solution and the relation (8.11) to define a relation (8.13) 
by the process by which (8.14) was obtained, and this relation would 
constitute a solution of the first NV’ sets of equations (8.9) which can not 
be in the set § contrary to hypothesis. Let the integer N = N be de- 
termined by (8.10). We have just shown that N, which is the least value 
of the integer N determined by the equations (8.10), can not be greater 
than NV. Also N can not be less than N, for then it would follow by 
an argument similar to the one which we have just made that the in- 
teger N determined by the equations (8.9) would be less than V. Hence 
N=N. This complets the proof that the integer NV is an invariant of 
the form G. 

As a consequence of the invariant nature of the integer N we can say 
that the tensor Hag and its extensions Hyg ,,...,,(r = 2, --+, N+2) give 
a complete algebraic characterization of the form G. 

We shall see in § 15 that the upper bound of the integer N can be 
reduced considerably. 

9. Complete sets of identities of H-invariants. By (1.9) the tensor H,, 
is determined when the relative tensor G,, is given subject to the condition 
that the determinant |@,,| does not vanish identically; conversely, the 
relative tensor G,, is determined when the tensor H,, is given provided 
that the determinant | H,,| does not vanish identically. Hence the com- 
ponents H,, can be taken as arbitrary functions subject only to the symmetry 
condition (1.10) for any particular set of independent variables 2‘. Con- 
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sequently the complete sets of identities satisfied by the tensor H,, and 
its extensions H,, yg...¢ must be identical with the complete sets of identi- 
ties satisfied by the fundamental metric tensor and its extensions in a 
Riemann geometry.* We may therefore say that the identities 


(9.1) Hus = Hyg 


are the complete set of identities for the tensor H,, itself; also the 
identities 
(9.2) H, 
and 

(9.3) S(Hop y,...y,) = 0 


B,Y1°*'Yp nes Aga, yy---yp3 Fog, y.--7» sae Hep, é,.-.3, 


constitute the complete set of identities of the p(= 2Z)th extension 
Hyp,y,...y, Where 6; --- dp is any permutation of 7; --- yp and S( ) denotes 
the sum of all terms obtainable from the one in parenthesis by a cyclic 
permutation of the subscripts £7; --- 7p. 

In particular if p = 2 the identities (9.2) and (9.3) become 


(9.4) Hep, ye = Hpa,ys  Hap,ys = Hap,ey 
and 
(9.5) Hep, ye+ Hay,ap + Hea, py = 9: 


By an interchange of indices in (9.5) we have 


(9.6) Hya, 0p + Hye,aat Hyp,ae = 0. 
Subtracting (9.6) from (9.5) we obtain 
(9.7) (Hap, ys — Hye, ap) + (Has, py — py, aa) = 0 


which by an interchange of indices may be written as 

(9.8) (Ape, dy) — Hay, pe) + (Agy, ad — Hae, py) = 9- 
Finally subtracting 9.8) from (9.7) we find the interesting identity 
(9.9) Hop ya = Hye, ap: 


Let us now calculate the number of independent components of the (7) 
tensors. We shall denote by N(n, 0) the number of independent components 





*T. Y. Thomas, Math. Zeit., vol. 25 (1926), pp. 714-722. 
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of the tensor H,, and by N (n, p) the number of independent components 
of the pth extension H,,,,...,,. Since H,,,, vanishes identically, the 
number N(n,1) is zero. In order to calculate the number N(n, p) we 
must first define the symbol K(n, p) as the number of combinations with 
repetitions of n things taken p at a time. We have 


n(n +1) eS) eee) Fah 1 
By (9.1) the number of independent components H¢,g is 





(9.10) K(n, p) = 


(9.11) N(n, 0) = K(n, 2) = n(n+1)/2. 


By the identities (9.2) alone the number of independent components of 
Hqg.y,...y, 18 given by K (n,2) K(n,p). Also the independent identities 
of (9.3) are nK (n,p-+1) in number. Hence 


(9.12) N(n,p) = K(n, 2) K(n, p) — nK (n, p+ 1) (p => 2) 
which by (9.10) becomes 
n (n+p—1)! (p—1) 


(9.13) N(n, p) = 7... (n—2)! "(p+I)! (p = 2) 





For the purpose of convenient reference we shall write down the following 
special cases of the above formulas: 


N(n, 2) = n? (n?—1)/12, 
(9.14) N (n, 3) = n? (n®—1) (m + 2)/24, 
N(n, 4) = n®(n?—1) (n + 2) (n + 3)/80. 


It can easily be seen that the number N(n, p) gives the number of inde- 
pendent components of the tensor Bapy,..-4 which is the covariant curvature 
tensor if p = 2 and the (py — 2)nd covariant derivative of the curvature 
tensor B,3,,,, for p>2. Consider the two sets of invariants 

I: Hag; Hag.» 
TI: Hag; Bapy 


---> Ay 
5 Be 


172° 


By AP 
By: OBE 


12) o- 


which are connected by the formulas (5.7) and (5.14). Let us suppose 
that all dependent quantities have been eliminated from equations (5.7) and 
(5.14) so that these equations express relations between the independent 
components of the two sets I and IJ. Suppose that the number of inde- 
pendent components of the set I were greater than the number of inde- 
pendent components of the set I]. Then a certain number of the equations 
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(5.14), less than the total number of these equations, can be solved for 
the independent components of the set II and when these latter relations 
are used to eliminate the quantities of the set II from the remaining 
equations in (5.14) we obtain relations between certain of the independent 
quantities of the set I which is contrary to the hypothesis that these 
quantities are independent. In a similar manner the independent components 
of the set II can not be greater than those of the set I. Hence the 
number of the independent components of the sets I and II are equal. 
It follows immediately by a recurrence consideration that the number of 
independent components of corresponding tensors in the sets I and II are 
also equal, i. e., the number of independent components of B,,,,...,, is the 
same as the number of independent components of Hy, ,,...,,. 

10. Differential equations of absolute scalar invariants. We saw 
in §3 that a differential invariant of order p of the form @ can be 
expressed as a function of the tensor H,, and its extensions H,, ,,...,, 
(r = 2,---, p)*. In particular if (A) represents an absolute scalar invariant 
of order p expressed in terms of H,, and its extensions then 


(10.1) I(H) = 1(H) 


under any transformation ©. 

Let us now derive the system of partial differential equations satisfied 
by an absolute scalar invariant 7(#) of order p. A necessary and sufficient 
condition that Z(H) be an absolute scalar invariant of the form @ is 
that (10.1) hold under the infinitesimal transformations 


(10.2) xi gti+teh (z!,..-, x”) 


where the functions & are arbitraryt. But the necessary and sufficient 
condition that (10.1) hold under the infinitesimal transformations (10.2) is that 











$22) # 
(10.3) | de jte=0 -—s 
We have 
ee “ay ra a) _6T(H) — (4 #8.) 4 
de eg Hyg \ de 'e=0 8H yy, de s=0 
61(H)- _ (Henn 
cy a nol p de le=0 


*We remind the reader that we understand by the general differential invariant a 
relative tensor of arbitrary weight. See § 3. 


+ T. Y. Thomas and A. D. Michal, Annals of Math., vol. 28 (1927), p. 204. 
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But zs 
d ee 

( i Eig Cs Hep + 35 Has) bat 


and in general* 


d Hef, y,-+- 7 
ap, y | ee (0, Hep, y,--4¢ + 9p Hae, y,---ye% Fy, Hap, opie °° 
e= 


dé 
6 & 
fb dy, Aap, 1 ewe yr) Oat . 





Hence on account of the arbitrariness of the functions & the equations 
(10.3) become 


(10.4) ¥ ) 2A + (° es... 








cap 8 Hog oa BY; 72 0 Hep, 54s 
t 0I(A) 
== Q 
+ are 4 CP: Ay eee 
where 
t 
(10.5) ‘a .) = 0, Hos + 95 Hao 
and 
t | 
(10.6) (Fog. gg) = Oe Hop, ty + 85 Heo, yt o0 + 65 Hp, be 


As thus defined the expressions (; are zero since H,,,, vanishes 
oaBy A 


identically. 

In the following we shall consider that the scalar invariant J(#) in 
the differential equations (10.4) is expressed in terms of arguments (H) 
which are independent when regard is taken of the complete sets of 
identities (9.1), (9.2) and (9.3). 

Let us denote the system of differential equations (10.4) by 





(10.7) Xa(p)I = 0 
where 
pt2 
al 
aaa St as cn ( 
( ) o(P) ¥ OV V27¥38+++¥r OA yy, Y0°--Ye 


The completeness of the differential equations (10.4) can be proved quite 
simply by the method of induction. First take the case when p = 0 in 
equations (10.7). We have 

(10.9) X50)1 = (° ) ar 


oa Bp 8 Hag “> 


*T. Y. Thomas and A. D. Michal, loc. cit., p 203. 
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Forming the alternants of the equations (10.9) we obtain after a slight 
calculation 


(10.10) (X5(0), X/,(0)) I = 8;,X4(0) I1—0 X,(0)1 


which proves the completeness of the differential equations (10.9). Now 
assume that the relations 
(10.11) (X5(p), Xi.(p)) I = 8, X5(p) I—0, X4,(p) 1 


hold for p = r. We wish to show that (10.11) holds for p = r+1. 
We have ; 





(10.12) Xi(r+1)J = Xe(r)I+ Zoi 
where 

or 
10.13 ZI= (: \az 
( ) o ay; eee Yr+1 0H, + Yeas 


Obviously 
(10.14) (Xr +1), Xu+V)I = (KE), XpO)I+(Z, JL. 
We have 








4 
© gi sy _. if* MY1°** Yrtt 
(25,2 /)1 a ee Cas ron 0 Ay,...8,4, 
essed 
—(a.. OY1 +++ Yr ol NW 
6; - > O44 0G... be41 0H,, Veta 
Yt \OMy2 +++ Yr4i Y2\O71 PYs +++ Yrti oyi- ‘oil 
ean Sie edie oe er 
V1 \WOyYe+++ r+ Yo \WyiFYa° ++ Yrt1 Yrs My: 
ai or 
Oy... -yr41 


On making use of the equations (10.6) the above equations become 
(10.15) (25, Za) I = 8, 2g I—8, ZI. 


By (10.14), (10.15) and the assumption that (10.11) holds for p =, it 
follows that (10.11) holds for p=7r-+1. Hence (10.11) is true for all 
values of p since by (10.10) it holds for p = 0, i.e., the system of differ- 
ential equations (10.7) is always complete. 
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The results obtained so far in this paragraph may now be summed up 
in the following theorem. 
THEOREM (10.1). A necessary and sufficient condition that a function 


I(H, ; Hap yiys' Ses ap. y..-4») 


be an absolute scalar differential invariant of the form G is that it satisfy 
the complete system of partial differential equations (10.4). 
The relations (10.11) can be written in the form 


(Xe (v), Xu (p) I = Cans Xe (p) I 
where 
Cre = J, d, 68 — dy d, of 

are the structural constants of the underlying n?-parameter group. While 
it is evident that the group in question is furnished by the equations (8.1) 
for N= p—1 in the n® parameters ui, this can be shown in a formal 
way as in our paper on affine differential invariants (loc. cit., p. 219) where 
the underlying group is the group of transformations of the normal tensors A. 

It follows immediately from the differential equations (10.9) that there 
exist no absolute scalar invariants 7(H) which depend on the components 
H, alone. Consider the expanded form of the equations (10.9), i.e., 


ol 
(10.16) (8 Hos + 35 Hag) Diep = 0. 


Multiplying the equations (10.16) by H®™ we obtain 


ol ol 
(10.17) Hes + 0 Hye = 0. 





If we consider J to be expressed in terms of the n(n-+-1)/2 independent 
components H,,,(a < 4) then the equations (10.17) reduce to 


ol 

(10.18) 0 Hap —- 0 (a < B) 
and hence there exist no absolute scalar invariants which depend on the 
coefficients Gag of the form G alone, i.e., there exists no invariant of order zero. 
We have already seen on the basis of the replacement theorem (3.1) 
that there exists no differential invariant of order one. However absolute 
scalar differential invariants of order two or greater exist in general as 
will be shown in the following paragraphs. 
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11. General theorems on the independence of the differential 
equations. In order to find the number of functionally independent absolute 
scalar invariants J(H) considered as functions of the tensor H,, and its 
extensions it is necessary to calculate the number of independent equations 
(10.7). For this purpose we shall demonstrate two general theorems re- 
garding these equations. 

THEOREM (11.1). If the differential equations (10.7) for the determination 
of the absolute scalar differential invariants of order p are independent for 
any form G, those for the determination of the invariants of order p+ 1 
are also independent. 

This theorem is an immediate consequence of the differential equations 
(10.7) themselves. 

THEOREM (11.11). Jf the differential equations for the determination of 
the absolute scalar differential invariants of order two are dependent for 
every form G in n variables, they are dependent for every form in n—1 
variables. 

By the hypothesis of Theorem (11.II) the equations 


1 ad t ol 
(11.1) E3 Oia * —_— 0 Has ye a 


are dependent. Consequently the linear homogeneous equations 


mo Ga =9: Copal —0 


admit solutions 7 which are not all identiestiy zero. In equations (11.2) ° 


the indices a, fin & 3) and the indices «, 8, y, 6 in (‘ abe ) correspond 
to the indices of the independent components Hyg and Hog 3 respectively. 


But from the identities (9.1), (9.2) and (9.3) the expressions oe .) and 
tT . . e,°% 
(" ody ) satisfy identities 


Ps Pe (: apya) = (saya) = ead 


cua .. — +r (aay) = 9 


: ENE ae 
As the above identities in i :) and ys 


identities satisfied by the tensors H,,,. and Hz3, 3 respectively it follows 
that the equations (11.2) hold for all vale of the indices a@, 8, y, 0 


correspond exactly to the 
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The expanded form of (11.2) is 


(11.3) H,, 10 +H,,1% = 0 


and 
(11.4) Fyy ya "et Hyg ya 19 + Has 09 17 + Hag ye 9 = 9: 


Let us now choose 


(11.5) Hag = Pog (x, sag a) (a, B ec 1, 2, Pitre n—1) 
and 4 

__ joifea n, 
as menfests 


where %,, denotes an arbitrary function of its arguments 2’, ---, x*~%, 
With this selection of the tensor H,, it results that the components 


Hop ya (a, By y, 9 = 1, 2,---,n—1) 


are derivable as the second extension of a tensor H,, («, 8 = 1,--:,n—1) 
whose components are given by (11.5). It also follows that : 


ye, py — Hep, ny 0 (¢,8,7y = 1,2,---,n—1), 


11.7 
(11.7) Hag jy 9 age = Egy == 0 (hg me 1,9, %>-, n—1), 


when use is made of the formula (2.6). From (11.3) and (11.6) we obtain 


ry n—1 
(11.8) Py (Ags Ne + Has 18) = 0 (a, 8 = 1,2,.--,n—1) 
{ and 
; n—1 
(11.9) = Hee tap = 0 (8 = 1, 2,---,n—1) 


where the latter equations are obtained by putting a = nm in (11.3). 
Similarly from (11.4) and (11.7) we find that 


n—1 
p> (H, ye Ne + Hue ys np + Hog od ny + Hoyo 03) = 0 


11.10 
; ( ) (a, B,y,d = 1,---,n—1) 
aut d 
va 8° _ n—1 


(11.11) 2 Hepyatn = 0 (8,7, 8 = 1,2,---,n—1). 
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Finally by putting « = 8 = n in (11,3) we have 
(11.12) “7 = 0 (not summed for n). 


From what has been said we see that the equations (11.8) and (11.10) 
correspond to the equations (11.3) and (11.4) for the general form G in 
n—1 variables. If the differential equations (11.1) are independent for 
a form G in n —1 variables then the only solution of the equations (11.8) 
and (11.10) is 
(11.13) i, = 0 (i,@ = 1,2,.--,n—1). 


It is evident that in general there exists a determinant D of order n —1 
formed from the coefficients of 4° in (11.11) which does not vanish identically. 
In general then the quantities 4° are zero from which it follows by (11.9) 
that the quantities 7” are also zero. Under (11.13) and the assumption 
of the existence of a determinant D it follows that all quantities 4 = 
which is contrary to the hypothesis that the equations (11.1) are dependent. 
Finally the apparent restriction in the assumption of the existence of the 
determinant D can be removed by the same argument used by us in our 
paper on affine differential invariants.* This completes the proof of 
Theorem (11.I]). 

12, Number of independent differential equations. To employ 
the theorems of the preceding paragraph to calculate the number of func- 
tionally independent absolute scalar invariants of the form G we must first 
determine a least value of » and a least value of p for which the equations 
(10.4) are independent. When this has been done the theorems of the 
preceding paragraph assert that for greater values of m and p the equations 
are likewise independent. 

The differential equations (11.1) for the determination of the absolute 
scalar invariants of order two of the form G in two variables are dependent. 
In fact let 


(12.1) Ay, =«; Hye = 8; He = 7; Fits, 12 =d 


be the fourt independent components in terms of which all the other H,s 
and H,, can be expressed. The remaining components Hz, and Heys 2 
which are not identically zero are given by 


Hn = 8; Huw = Hun = Hea = 6; Huw» = Hau = —26. 


* Loc. cit., p. 212. 
+ Cf. formulas (9.5) and (9.8); and also the complete sets of identies (9,1), (9.2) and (9.3). 
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Let us consider the invariant 7(#) in (11.1) as well as the quantities 


ot - (; nea 


to be expressed in terms of the independent components H,; and Hyg y2 
in (12.1) alone. Then all the derivatives of Z(H) with respect to the 
dependent components H,, and H,, 9 vanish and the equations (11.1) for 
the form G in two variables become 


ol 
ol + hoe + )+ 2675 = 0, 


0, 


oie my Ferre er 4 
sho ay oe 


( )+ Aes ater fF +2825 = 0. 


The determinant of the equations (12.2) vanishes identically which shows 
the dependence of these equations. However the determinant 


2a Bp OO 
28 y O | = 48(ay— 8’) 
10 a@ 28 


does not vanish in general. Hence the first three equations in (12.2) are 
independent for the general form G in two variables. 
If n = 3 the independent components H,,, and H,, 3 may be selected as 


Ay =e; Ay=f; Ais =—y7; Hy, = 9; Ayg = &; Hsgs = ¢; 
(12.3) Ay, 12 ==’ @; Hyp, 13 = b; Aiss,13 83 
Ay3,2 = d; Ais,23 = @; Aos3,23 = f. 


The remaining components which do not vanish identically and which are 
not identical among themselves on account of (9.1), (9.4) and (9.9) are 
then given by 


Hy = 8; Hy =*Y7; Hy, = &; 
(12.4) A431, 22 = — 2a; ii, 28 = — 2b; Ay, 38 = — 2c; 
Aije,23 = — 2d; Hy2,33 = — 2e; Ao,33 = — 2. 




















DIFFERENTIAL INVARIANTS. 669 


By a method entirely similar to the one employed in getting equations (12.2) 
we can arrive at the final form of the equations (11.1) for » = 3. It will 
be sufficient however to write down only the matrix of these equations 
which is given in Table IV. The quantities J, ---, Jyin this table denote 
the partial derivatives of J with respect to the components a, ---, f 
respectively. The rank of the matrix in Table IV is nine in general as 
may be seen most easily by assigning special numerical values to the 
components a, 8,---, f and then selecting a determinant of order nine from 
the matrix which does not vanish. Thus if we put 8 =c=—d=1 and 
take the remaining components in the set @, ---, f as zero, the determinant 


Vee Sat ot ee ee ee ee 
; a Oe ee ee ee, ee ee ee 
e- 8 6 8:6 4 68. S 
Cee eee a ee ae er eee 
(ee ee Me ee ee ee 
ee: 288 Ca eS ei 
e068 os 2 we ee 0 
0 O41 © y 2 ete 
‘O28 8 ee 














et ae Hinds Biegt ee™ Rsk Ti: ets AES 
‘| 2] & | x | O | © | O | Ba | a] ee] @ | e | O 
| | | | | | 
| | | | | | 
cs) 1-1 se 1 OTe 4 | oj—#ierleltsris 
| 
| 2 | « e | 0 | © | o |—4d)—e|} 0 |—2F! 0 | 























ee 
oO 2 
we 
om) 
bo 
Ss 
™ 


OC NO =o Oh WN KH tO 





0 } | 0 2¢ ‘4 | 0 2b c 0 2e 0 | 0 
| o | 0 | y | 0} # || 0 | 0 | o |—2a|—b|—4e 
| o | o | @ | 0 aja) o «| 20} 0 |—a] o 

0 0 ; 0 . | 2 0 | b “ae | d ae | of | 

| | | 





Table IV. 








































Seiden ible 4 yg Fyn i meng “SE en en Agittansyie R 
2 deren xt 





ne eter cree s Be initer ns lpenlt oy a 
a is deh SRL oy Se 
os See: ss rok 


Re 
eens 


< a So ab 
oe 
a> 24 IS se 
tne: ere engye Vat onal aenehin 








Sr eR Sener 











670 T. Y¥. THOMAS anp A. D. MICHAL. 


formed from columns 1, 2, 3, 4, 5, 7, 8, 9, 10 of the Table IV has the 
value —16. This establishes the following theorem. 

THEOREM (12.1). The differential equations (11.1) are independent for 
the general form G in three variables. 

Finally we must consider the equations (10.4) for n= 2 and p = 83, 
i. e., the equations 

ot t ar t ar 

80) Cops + (oprah Capra eo 
( ) cap Hap * caByd 0 Hag ye * oaBbyde 0 Hep ye 0 
where the indices take on the values 1 and 2. For this case the independent 
components will be taken as 


Ay =a; Aye = £; Hy» Y; 
Hy» = 96; Ayiw=—e; Hwa = ¢. 


(12.6) 


Then the dependent components which are not zero and which are not 
equal among themselves on account of (9.1), (9.9) and (9.2) for p = 2 or 
p = 3 are 

Hx = £; Hy, 22 = —2d; Ho 112 aero ras 

Ai1,122 = —{; Ae = 3e; Aj1,222 = 3¢. 


Corresponding to the Table IV we now have the Table V. 
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Table V. 


The rank of the matrix in Table V is four in general since for example 
the determinant formed from columns 1, 2, 3, 5 does not vanish identically. 
Thus we arrive at the following theorem. 

THEOREM (12.II). The differential equations (12.5) are independent for 
the general form G in two variables. 

On the basis of Theorems (11.1), (11.11), (12.1) and (12.11) we have the 
following general result. 
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THEOREM (12.111). For the general form G in n variables there are n°* 
independent differential equations (10.4) ifn > 2, p= 3 or ifn = 3, p= 2. 
If n = 2, p= 2 there are three independent equations (10.4). 

13. Fundamental sets of absolute scalar invariants. We are 
now in a position to give the number of functionally independent scalar 
invariants of all orders. In this connection we shall define two sets of 
differential invariants which will be called the first and second fundamental 
sets of differential invariants respectively. 

Definition. A first fundamental set of scalar differential invariants of 
order p is a set of functionally independent scalar differerftial invariants 
of the form G each of which is of order p such that any other scalar 
differential invariant of G of order p can be expressed as a function of 
the invariants of the set. 

The actual existence of a first fundamental set of scalar invariants can 
easily be inferred. Let us denote by M(m, p) the number of functionally 
independent solutions of the complete system of differential equations (10.4). 
Tt follows that the number ¥t(n, p) is likewise the number of invariants 
in a first fundamental set of invariants of order p. The detailed proof 
of this statement is similar to that given by us for the case of affine 
differential invariants.* 

By Theorem (12.III) and the definition of the quantities N(n, p) in § 9, 
the number N(n, p) is given by 


(13.1) Nin, p) = Y vin a) —n? 


a=0 
with the exception of the following combinations: 
(13.2) n=n,p=—0; n=n, p=1; n= 2, p = 2. 
For the exceptional cases (13.2) we have 
(13.3) Nin, O) = O; Rim, 1) — 0; R(2,2) — 1. 


In considering the algebraic characterization of the form G@ by means 
of its absolute scalar differential invariants it seems somewhat desirable 
to us to make use of another fundamental set of scalar invariants which 
possesses the property that the fundamental set of invariants of order p 
is contained in the fundamental set of invariants of order p+1. 


* Loc. cit., p. 217. 
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Definition. A second fundamental set of scalar invariants of order two 
is a fundamental set of solutions* of the differential equations (11.1). 
Definition. A second fundamental set of scalar invarians of order p> 2 
is a fundamental set of solutions of the differential equations (10.4) such 
that a subset of these solutions considered as a set of scalar invariants 
constitute a second fundamental set of scalar invariants of order p—1. 
Since there are no absolute scalar invariants of order zero or one it 
follows from the above definition that a second fundamental set of scalar 
invariants of order two is likewise a first fundamental set of scalar invariants 
of order two and vice versa. However a first and second fundamental set 
of scalar invariants of order p>2 can never be identical. 
It is of course evident that 3t(m, p) as defined by (13.1) and (13.3) also 
gives the number of invariants in a second fundamental set of invariants. 
14, Completeness and finiteness of absolute scalar invariants. 
It was seen in § 8 that the tensor Hg, and its extensions Hg »,...,, 
(yr = 2,---, N+ 2) give a complete characterization of the form @ or in 
other words that these tensors constitute a complete set of invariants of 
the form G. We shall now show that a complete set of invariants of 
the form G@ can also be given by a finite number of absolute scalar 
invariants, 


Let 
(14.1) I; (H) Gi = 1,2,---, Rm, p); nm > 2, p = 2) 


be a second fundamental set of absolute scalar differential invariants of 
order p for the form G in m variables. Then form the relations 


\ 


(14.2) i(H)= h(E) (= 1,2,---,R(m,p); n > 2, p = 2) 
where the J;(H) are the invariants of the form G@ which correspond 
respectively to the invariants J;(H) of the form G. It is possible to solve 
the equations (14.2) for N(n, p) of the quantities (H). We shall denote 
the solved form of the equations (14.2) by 


(14.3) {H} = @(H, R(H)) 


where {H} stands for a set of ¥(n, p) independent components of the 
tensors (#) in (14.2) and R(A#) is a set of components (#7) in (14.2) not 





* By a fundamental set of solutions of a system of differential equations we understand 
a set of functionally independent solutions such that any solution of these equations is 
a function of the members of this set. 
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contained in {H}. Now let r(H) denote the set of independent compo- 
nents of the tensors (H) which are not in the set {H} and form the 
algebraic equations which are derived from the tensor equations of trans- 
formation by which the components (H) are transformed into the compo- 
nents of the set r(H) by putting uw‘, in place of the derivatives 0x*/0x*. 
We shall represent these equations by 


(14.4) r(H) = 9(H, wu). 


All the n* quantities u‘, must. occur in the equations (14.4). This is seen 
by the following consideration. If we eliminate the members of the set 
R(#) from (14.3) by means of (14.4) we shall have a set of equations 
which together with (14.4) constitutes a set of relations between all of 
the components (H) of the tensors H,g and Hy» ,,...,, (r = 2, +++, p), 
the components (#7) in (14.3) and (14.4), and the quantities u‘, in (14.4). 
If all the n® quantities wu‘ did not occur in (14.4) we should therefore 
have a relation between the above quantities (H), (H) and ui, which is 
not identical with the algebraic form of the tensor relation in virtue of 
the complete sets of identities that the components (H) satisfy, whereas 
in fact the tensor relationship is the only one which can exist in general 
between them. 

With the exception of the case n = 2, p = 2 there are n*® components 
in the set r(H) and we can therefore solve the equations (14.4) uniquely 
(in a sufficiently small neighborhood) for the n* quantities uw‘. Thus 


(14.5) ut = yt (H,r(H)). 


In case n = 2, p = 2 there is one relation (14.2) and three equations 
(14.4). Hence one of the four quantities uw‘, can be taken as arbitrary 
after which the remaining three quantities u!, are uniquely determined by 
(14.4). Thus we may write 


(14.6) uf = yt (H, r(A), w) (n = 2, p =.2) 


where w in the right member of these equations denotes any one of the 
quantities ui‘. 

After these preliminary remarks we shall proceed directly to the proof 
of the following theorem. 

THEOREM (14.1). A necessary and sufficient condition that two quadratic 
differential forms G and G@ be transformable into one another, i. e., that 
there exist a transformation 

47 
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(14.7) G: w= fia’, ---, x”) 


which satisfies the equation 
(14.8) G = («z)*G, 


is that an integer w > 2 exist such that the equations (14.2) for p = @ 
are compatible in the variables x* as functions of the independent variables 
x* and that all their solutions 


(14.9) at = g(x", .--, 2") 


satisfy the equations (14.2) for p = w+1. 

By the integer w we shall mean the Jeas¢t value that this integer can 
assume. 

As in the Theorem (8.I) the necessity part of the above theorem is 
immediate. To prove the sufficiency part of this theorem let us consider 
first of all that (14.9) denotes any particular solution of the equations 
(14.2) for p = which satisfies the equations (14.2) for p = +1. 
Then the equations (14.9) and (14.5) determine the quantities 


(14.10) uf, = of (zt, ..., 2") 


uniquely as functions of the variables zx‘. In case n = 2, p= 2 the 
equations (14.9) and (14.6) give a determination of the quantities u!, which 
may likewise be represented by (14.10), but this determination is not un- 
ique owing to the presence of the parameter w which can be selected as 
an arbitrary function of the variables z*. Since the equations (14.3) and 
(14.4) for p = are equivalent to the equations 


B. ie a 
H,,, = H,,, wi, We 
H Sas r - Vv Ve 
As », Y2 Hy, VMs u., af , wr ; 
(14.11) . . . . . . . . 
1, = Alt yh 
Hop x,y = Aipr---10 Me Me My Me 


it follows that (14.9) and (14.10) give a solution of the above equations 
(14.11). 

It is fairly evident that (14.9) and (14.10) as defined above can be any 
solution of the equations (14.11), for, let 


(14.12) at = M(@l,..., 2) 
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and 
(14,13) uj =< Bi (z}, .--, x”) 


denote any solution of the equations (14.11). Inasmuch as the equations 
(14.2) for » =o must be a consequence of (14.11), they must be satisfied 
by (14.12) which can therefore be selected as the solution (14.9). In 
general (i.e., »+2 if p= 2) the functions 6%, in (14.10) are uniquely 
determined by (14.4) and (14.9) and hence must be identical with the 
functions mw‘, in (14.13). For the case n= p= 2 the functions y+, in 
(14.6) can evidently be made identical with the functions m*, by a proper 
choice of the parameter w. 

We wish to show now that (14.9) and (14.10) will likewise satisfy the 
set of equations 


(14,14) H a H ut ut Th oe yori 
ap 1 ** Yo+i Au,v; “Yo+1 @ B V1 Yori 


for when this has been done the sufficiency part of Theorem (14.1) will 
then follow by Theorem (8.]). If the components (H) of the tensors 


(14.15) Hog and Hap y,---75 (r = 2, re p) 


for p = +1 are given and likewise the components (H) of the set r(H), 
corresponding to p = then the determination (14.10) of the functions wu, by 
(14.4) is the same as though the components (14.15) are given only for 
p=. That the above set r(H) corresponding to p—o can be selected 
as a set r(H) corresponding to p = w+1 in general (i.e., n+2, if o = 2) 
is seen from the fact that if the components (#) in (14.15) for p = +1 
and the components of the set r(H) for » =a are given the remaining 
components (H) corresponding to the given components (H) are uniquely 
determined. Hence by the argument that has already been used we have 
in general (i.e. n + 2, if » = 2) that the equations (14.2) for p= +1 
and the equations (14.4) are equivalent to the equations (14.11) and (14.14) 
from which it follows that (14.9) and (14.10) satisfy (14.14). If m = 2 and 
w == 2 we consider the components a, 8, y, 6 given by (12.6) as independent 
parameters in the equations (14.2) for nm = 2, p= 3. We can then solve 
(14.2) uniquely for the remaining components «,¢ in (12.6) obtaining 


(14.16) & = P(H; a,8,7,9); ¢ = Q(H; a,8,7, 94). 
However we have seen that the equations (14.2) for n= 2, p=2 and 


(14.4) are equivalent to the tensor equations of transformation of the 
47* 
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components a, B, Y> d. Using these latter equations, to eliminate the 
quantities a, 8, y, 0 in (14.16) we obtain the tensor equations of trans- 
formation of the components ¢, ¢ which are equivalent to (14.14) for 
n= 2, »=2. Hence (14.9) and (14.10) likewise satisfy (14.14) for the 
exceptional case n = 2, w = 2. As we have already observed this com- 
pletes the proof of Theorem (14.1). 

It is clear that the »—1 sets of equations (14.2) which are obtained 
by allowing p in (14.2) to take on the » —1 values 2, ---, w successively, 
are such that each set of equations after the first contains at least one 
more independent equation in the variables x‘ than the sets of equations 
which immediately precede it. Hence the inequality 


(14.17) 2<e0<n+1 
is satisfied by the integer w. 

In the above characterization of the form G we can of course replace 
the second fundamental set of invariants (14.1) for p = @ by a set of 
functionally independent invariants J; (x) depending on the variables 2* such 
that every invariant (14.1) for p = considered as a function of the 
variables x‘ is functionally dependent on the invariants J;(x). If the 
invariants J;(x) are @ in number it is evident that the inequality 


(14.18) o—1<60<n 
holds. 

15. Certain arithmetical invariants of the form G. One of the 
most obvious arithmetical invariants of the form G is the number n of 
different values that can be taken on by the indices e@ and 8 in this form. 
Less obvious perhaps is the invariant nature of the integer N which was 
proved in § 8. On the basis of the invariance of the integer N the 
invariance of the integer w defined in the preceding paragraph follows 
immediately. In the proof of Theorem (14.1) we saw that if all solutions 
(14.9) of (14.2) for p = @ satisfy (14.2) for p = +1 then all solutions 
(14.12) and (14.13) of the equations (14.11) satisfy (14.14) or in other words 
that all solutions (14.14) and (14.13) of the first sets of equations (4.1) 
satisfy the (w-+1)st set of these equations. This shows that the integer V 
determined by the sequence (4.1) on the assumption that the two forms G 
and G are equivalent is less than or equal to » —1. If however, N is 
less than »—1 where »>2 then there must exist an integer L less 
than » such that all solutions (14.9) of the equations (14.2) for p = L 
satisfy (14.2) for p = LZ-+1 which is contrary to our hypothesis. In 
case » = 2, N must of course have the value 1. Hence in all cases 
we have 
(15.1) N= o—1. 
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Owing to the invariance of N it follows immediately from (15.1) that @ 
is an arithmetical invariant of the form G.* 

It is evident without further comment that the integer @ defined at the 
end of § 14 is also an arithmetical invariant of the form G. 

On account of the invariance of the integer » we may state the following 
theorem. 

THEOREM (15.1). Any second fundamental set of absolute scalar invariants 
I; (H) of order w+-1 of the form G constitutes a complete set of invariants 
of the form G. 

Another form of statement of Theorem (15.1) is as we know that this 
set of invariants J;(H) of order »-+-1 suffices for the complete algebraic 
characterization of the form G.7 

16. Special forms G. It may happen that in addition to the complete 
set of identities given in § 9 the H-invariants satisfy certain relations which 
however, are not identities in the components H,, and their derivatives 
but in the variables x’. For example we may have 


(16.1) H® Hy «gp = 0 
or its equivalent 
(16.2) Bia = 0 


which is the form of the Einstein equations of the gravitation field in free 
space when the cosmological term is neglected. If equations of the sort 
(16.1) are taken into account this will decrease the number of independent 
components of the H-invariants and it is obvious that in general this will 
result in a corresponding decrease in the number of functionally independent 
scalar invariants J(H). However, it is always permissible to speak of 
the number of functionally independent scalar invariants 7(H) when only 
the identities of the complete set of identities in § 9 are taken into account 
and with this understanding the discussion and conclusion in any preceding 
paragraph involving the number of functionally independent scalar in- 
variants J(H) continue to hold even in the case of these special forms G. 
As a matter of fact the scalar invariants 7(H) are primarily functions 
of the z‘ variables and from this standpoint the general nature of the 





* The invariance of the integer » can obviously be shown directly on the basis of the 
absolute scalar invariants but we have wished to establish the relationship (15.1). 

+ In the affine case (loc. cit., § 18) the invariance of the corresponding integers w (1 = w <n) 
and 6(0 =@ =n) can be established in a similar manner. For this case the relationship 
N = holds which cuts down the upper bound of the invariant N established in our 
affine paper. 
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dependence of the invariants / on the H-components is not of so much 
importance. 

For the case of any particular form @ it is possible that one of the 
scalar invariants J of the complete set of invariants may become indefinitely 
large (i. e.,00) or indeterminate when expressed in terms of the x‘ variables. 
Any difficulty arising by the invariant becoming infinite can be removed 
immediately by replacing it by its reciprocal in the invariants of the complete 
set. Then the invariant in question will vanish identically when expressed 
as a function of the x‘ variables; under this circumstance it is necessary 
that the corresponding invariant of the form G likewise vanishes identically 
in the algebraic test of equivalence of the two forms in § 14, if these two 
forms are to be equivalent since otherwise equations (14.2) would be in- 
compatible in the sense that they would furnish a functional condition on 
the set of variables x‘. Should the invariant J in the complete set of 
scalar invariants become indeterminate it is evident that the corresponding 
equation (14.2) will furnish no condition in the algebraic test of equivalence 
of the two forms. Such special behavior of the invariants of the two 
forms G or G in no way interferes with their algebraic test of equivalence 
of § 14. This test is perfectly general and applies to all forms G. 

An example of the case mentioned above is given by the form G with 
constant coefficients G,, or what amounts to the same thing by a form 
which can be reduced by a transformation © to a form with constant 
coefficients Gs. Here it is seen that all scalar invariants J of the form 
will either become zero, infinite, or indeterminate when we replace the 
H-components in the general form of the invariant 7(H) by their values as 
functions of the variables x‘. Moreover this behavior of the invariants Z(H), 
i. e., whether they become zero, infinite, or indeterminate must occur in 
a perfectly definite way depending on the invariant J in question. Thus 
the invariant 


(16.3) HH? HY? Hayy yg 


must always become zero and never infinite or indeterminate. It is natural 
to say that all scalar invariants J of the form G vanish identically in case 
the form is reducible to one with constant coefficients G,,, and we may 
extend the significance of the phrase vanish identically to mean that the 
invariants become zero, infinite, or indeterminate in the perfectly definite 
manner described above. Then we can state the following theorem. 

THEOREM (16.]1). A necessary and sufficient condition that a relative 
quadratic differential form G be reducible to a form with constant coefficients 
G3 is that all scalar invariants I of a second fundamental set of order 
three vanish identically. 








DIFFERENTIAL INVARIANTS. 679 


The justification of this theorem is immediate on the basis of the algebraic 
test of equivalence of two forms @ and @ given in § 14. 

For the particular case of the form G in two variables a sufficient 
condition that the form be reducible to a form with constant coefficients G., 
is that the single invariant (16.3) vanishes identically since this implies 
the vanishing of Hy, ,g. 

17. Differential equations of relative tensor invariants. Although 
the absolute scalar differential invariants are sufficient for the characterization 
of the form G it is not without interest to consider the differential equations 
satisfied by a relative scalar differential invariant or more generally by 
a relative tensor differential invariant. 

From Theorem (3.1) and from the law of transformation of a relative 
scalar it follows that a necessary and sufficient condition that J be 
a relative scalar differential invariant of order p of the form G is that 
H, 


(17.1) (Hug; He Hep y,.--y,) ©) = I(Hag; Hap yy,3°**i Hap, y,---y,) 


where 


Byyi729 °°"? 
are Ox 
ea) = | 55 


and k is the weight of the invariant J(H). A necessary and sufficient 
condition that (17.1) hold is that 





dé = r 


under the family of transformations (10.2). Treating the equations (17.2) 
exactly as we have treated the equations (10.3) we find that a necessary 
and sufficient condition that the function J (H) be a relative scalar invariant 
of order p (>0) and weight k is that it satisfies the differential equations 


(17.3) Xi (p) J = k&ET 
where the left hand member is defined by (10.8). In the determination 


of the equations (17.3) the only equation required in addition to those of 
§ 10 is the equation 








d (xx) 2, {s) 
(17.4) s&s “ries atl — 


a=1 


which is readily verified. 
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From the form of the equations (17.3), the most general relative scalar 
invariant J of order p and weight k is given by 


J = J, F(h, qs, sh Tnin,p) 


where J, is a particular invariant of weight k and order r(<p) and F 
is the most general absolute scalar invariant of order p. It is readily 
seen that we may take 

Jo = | Hy = 


Hence it follows that the most general scalar invariant of weight k and 
order zero is 

c| Hy om 
where c is an arbitrary constant. 

In a similar way the differential equations of the general relative tensor 
can be established. 

THEOREM (17. I). A necessary and sufficient condition that the set of 
Junctions 72, *.(H) constitutes a relative tensor differential invariant of 
order p and ate k of the form G, 7. e., that the Seheamaniag T (H) transform 
by the equations 
.s Ox? O24 0 xt 
ox! dai" ans 
oz 0a” 0x? 

@ o7e ax 





T (H)y,.. 
(17.5) 





= (ez TH. (A) 


under the group of transformations &, is that the system of differential 
niteteesnd 


+ 65 Tsp — 85 Teg. — — 65 TH 
be satisfied. 

18. A complete set of absolute scalar invariants of the binary 
form G. As an example of the determination of absolute scalar invariants 
we shall construct a complete set of invariants of the form G in two 
variables. By Theorem (15.I) and the inequality (14.17) a second fundamental 
set of absolute scalar invariants of this form of order four at most constitutes 
a complete set of absolute scalar invariants. 

From § 13 the numbers of functionally independent scalar invariants in 
fundamental sets of orders 0, 1, 2, 3 and 4 are given by 


N(2, 0) = 0; N(2,1) — 0; N(2,2)—1; RN(2,3)—2; N(2,4)—5 
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respectively. It follows that a second fundamental set of scalar invariants 
of order four consists of one invariant of order two, one invariant of order 
three, and three invariants of order four. With this in mind let us con- 
struct the following scalar invariants: 


I, = H* H” H,» yg (indices = 1, 2), 
I, = H*? M, Mg; M. = H4 H" Hye (indices = 1, 2), 
I, = H*? Mus; M,g = H* H™ Hy wag (indices = 1, 2), 
I, = M, M; M“? (indices = 1, 2), 
I, = M*? mv? Hop ye (indices = 1, 2), 


where M“? as usual is used to denote the cofactor of M,, in the deter- 
minant | M,,,| divided by | M,g|. While it is fairly evident that the above 
invariants J,, ---, J; are functionally independent, this can be shown 
directly by expressing them in terms of their independent components and 
then showing that by a proper choice of these components the invariants 
themselves can take on arbitrary values. The invariants I,,---, Is there- 
fore form a complete set of invariants for the form G in two variables. 
For a special form G in two variables it may happen that the invariants 
I, and J, alone furnish a complete set of invariants (see § 16). 

19. Differential equations of parameters. Consider an absolute 
scalar differential parameter LZ of order (p,q) involving w arbitrary scalar 
functions F™ (see § 3). By the replacement theorem (3.I]) such a param- 
eter Z can be given the form 


L( Hep; Hap y,y,3 °**) Lap,y,---y5' F®; Fry; os Fy) 
where a. .y, (257 Sp) and Few (1<s<q) are the extensions 


of H,g and FY’? respectively. The condition that the function LZ be an 
absolute scalar parameter is that 


[see © 


dé e=0 


(19.1) = 0 


under the one-parameter family of transformations (10.2). Since 
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where* 
k 
(19.4) eagle Tr dO, wp---y + 9p Pe ots +6, ~ 5 
we see that the conditions (19.1) give 
pt2 [¢ OL 
(19.5) eis bs 0 Ay 5, 75° %y 
w t (k) | OL 
RS SB. Fee 


(see § 10). The completeness of the equations (19.5) is readily deducible 
on the basis of the work of § 10. Let us write the equations (19.5) as 





(19.6) Uy, w DL = Xv) L+ X WiGHL = 0 
== 
where 
P+2 Ir aL 
Tt — 
(19.7) Xo(p)L is 2, es 0 Ay 5, Yay 
and 
t (k) aL 
(19.8) Wiq,)L = = \ ace J oF”... (k not summed). 
We have 


(U5(p, w, @), UL(p, w, @)L 


19.9 = 
i = (Xp), XL L+ S OWLG. 0, Wh@ W)L 


Since each term in the summation > in the right hand member of (19.9) 
has the same form as the first term in the right hand member, it follows 
by (10.11) that 


(U5(y, w, @), Uulv, w, g)) L 
(79,30) = 8, U2(p, w, ¢) L—04U%,(p, w, @) L. 


Corresponding to Theorem (10.1) we can now state the following theorem. 
THEOREM (19.1). A necessary and sufficient condition that a function 
L(H, F*) be an absolute scalar differential parameter of order (p,q) of 





* Loc. cit., p. 230. 
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the form G is that it satisfy the complete system of partial differential 
equations (19.5). 

We must next consider the independence of the differential equations 
(19.5). It is obvious that the following theorem is true from the form of 
these equations. 

THEOREM (19.1]). Jf the n® differential equations (19.5) are independent 
for a particular (n, p, q, w) they are also independent for (n, p+ 1, q, w), 
(n, p,q+1, w), and (n, p, g, w+ 1). 

From the results already established in § 12 and contained in Theorem 
(12.IIT) we can say immediately that the equations (19.5) are independent if 
n = 2, p > 3 or n>2, p = 2. It is found that we must still consider 
the following three particular cases of the equations (19.5) which we give 
together with the corresponding number of independent equations: 


(a) mn > 2, p = 0, g = 1, w < n—1 (S independent equations), 
(b) n > 2, p = 0, g = 1, w > n—1 (mn? independent equations), 
(c) n > 2, p = 0, gq = 2, w = 1 (n® independent equations) 
where 
(19.11) @ = ety) +nw— Vet) 


When these results have been proved it will then follow by Theorem 
(19.IT) and the above statement regarding the independence of the equations 
(19.5) on the basis of Theorem (12.I1I) that except for the above case (a) 
the n® equations (19.5) are always independent. However, we note that 
the equations for case (a) are all independent when w = n—1 since 
then S = n? as in fact demanded by case (b). The three particular cases 
(a), (b) and (c) will now be considered in detail. 
Case (a). The equations (19.5) become 


(19.12) (0. Hog + 93 Has) 5 mt 2 Sree = 0. 


a 
Assume 


_flifea = &8, 
seuamcs Hag = & ifa + B 
and 
eee 1 ifk =e, (& = 1, ..+, wo) 
(19.14) fe = ts ifk + a (k = 1,---, wo) 


and construct the square matrix from the coefficients of the derivatives 
in the equations (19.12) which is contained in Table VI. In this table the 
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element in the row headed by (t,¢) and column headed by (5) or [F] 
aL 

0 Hap 2 0 F® 
equations (19.12). The blank sections above the square diagonal sections 
in this table are composed entirely of zero elements, while the elements 
in the sections below the diagonal sections have been left undetermined. 
The determinant of the matrix in the Table VI which is of order S given 
by (19.11) has the value 2”. Consequently there are S independent 
equations (19.12) at least. In other words there are at most 


mot) + w+nw—s = wr?) 





gives the coefficient of the derivative r respectively in the 


independent solutions of the equations (19.12). But the w(w- 3)/2 functions 


Qw — ye FY; F® 
are functionally independent as can be seen quite readily by letting xe 
have the particular values given by (19.14) in consequence of which the 
Q go over into the w(w-+1)/2 independent quantities HY. Hence S 
gives the actual number of independent equations (19.12). 

Case (b). Since S = n? for case (a) when w = n—1, i.e., all equations 
(19.12) are independent, it follows by Theorem (19.II) that all equations 
(19.5) are independent for case (b). 

Case (c). For this case the equations (19.5) become: 





6L aL 
meh OeHog + 95 Hao) 55, +9 Fe’ 5 Fm 
: 6L 
+ (60 Fas + 95 Fee) ay = 0 
ap 


If mn = 2 we have from case (a) and Theorem (19.I1) with regard to 
the order q that the four equations (19.15) are all independent. To establish 
case (c) for » >2 we shall prove the following theorem. 

THEOREM (19.II]). If the equations (19.15) are all independent for the 
general form G in n variables x* they are all independent for the general 
form G in (n+1) variables x*. 

From our hypothesis there exists a determinant © of order n* formed 
from the coefficients of 
OL aL aL 
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in the equations (19.15) for the general form @G in m variables x‘ which 
does not vanish identically in the independent components H,.,, Fy’, and 
Fup i.e, 

@+0. 


For the form @ in (n+ 1) variables 2* let us now put 


1 ife = n+l, 


Hen = Hnti,e = ‘0 ife + n+1, 
































1 ife=—=n+1 
“os we i 
n+1 ’ a,n+1 n+1, @ 0 if @ { n+1 
* * * 0 
*x* * a 0 
7) 
* * 0 
P 0 
@ 
0 
Y é 
0 0 eee 0 0 
* ok eee * 0 0 edad 0 2 
Table VII. 


and consider the remaining independent components H, ,, F®, and Fup 


to be arbitrary. Then it is possible to form a non-vanishing determinant of 
order (n+ 1)* from the coefficients of the quantities (19.16) in the equations 
(19.15) for the form @ in (n+ 1) variables 2’. This determinant is the 
determinant of the elements in Table VII. The rows of Table VII correspond 
to a particular pair of values (zc, o) and the columns to the coefficients 
of the quantities (19.16). Asterisks are used to denote elements which have 
been left undetermined. The table is so arranged that in the upper left 
hand corner there is the above determinant © which does not vanish 
identically. Consequently the first n? rows correspond to values t,o = 1, ---, 
and the first »* columns to coefficients of derivatives (19.16) depending 
only on subscripts having values 1, ---, ~. The remaining rows from top 
to bottom in Table VII are taken to correspond to the values t= +1; 
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o=1,---, nm and tr = 1,.--,n+1; ¢ = +1 while the remaining 
columns from left to right are taken to correspond to derivatives 


OL ; ; aL ; 
2. ol at ee and ——— (i = 1,.---, n+l). 
0 Hi n+1 @ > m) 0 Fru ‘ r 


With this selection of rows and columns there are four non-vanishing 
determinants labeled «, 8, y and d in the lower right hand part of Table VII 
which are given by 








Hy, ---, Fn | FY, ay 1, 0, ---, O 
0, 1, ---, O 

oe : B om ee Al é= . 
oe P®, ..., a] ae 





The determinant formed from the elements of Table VII has the value 


| Hu—F®, -+-, Hoa — FS | 
20) 

Hn—Fo, and Hnn— FY | 
and so does not vanish identically. Hence all equations (19.15) are in- 
dependent for the general form @ in (n+1) variables xz’. This proves 
Theorem (19.III) and completes the discussion of case (c). 

20. Fundamental sets of parameters. The number of independent 

components 


Hap Hop y, 753 eas Hep y.-+-p3 mn ye; a en 
where k = 1,---, w is given by 
4 
D(p, q, w, 2) = > N(n, a) + w Ds K(n, a) 
a=—0 a==0 


in which the quantities N(n,a) and K(n,«a) are defined in § 9. Hence 
D(p, g, w, n) = D(p, g, w, n)—n? 


gives the number of functionally independent solutions of the equations 
(19.5) except for the combinations* 





* The combination n= 2, p=0, q=0, w=1 need rot be considered since there 
exist no parameters of order (0,0) which depend on the coefficients of the form G. See 
also last sentence in § 3. 
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Bit: eee, ope ge 8 hw SH, 
B: » 2 2, p = 0, q = 1, w<n—l. 


For the combinations A and B the number of independent solutions is 
given by 
D(2, 0, w, 2) = D(2, 0, w, 2)—3 = w+1 
and 
DO, 1, w,n) = DO, 1, w, n)—S 
respectively. 

It can be shown by a consideration similar to that of § 13 that the 
number D(p, g, w, n) is the number of differential parameters of order (p, q) 
as defined in the following manner. 

Definition. A fundamental set or’ absolute scalar differential parameters 
of order (7 yy 18 a set of functionally independent absolute scalar differ- 
aitial parameters each of which is of order (p,q) such that any other 
one of order (p, q) is expressible as a function of the members of the set. 

As thus defined the above fundamental set of differential parameters 
corresponds to the first fundamental set of scalar invariants of § 13. In 
considering the work of other writers a definition of a second fundamental 
set of parameters of order (p—1, p) is given by us in the introduction 
of this paper. It does not seem to be necessary to attempt to extend 
this definition to the general case. 
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